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Abstract In this paper, we introduce and study a new system of variational inclusions involving
(H,n)-monotone operators in Banach space. Using the resolvent operator associated with (H,n)-
monotone operators, we prove the existence and uniqueness of solutions for this new system of
variational inclusions. We also construct a new algorithm for approximating the solution of this
system and discuss the convergence of the iterative sequence generated by the algorithm.
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1. Introduction and preliminaries

Variational inclusions are important generalization of classical variational inequalities and
thus, have found wide applications in many fields, including, for example, mechanics, physics,
optimization and control, nonlinear programming, economics, and engineering sciences. For
these reasons, various variational inclusions have been intensively studied in recent years. For
details, we refer the reader to [1]-[10] and the references therein. Recently, some interesting
and important problems related to variational inequalities and complementarity problems have
been considered by many authors. Ansari and Yaol'!l studied a system of variational inequalities

[12] introduced a system of order complementarity

using a fixed-point theorem. Huang and Fang
problems and established some existence results for these using fixed-point theory.

On the other hand, monotonicity techniques were extended and applied in recent years be-
cause of their importance in the theory of variational inequalities, complementarity problems,
and variational inclusions. In [4], Huang and Fang introduced a class of generalized mono-
tone operators, maximal n-monotone operators, and defined an associated resolvent operator.

Using resolvent operator methods, they developed some iterative algorithms to approximate
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the solution of a class of general variational inclusions involving maximal n-monotone opera-
tors. Huang and Fang’s method extended the resolvent operator method associated with an
n-subdifferential operator. Fang and Huang introduced another class of generalized monotone
operators, H-monotone operators, and defined an associated resolvent operator. They also es-
tablished the Lipschitz continuity of the resolvent operator and studied a class of variational
inclusions in Hilbert spaces using the resolvent operator associated with H-monotone operators.
In 2005, Fang and Huang further introduced a new class of generalized monotone operators, i.e.,
(H,n)-monotone operators, which provide a unifying framework for classes of maximal mono-
tone operators, maximal -monotone operators, and H-monotone operators. They also studied
a class of variational inclusions using the resolvent operator associated with an (H,n)-monotone
operator.

Motivated and inspired by above works, in this paper, we introduce and study a new system
of variational inclusions involving (H,n)-monotone operators in Banach spaces. We prove the
existence and uniqueness of solutions for this new system of variational inclusions. We also
construct a new algorithm to approximate the solution of this system of variational inclusions
and discuss the convergence of iterative sequences generated by the algorithm. The present
results improve and extend many known results in the literature. This paper discusses the above
mentioned problems in Banach spaces and breaks through the restriction that the space X is
Hilbert space. Thus our research for the variational inclusions can be applied to such spaces as
LP and W™P(Q)(p > 1).

In what follows, let X be a real Banach space with dual space X*, (-,-) be the dual pair
between X and X*, and 2% denote the family of all the nonempty subsets of X. The generalized
duality mapping J,(z) : X — 2% is defined by

Jo(w) = {f* € X {a, f*) = [|l=l|%, |/l = =] 77},
where ¢ > 1 is a constant. In particular, J; is the usual normalized duality mapping. It is known
that, in general, J, = ||z|772.Js, for all € X, and J,(z) is single-valued if X* is strictly convex.
In the sequel, unless otherwise specified, we always suppose that X is a real Banach space such
that Jy(x) is single-valued and H is a Hilbert space. If X = H, then J; becomes the identity
mapping of H.
The modulus of smoothness of X is the function px : [0, 4+00) — [0, +00) defined by

1
px(t) = sup {5l +yll+llz =yl = 1) : loll < 1.yl < ¢}
A Banach space X is called uniformly smooth if

hm@@:m
t—o00 t

X is called g-uniformly smooth if there exists a constant ¢ > 0, such that
px(t) <et?, g>1.

