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Abstract The Mann iterations have no strong convergence even for nonexpansive mappings
in Hilbert spaces. The aim of this paper is to propose a modification of the Mann iterations
for strictly asymptotically pseudocontractive maps in Hilbert spaces to have strong convergence.
Our results extend those of Kim, Xul, Nakajo, Takahashil® and many others.
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1. Introduction and preliminaries

Mann’s iteration process!!! is often used to approximate a fixed point of a nonexpansive

mapping. Mann’s iteration process is defined as
Tnt1 = nZp + (1 — ap)Txn, n>0, (1.1)

where the initial guess x¢ is taken in C arbitrarily and the sequence {a,,}22, is in the interval
[0, 1].

If T is a nonexpansive mapping with a fixed point and if the control sequence {«;,,} is chosen
so that > °  an(1 — @) = oo, then the sequence {z,} generated by Mann’s algorithm (1.1)
converges weakly to a fixed point of T (This is also valid in a uniformly convex Banach space
with a Fréchet differentiable norm!?).

Attempts to modify the Mann iteration method (1.1) so that strong convergence is guaranteed

(3]

have recently been made. Nakajo and Takahashi'® proposed the following modification of the

Mann iteration (1.1) for a single nonexpansive mapping 7' in a Hilbert space:

Theorem 1.1 Let C be a closed convex subset of a Hilbert space H and let T : C'— C be a
nonexpansive mapping such that F(T) # (. Assume that {a,}32 is a sequence in [0, 1] such
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that a, <1 —§ for some § € (0,1]. Define a sequence {x,}22 in C by the following algorithm:
xg € C' chosen arbitrarily,
Yn = nZpn + (1 — ap)Txy,
Cn={2€C:|lyn — 2l < llon — 2]}, (1.2)
Qn={z€C:{xg—zn,z, —2) >0},
Zn+1 = Pc,ng, To-

Then {x,} converges in norm to Pp ).

Recently, Kim and Xul¥ adapted the iteration (1.2) in Hilbert spaces. They extended the
recent one of Nakajo and Takahashil® from nonexpansive mappings to asymptotically nonexpan-

sive mappings. More precisely, they gave the following result.

Theorem 1.2 Let C be a nonempty bounded closed convex subset of a Hilbert space H and
let T : C — C be an asymptotically nonexpansive mapping with a sequence {k,} such that
kn — 1 asn — oo. Assume that {a,}02, is a sequence in [0,1] such that limsup,,_, ., o < 1.
Define a sequence {z,,} in C by the following algorithm:

xg € C chosen arbitrarily,

Yn = WnZpn + (1 — )T xy,

Co={2€C:lyn —2I” < lzn — 2> + 0u}, (1.3)

Qn={2€C:{(xg—an,xy —2) >0},

Tp41 = PcannUCO,
where

0, = (1 — ay) (k2 — 1)(diamC)? — 0, asn — oo.

Then {x,} defined by (1.3) converges strongly to Pp(r)xo.
On the other hand, Halpern iterations processl® which is defined as

Tnt1 = Qp2o + (1 — ap)Txy, n >0, (1.4)

where {a,,}22, is a sequence in the interval [0,1], is also usually used to approximate a fixed
point of nonexpansive mappings. The iteration process (1.4) has been proved to be strongly
convergent in both Hilbert spaces®=7 and uniformly smooth Banach spaces!®~1% provided that

the sequence {a,} satisfies the conditions (C1): an, — 0; (C2): >0 g, = oo and (Cs):

either > o |an — 1] or lim, oo 0211 = 1. It is well known that the iterative process
(1.4) is widely believed to have slow convergence because of the restriction of condition (Cs).
Moreover, Halpernl®! proved that condition (C;) and (Cy) are indeed necessary in the sense that
if process (1.4) is strongly convergent for all closed convex subsets C of a Hilbert space H and all
nonexpansive mappings T on C, then the sequence {a,,} must satisfy conditions (C;) and (Cs).
Thus to improve the rate of convergence of process (1.4), one cannot rely only on the process

itself. In [11], Martinez-Yanes and Xu proved the following theorem:

Theorem 1.3 Let H be a real Hilbert space, C' a closed convex subset of H and T : C — C
a nonexpansive mapping such that F(T) # 0. Assume that o, C (0,1) is chosen such that
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lim,, oo ap, = 0. Then the sequence {x,}5 , generated by
xg € C chosen arbitrarily,
Yn = anzo + (1 — ap)Txy,
Cn={2 € C: |lyn — 2II” < llzn — 2[1* + an(llzo||* + 2(z5 — w0, 2))},
Qn={z€C:{xo—xpn,xy —2) >0},
Tn+1 = PCnﬂQn Zo
converges strongly to Pp(TyTo.

