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1. Introduction

In 1962, Steenrod raised to Conner the following question

Given a smooth closed manifold F, does there exist a non-trivial involution (M,T) on a
smooth closed manifold M such that the fixed set of T" is F'?7 Can one determine all involutions
(M, T) for a special F?

For the sake of convenience, people think about determining the bordism classes of involutions
(M, T) which has F as its fixed set. When F' is a sphere, a projective space, or the disjoint union
of them, and the case F' is a Dold manifold, there are some results in [1]-[5]. But there are few
results for the case that F is the product of some spaces. Stong, Weiss and Saiers discussed in
[6], [7] the case that F is the product of two real projective spaces.

From [8], one knows that the bordism classes of involutions with F' as its fixed set is deter-
mined by the bordism classes of normal bundles on F. For this reason, to determine involutions
which has F = CP(n) x CP(m) as its fixed set, one must know the possible form of the total
Stiefel-Whitney classes of vector bundles on it.

The main result of this paper is the following theorem.

Theorem The total Stiefel-Whitney class of a vector bundle £ on CP(n) x CP(m) must have

the form

W) = (1+20)"(142) (14 21+ 22)°(1 +2{z5 '),
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where 21 € H2(CP(n); Z2), 20 € H*(CP(m); Z3) are generators, a, b, ¢ are non-negative integers.
e =0 or1, and when € = 1, we must have
i=2'2p+1), t>0,
n=22p+1)+uz, 0<z<?2t,
m=2"1-22p+1)+y, 0<y<2
Throughout this paper, CP(n) denotes the n dimensional complex projective space, ¢;(§) is

the ith Chern class of the complex vector bundle &, w;(£) is the ith Stiefel-Whitney class of the
real vector bundle £, and W () denotes the total Stiefel-Whitney class of the real vector bundle

¢.

All vector bundles in this paper are real vector bundles unless there is a special announcement.

2. The total Stiefel-Whitney classes of vector bundles on C'P(n) x CP(m)

Let
H*(CP(n) x CP(m); Z) = Z|21]/ 20T @ Z[z0) /25",

where 21 € H?(CP(n);Z),20 € H?*(CP(m);Z) are generators. For convenience, we denote
generators of H2(CP(n); Z3) , H>(CP(m); Z3) also by 21, 2a.

Let ~1 denote the canonical complex line bundle over CP(n), 72 denote the canonical complex
line bundle over CP(m). p; : CP(n) x CP(m) — CP(n), p2 : CP(n) x CP(m) — CP(m) are
projections. Then pullbacks pi(y1) and p5(7y2) are complex line bundles over C'P(n) x CP(m).
Thereby, pi(y1) ® p3(7y2) is also a complex line bundle over CP(n) x CP(m).

Lemma 1 The first Chern class of the bundle pj (1) ® p3(v2) is c1pi(71) @ p5(12)) = 21 + 22.

Proof We defineamap iy : CP(n) — CP(n)xCP(m)byii(z) = (z,pts), for every z € CP(n);
define a map iz : CP(m) — CP(n) x CP(m) by iz2(x) = (pt1,x), for every € CP(m), where
pt1 € CP(n),pty € CP(m) are fixed. So we have

pii1 : CP(n) — CP(n) is the identity on C'P(n),
paiz : CP(m) — CP(m) is the identity on CP(m).

Therefore, we have

(p1i1)" (1) = i1pi () =", (1)
and
(p212)"(72) = 155 (72) = V2. (2)
From (1), we have
i1(er(pi(m) ®p3(712))) = calizpi(n) @ iip3(12)) = cr(n) = 21. 3)

For the same reason, from (2), we may get

iz(c1(p1(m) ® pa(72))) = 22
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Let ¢1(pf(71) @ p5(712)) = €121 + €222. Then we have

i(cr(pi(n) @ pa(12))) = i1(e121 + €222) = e121,
from (3) we know that e; = 1. For the same reason we may get e3 = 1. So we have ¢;(p}(71) ®

p3(12)) = 21 + 22.

Lemma 2 There exists a 2-dimensional vector bundle n over CP(n) x CP(m) such that
W(n) =14z + 2.

Proof Let 1 be the realification of the complex bundle pj(y1) ® p3(72). Then wa(n) =
c1(pi (1) @ p5(y2))mod 2. From Lemma 1, one knows that c;(pi(y1) ® p5(72)) = 21 + 22, so
we have wa(n) = z1 + z2. Therefore, we have W(n) =1+ z1 + 20.

Lemma 3 Let the total Stiefel-Whitney class of a vector bundle & be
W (&) = 1 + was + higher terms.
Then Sqiwqs = 0,0 < 4 < 2571,

Theorem The total Stiefel-Whitney class of a vector bundle £ on CP(n) x CP(m) must have
the form

W) =(1+2)"(1+2)"(1+ 2 +2)°(1+2i25 ),
where 21 € H2(CP(n); Z2), 20 € H*(CP(m); Z3) are generators, a, b, ¢ are non-negative integers.

e =0 or1, and when € = 1, we must have

i=2'2p+1), t>0,
n=22p+1)+x, 0<2x <2,
m=2"1-22p+1)+y, 0<y<2

Proof Let pi(y1),p3(72) as former. For convenience, denote their realification also by pi(v1), ps(v2)-
Therefore we have W (p*(71)) = 1 + 21, W(p*(12)) = 1 + 2.