Note that J; is single-valued if X is uniformly smooth. In the study of characteristic inequalities

(6]

in g-uniformly smooth Banach spaces, Xu!® proved the following Lemma.
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Lemma 1.1[6 Let X be a real uniformly smooth Banach space. Then, X is q-uniformly smooth

if and only if there exists a constant c, > 0, such that for allx,y € X,
[z +yll? < [[2]|? + q(y, Jo(2)) + cqllyll- (1.1)

Definition 1.1 Let T: X — X* be a single-valued operator. The operator T is said to be
(1) Monotone if V,y € X,
(Tx —Ty,x—y) > 0;

(2) Strictly monotone if T' is monotone and (Tx — Ty,x —y) = 0 if and only if x = y;

(3) Strongly monotone if there exists some constant r > 0, such that
(Tx =Ty, x—y) >rllz -yl
(4) Lipschitz continuous if there exists a constant s > 0, such that
[Tz =Tyl < slla -y

Definition 1.2 Let M : X — 2X° be a multivalued operator, and H : X — X* and
1n: X x X — X be single-valued operators. M is said to be:

(1) Monotone if (x —y,u —v) > 0, Vu,v € X, x € Mu,y € Mv;

(2) n-monotone if (x —y,n(u —v)) >0, Vu, v € Xz € Mu, y € Mv;

(3) Strongly n-monotone if there exists some constant r > 0, such that
(x —y,n(u,v)) >rllu—v|? Yu,ve X,z Mu,y € Mv.
When M is single-valued operator, above formula becomes
(Mu — Muv,n(u,v)) >rllu—2|? Yu,ve X;

(4) Maximal monotone if M is monotone and has no proper monotone extension in X, i.e.,
for Yu,vg € X , x € Mu, {x — yo,u — vg) > 0 implies yo € Mvy. When X is reflective Banach
space, M is maximal monotone if and only if (J + AM)X = X*, for VA > 0;

(5) Maximal n-monotone if M is n-monotone and has no proper n-monotone extension in
X;

(6) H-monotone if M is monotone and (H + AM)X = X*, for all A > 0;
(7) (H,n)-monotone if M is n-monotone and (H + AM)X = X*, for all A > 0.

Remark 1.1 Maximal n-monotone operators, H-monotone operators, and (H,n)-monotone

operators were first introduced by Huang and Fang['?.

Obviously, the class of (H,n)-monotone
operators provides a unifying framework for classes of maximal monotone operators, maximal
n-monotone operators, and H-monotone operators. For details about these operators, we refer
the reader to [5, 10-12] and the references therein.

For our results, we need the following concepts and definitions.

Definition 1.31'% Let : X x X — X and H : X — X* be two single-valued operators, and
M : X — 2% be an (H,n)-monotone operator. The resolvent operator Rﬁ’; X — X is
defined by Rﬁ&(u) = (H + AM)7 ' (u).
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In virtue of (H + AM)X = X*, then Vu € X*, Rﬁ’; is a matter of significance, and we can

show that it is single-valued in following Theorem 2.1.

Remark 1.2 In [5, Proposition 2.1], Fang and Huang also showed that when H is bounded,
coercive, hemi-continuous, and monotone, M : X — 2% is a maximal monotone operator, it
follows from Corollary 32.26 of [13] that H + AM is surjective, i.e., (H + AM)X = X* holds for

every A > 0, in reflective Banach space.

Definition 1.4/ The operator T : X — X* is said to be strongly accretive with respect to H

if there exists some constant r > 0, such that
(T — Ty, J:(Hx — Hy)) > rl|lz —y|%, Yo,y e X,

where J; : X* — X™* is the generalized duality mapping on X*.
2. (H,n)-monotone operators and resolvent operator technique

To study the iterative algorithm for a system of variational inclusions with (H,n)-monotone

operators, now we prove the Lipschitz continuity of the resolvent operator Rﬁ’;

Theorem 2.1 Let X be a real Banach space, 1 : X x X — X be a Lipschitz continuous operator
with constant T > 0, i.e., for all z,y € X , ||n(z,y)|| < 7|l —y|. Let H : X — X* be a strongly
n-monotone operator with constants r > 0, M : X — 2% be a multivalued (H,n)-monotone
operator. Then, the resolvent operator Rﬁ’; : X* — X is Lipschitz continuous with constant T,
that is,

IR @) = BaA @) < T —vll, Va0 e x*.

Proof We first show that Rf/z\ is single-valued operator. Let Yu € X*, z,y € (H + AM)~*(u).
It follows that —Hz +u € AM (z) and —Hy +u € AM (y). Since M is (H,n)-monotone, we have
0 < ((~Hz +u) — (~Hy +u),n(z —y)) = (Hy — He,n(z —y)) < —rflz —y|*.

The strong n-monotonicity of H implies that = y. Thus, Rﬁ’; (u) is single-valued. The proof
is completed. O

Let u,v € X*. It follows that Ry (u) = (H + AM)~'(u) and R\ (v) = (H + AM)~(v).
This implies that

Since M is n-monotone, we obtain
1
3w = v = HRYA () + HRA (), n(Ry7 3 (w) = By (0))

= §<<u — H(Ry\(w) — (v — H(RY (), n(RY (w) — RY(0)))
= (M(Ry7% (w)) — M(R}% (v)), n(Ryy A () — Ry (v)) > 0.
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The inequality above implies that
(u— v, (R (u) — Ry (0))) > (H(RY () — H(RYA (0)), n(Ry A (u) — RA(0))).
By strong n-monotonicity of H, one has
Tllu — o[l Ry (w) — RyZA @) > [lu — oll[In(R35% (w) — Ry ()]
> (u—v n(RM’;w) Ry ()

)

> (H(Ry" (u)) — H(RY (0), (RIS (w) — Y (0)))

) )

> 7| Ry (u) — Ry ()12,

ie.,

IR () — Ry ()| < —Hu—vll

Based on Theorem 2.1, we discuss the following existence and iterative algorithm for solution of

the system of variational inclusions
0 € F(a,b) + M(a),
0 € G(a,b) + N(b), (2.1)

where F': X x X — X* and G : X x X — X* are single-valued operator, and M : X — 2%
N : X — 2X7 is a multivalued one, which is the system of nonlinear variational inclusions

considered by Fang and Huang!'"!

. Tt is easy to see that problem (2.1) includes many variational
inequalities (inclusions) as special cases.

Some examples of problem (2.1) include the following.

(1) If M(z) = Aye(z) and N(y) = Ayé(y), where ¢ : X — RU {+o0} and ¢ : X —
R U {+o0} are two proper, n-subdifferentiable functionals, and A,p(x) and A,¢(y) denote the
n-subdifferential operators of ¢ and ¢ (see [10]), respectively, then, problem (2.1) reduces to the

following problem: find (a,b) € X x X, such that
(F(a;b),n(z,a)) + ¢(z) — ¢la) 20, VeeX,

(G(a,b),n(y,b)) + ¢(y) — ¢(b) 2 0, Vy € X,
which is called a system of nonlinear variational-like inequalities.
(2) If M(z) = d¢(x) and N(y) = dé(y) , for all x,y € X, where p : X — RU {400} and
¢ : X — RU{+o0} are two proper, convex, lower semicontinuous functionals, and d¢ and d¢

denote the n-subdifferential operators of ¢ and ¢, respectively, then, problem (2.1) reduces to
the following problem: find (a,b) € X x X, such that

(F(a,b),z —a) + ¢(z) —p(a) >0, VzelX,
(G(a,0),y = b) + 6(y) = &(b) 2 0, Vy € X,

which is called a system of nonlinear variational inequalities.
(3) If M(z) = 9da(x) and N(y) = 9ép(y), for all x € A and y € B, where A C X and

B C X are two nonempty, closed, and convex subsets, §4 and dp denote the indicator functions
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of A and B, respectively, i.e.,
0 reA
da(z) = {
+oo x ¢ A,
then, problem (2.1) reduces to the following system of variational inequalities: find (a,b) € Ax B,
such that
(F(a,b),x —a) >0, VzeA,

<G(a7b)7y - b> > 07 Vy € B.
(4) If F(z,y) = G(z,y) = T(x), where T : X — X* is a single-valued operator, then,

above case (3) reduces to the following standard nonlinear variational inequality problem: find
an element a € A, such that
(T(x),x —a) >0, Vze A

Lemma 2.1 Let X be a real Banach space, 1 : X x X — X be a Lipschitz continuous operator
with constant 7, Hi, Hy : X — X* be two strongly n-monotone operator with constants v; and
vy, respectively, and let M : X — 2% be (Hy,n)-monotone and N : X — 2% be (Ho,n)-
monotone. Then, for any given (a,b) € X x X, (a,b) is a solution of problem (2.1) if and only if
(a,b) satisfies

a= Rﬁf})”[Hl (a) — pF(a,b)],

b= Ry%"[Hz(b) — AG(a, )], (2.2)
where A and p > 0 are two constants.

Proof The conclusion directly follows from Definition 1.3 and Theorem 2.1.