Let W(€) = 14 €121 + €222 + higher terms. If &1 = 1,65 = 0, we may have W (£ — p*(y1)) =
14 wyq + higher terms; if 1 = 0,62 = 1, we may have W (£ — p*(72)) = 1 4+ w4 + higher terms; if
g1 = 1,62 = 1, we may have W (£ —n) = 1 4+ w4 + higher terms, where 7 is the vector bundle in
Lemma 2.

Let wy = €127 + e22122 + €323. Then from W (2p*(71)) = 1+ 23, W(2p*(72)) = 1 + 23, and

W (v1) +p"(2) —n) = % = 1+ 2122 + higher terms

(I4z1)(A422) _ (1+21)(1+22)(1+21+Z2)2N _ (1—|—Z )(1_|_ 1 oN _1 k
Trotes = T Tz = 1 29)(1421+29) , one knows

that it must be the total Stiefel-Whitney class of some vector bundle, where N is sufficiently
large.) We may obtain a vector bundle &, such that W({ — &) = 1 + ws + higher terms.

Proceeding inductively, we may suppose that a vector bundle # which is composed of multiples

(note 1: From

of p*(11),p*(72), n has been found such that

W (¢ —6) =1+ was + higher terms.
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(note 2: see also [10], page 94, Problem 8-B.) Since W (25~ 1p*(y1)) = 1+22 ,W(25 1p*(12)) =
1+ 225 1, and

W2 (0" (1) + p"(12) =m) = 1+27 23 + higher terms,
we may also suppose that
we (€~ 0) = > aizizd 7' with i 0,272, 2571,

For all values of 4 such that a; # 0, we may suppose that they are all divisible by 2¢(0 < 2¢ <
2572) with at least one i being an odd multiple of 2¢.

. 5717 .
If a monomial 223 h occurs in wos (€ — ), then we have

-1
22t h,2°"'—h R\ ntot 2ot 270 = h\ hgemtopyat
Sq™" (212 ) = <2t> 1 A2 + < ot %172

t gs—1_ s—1_ t
— ZiH_z 2 h _|_th2 h+2

while 7 = 2¢(2p+1). If h is an even multiple of 2¢, one has Sq*2' (222" ") = 0. From Lemma

3, one knows
Sqlwas = 0,7 < 2°7L
Therefore, we have
0=5¢% wp =Y S AT = Y E R ), )
h h
where h in the right side of the third equal sign are odd multiples of 2¢.
For h = 2¢(2p + 1), h/ = 2!(2¢ + 1), we have

2.2t/ _h_2°"1—hy _ h+2f 25=1_p h 25"t —h+2t
Sq= " (212 ) =217 2 + 212 )

and
Sq2'2t (Z{L/ng—l_h/) _ Z]}?/J’_ztzgs—l_h/ + Zillzgs—l_h/+2t-
Since h # h' + 28, b/ # h + 2!, we know that (4) implies that

h+2' 22" s=1l_p h, 251 _p42t
22 = 2179 =0,

for every h = 2/(2p + 1).
So, if wes # 0, then there must be a monomial ziz%ylﬂ' i=2%2p+1), in wes such that

ot os—1_ s—1_ t
zi"'z zg = zizz 2.

Therefore, we get
i <n, 271 —i <m; (since ziz2 i #0)
n<i4+2,m<2t —j42h
Since other monomials in wgs must have the form zizgylfl (I is a multiple of 2'), if [ > 4,

then [ > i + 2! > n, we may have zizgkl_l = 0; if I < 4, then 2571 — > 25! — 4, thereby

2571 — > 251 — + 2! we may also have ziz%sjl_l = 0. So we get

Wy = 2122 ' i =242p 4 1).
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From the proof of Lemma 3, one knows that wgsy; = 0, for 0 < I < 257!, We may prove
that wesy; =0, for I > 25~1, Tt is sufficient to prove that 2izg =0, for u+v > 2s—1 4 95=2 f
u > 1+ 2% then u > n, so 2¥2¥ = 0; if u < i + 2!, then

v>25T 4952 s 98Tl st 9t > 05 i ot S,

so z{'zg = 0.
From the above discussion, we may conclude that the total Stiefel-Whitney class of a vector
bundle £ on CP(n) x CP(m) must have the form

WE) = (L+2)"(1+22) (121 + 2) (L2423 ),

where 21 € H?(CP(n); Za), z2 € H>(CP(m); Z3) are generators, € = 0 or 1, and when & = 1,we

must have
i=2'2p+1), t>0,

n=22p+1)+uz, 0<z<?2,
m=2"1-22p+1)+y, 0<y<2

From note 1, one knows that a,b, ¢ are non-negative integers.

Remark We do not know whether there is a vector bundle over C'P(n) x C'P(m) whose total
Stiefel-Whitney class is 1 + z{zgklﬂ'.
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