Theorem 2.2 Let X* be gq-uniformly smooth Banach space, n: X x X — X be a Lipschitz con-
tinuous operator with constant o, Hy : X — X* be a strongly n-monotone, Lipschitz continuous
operator with constants vy, 7 and Hy : X — X™ be a strongly n-monotone, Lipschitz continuous
operator with constants vy, 5. Let M : X — 2% be (Hy,n)-monotone and N : X — 2% be
(Hz,n)-monotone. Let F : X x X — X* be an operator, such that, for any given (a,b) € X x X,
F(-,b) is strongly accretive with respect to Hy and Lipschitz continuous with constants r1 and
s1, respectively, and F(a,-) is Lipschitz continuous with constant 6. Let G : X x X — X* be
an operator, such that, for any given (z,y) € X x X, G(x,-) is strongly accretive with respect
to Hy and Lipschitz continuous with constant ro and sa, respectively, and G(-,y) is Lipschitz

continuous with constant £. Suppose there exist constants A\, p > 0, such that

VgU{/Tf — qpr1 + plcgs] + 1o < vva,

l/laQ/Tg — qArg + Nicgsd + vaoph < vyvs. (2.3)
Then, problem (2.1) admits a unique solution.
Proof For any given A and p > 0, define 7, : X x X — X and S) : X x X — X by

Tp(u,v) = RJ\Hj,;;n[Hl (u) = pF(u,v)],
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Sa(u,v) = Ry [ Ha(v) — AG(u, )], (2.4)

for all u,v € X.
For any (u1,v1), (u2,v2) € X x X, it follows from (2.4) and Theorem 2.1 that

1T, (w1, v1) = Tp(uz, va)l| = [|RYF M Hy (ur) — pF(u1,01)] — Ry [Hy(uz) — pF (uz, v2)]|
< o l[Ha(w) — Ha(u) = plF(un,v1) = F(ua, va)]|

sfﬂmwn—ﬂmm—mmMmﬂ—memw
%WFWLM)—FmeW, (2.5)

and
1Sx (w1, v1) — Sa(uz, va2) || =R Hz2(vi) — AG(u1, v1)] — Ry [Ha(v2) — AG (uz, v2)]|
S%IIHz(vl) — Ha(v2) — A[G(u1,v1) — G(uz, v2)]||

S%HHQ(’Ul) — Hy(v2) = A[G(u1,01) = Glug, v2)]]|+

A
oG w1, v2) = Gluz, ). (2.6)

By assumptions, we have
[[H1(u1) = Hi(uz) — p[F(u,v1) — Fuz, v1)]|*
< [ Hi(ur) = Hi(u2) || + pPcql| F(ur, v1) = Fuz,v1)]|7=
ap(F(ur,v1) — F(uz,v1), Jg (Hi(w1) — Hi(u2)))
< (rf —gpr1 + pegst)lur — uz||?, (2.7)
and
[[Hz(v1) — Hz(v2) — A[G(u1, v1) — G(uz, v2)][|?
< [[Ha(v1) — Ha(v2)[|* 4+ Meql|Gur, v1) — Glur, v2)[|7—
gMG(u1,v1) — G(ur,v2), Jg (Hi(v1) — Hi(v2)))
< (14 = qAra 4+ Negsd)|lor — va]|9, (2.8)
where J; : X* — X™* is the generalized duality mapping on X*.

Furthermore,
[ F'(u2,v1) = F(uz, v2)|| < 0[lvr — va, (2.9)

|G (u1,v2) — G(uz,v2)|| < &ljur — uz]|. (2.10)

It follows from (2.5)—(2.10) that

o opb
1T (ur, v1) = Tp(uz, v2) || < =4 T —qpr1 + picgsillur — uzl| + VLHW — v, (2.11)
1 1

o oA
1S3 (1, 00) = 3z, v2) | < Z 78— aArs + aeystllon —vall + D o), (212)
2 2
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1T, (w1, v1) — Tp(uz, vo)|l + [[Sx(u, v1) — Sx(uz, v2)||

o oA
< (Z4/rt = apra + pregst + 25 ) fun - wall+
v V2

0
( \/rg — qArg + Ncgsd + —Uup )||v1 — va|
1
(HU1 — uz| + [Jv1 — val]), (2.13)

where

o )\5 o opb
k= { — a = 1 — gy + N —}
max . \/Tl qpri + p cqsl—i— 1/ \/72 gATe + cq32+
Define || - |1 on X x X by
[(w, 0)llx = llull + [lo]l, V(u,v) € X x X.

It is easy to see that (X x X, || - ||1) is a Banach space. For any given A > 0 and p > 0, define
Qrp: X xX — X xX by

Qxp(u,v) = (Tp(u,v), Sx(u,v)), V(u,v) € X x X.
y (2.3), we know that 0 < k < 1. Tt follows from (2.13) that
[@x,p(u1,v1) — Qx p(uz, v2)l| <k ([Jur — ual| + [lv1 — v2]]).

This proves that @, : X x X — X x X is a contraction operator. Hence, there exists a unique
(a,b) € X x X, such that Q» ,(a,b) = (a,b), namely,

= Ry '[Hi(a) — pF(a,b)],
b= Rﬁg"[ﬂg(b) — \G(a,b)].

This completes the proof of Theorem 2.2. O

Motivated by above Theorem 2.2, we consider the following iterative algorithms.

Algorithm 2.1 Let n, Hy, Hy, M, N, F and G be as in Theorem 2.2. For any given (ag,bp) €
X x X, define the iterative sequence {(an,b,)} by

an+1 = R lm[Hl(an) pF(an,bn)],
brt1 =R S Ha(bn) — AG(an, by)). (2.14)

Theorem 2.3 Let X* be g-uniformly smooth Banach space, and n, Hy, Ho, M, N, F and G
be as in Theorem 2.2. Assume that all the conditions (2.3) of Theorem 2.2 are satisfied. Then
{(an,bn)} generated by Algorithm 2.1 converges strongly to the unique solution (a,b) of problem
(2.1) and there exists 0 < d < 1, such that

llan = all +[1bn = bll < d"(llag — all + [|bo — b})-

Proof By Theorem 2.2, problem (2.1) admits a unique solution, (a,b). It follows from Lemma
2.1 that
Rth[Hl( ) pF(a, b)]v
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b= RN%"[Ha(b) — AG(a,b)).

Thus
lanss = all = | REIH (n) = pF(an, ba)] — REI[Hy (a) — pF(a, )|
< Ha(en) = Ha(@)l + L (o ) ~ Fla D)
0
< 2l = aprs + pregstlon — all + 222, — b, (215)
141
and

o
lon1 = bl < (1 Ha(bn) = Ha(b)]| + AllG(an, bn) = Gla, b)|
0)\§

< 7478 — adra + Megsdbn — bl + >0 —al. (2.16)
2

It follows from (2.15) and (2.16) that

oA
lans1 = all + buss = bl (/7 = apro + prcyst + —) la — all+
"

o
(V2 \/72 — gAry + Nicgsd + —) |lb, — B
<k(llan — all + [|bn = bl}) < d"(||ao — al + [[bo — b[)),  (2.17)

where 0 < d =k < 1 is defined by

oA 0
k=d= max( \/7'1 —qpr1 + picgs] + X i\/TQ — qAry + Ncgss + i)
vy vy Vo vy
Thus, using formula (2.17) and iterating, we have a,, — a,b,, — b.

Remark 2.1 Applying above method, we can also construct the Mann iterative algorithm for

{a,} and {b,} to approximate the unique solution of problem (2.1)
Gpt1 = Qpan + (1 — ozn)R]I\?”p"[Hl(an) —pF(an,b,)], n=1,2,...,
bpt1 = apb, + (1 — « )RN SMHa(bn) — AG(an, by)], n=1,2,...,

where 0 < «, < 1,limsup a,,, < 1. Similarly, we can prove the same results under the conditions
of Theorem 2.2.

Remark 2.2 Conditions (2.3) hold for some suitable values of constants, because by [6] we have
the following

Proposition Let E =1 (or L), 1 < ¢ << 00, 2,y € E. We have
(i) If1 < q <2, then

lz+yll" < [l2]|” + aly, Jo()) + cqllyll,
where ¢, = (14 047")/(1+b,)?"", and b, is the unique solution of equation

(=207 + (¢ —1)(1+by) " =1=0, 0<bg<1.
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(ii) If ¢ > 2, then
2+ ylI* < llz]l* + 2{y, J (2)) + (g — 1)llylI*.

It is clear that when 1 < ¢ < 2, we have 0 < ¢; < 1; when ¢ = 2, we have ¢; = 1; when

g > 2, we have ¢, > 1, and the value of d is continuous function of ¢q. Therefore, the value of

d is attainable. For example, if one sets ¢ = 2.05, ¢4 = 1.05, 0 = 0.8, 7y = 70 = 2, p = 0.5,
r1=19=058 =8=05 1 =vs =4 A=0.5and £ =0 = 2, then d = 0.578 and (2.3) is
satisfied.
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