In [12], Qin and Su extended the results of Mantinez- Yanes and Xul'!l from Hilbert spaces to
Banach spaces by using generalized projection operators. Recently, Kim and Xul'3l introduced
another modification of Mann’s iteration method which is a convex combination of a fixed point in
subset C' of a Banach space E and the Mann’s iteration method (1.1) to get a strong convergence

theorem for nonexpansive mappings. More precisely, they proved the following theorem:

Theorem 1.4 Let C be a closed convex subset of a uniformly smooth Banach space X and let
T : C — C be a nonexpansive mapping such that the set of fixed points F(T) # (. Given a
point u € C and given sequences {ay, } and {8,} in (0,1), the following conditions are satisfied:

(i) an —0, B, —0;

(i) Donto On =00, 357 Otn = 00;

(iii) 07 oot — an| < 00, D07 o |But1 — Bn| < 00. Define a sequence {x,} in C' by

xg = x € C' chosen arbitrarily,

Yn = WnZpn + (1 — ay )Tz,

Tnt1 = B+ (1 = Bn)yn.
Then {x,} strongly converges to a fixed point of T.

The purpose of this paper is to combine Nakajo and Takahashil® with Kim and Xul'3’s idea
to modify Mann iterative process (1.1) for asymptotically k-strictly pseudocontractive mappings
and k-strictly pseudocontractive mappings, respectively to have strong convergence theorems in
Hilbert spaces without any compactness on 7. Our results improve and extend the recent ones
announced by Nakajo and Takahashil®, Kim and Xu['® and some others.

Let K be a nonempty subset of a Hilbert space H. Recall that a mapping T : K — K is said
to be asymptotically k-strictly pseudocontractive (The class of asymptotically k-strictly pseu-
docontractive maps was first introduced in Hilbert spaces by Liu[14].) if there exists a sequence
{kn} C [1,00) with lim,_,o kn = 1 such that

1Tz = T"y||* < kplle — yl® + k(T = T")z — (I = T")ylP?, (1.5)

for some k € [0,1), for all z, y € K and n € N.
Note that the class of asymptotically k-strictly pseudocontractive mappings strictly includes
the class of asymptotically nonexpansive mappings'® which are mappings 7' on K such that

|77 = T"y|| < kulle —yll, for all @,y € K,

where the sequence {k,} C [1,00) such that lim, .k, = 1. That is, T is asymptotically
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nonexpansive if and only if T is asymptotically 0-strictly pseudocontractive.

Recall that a mapping T : K — K is said to be asymptotically demicontractive (The class
of asymptotically demicontractive maps was first introduced in Hilbert spaces by Liul'4 .) if the
set of fixed point of T', that is, F/(T), is nonempty and if there exists a sequence {k,} C [1,c0)
with lim,, . k, = 1 such that

T2 = pll* < k3 lle = pll* + kllz — T"=||?, (1.6)

for some k € [0,1), Vp € F(T), for all z € K and n € N.
Recall that a mapping T : K — K is said to be strictly pseudocontractive if there exists a
constant 0 < k < 1 such that

T2 = Ty||* < llo = y|* + kI(I = T)x — (I = T)yl*, (1.7)

for all z, y € K. (If (1.7) holds, we also say that T is a k-strictly pseudocontractive map.)
Note that the class of k-strictly pseudocontractive maps strictly includes the class of nonex-

pansive mappings which are mappings 7" on K such that
| Tz —Ty|| < ||z —yl|, forall z,yc K.

That is, T is nonexpansive if and only if T is O-strictly pseudocontractive.

In order to prove our main results, we need the following Lemmas.

Lemma 1.1 Let H be a real Hilbert space. There hold the following identities:
(i) llz =yl = llz* = lyl* — 2(z —y,y), Yo,y € H.
(i) ftz+ 1 —t)yl* =tlz]*+ 1@ - )yl* =t - )|z — y||*, V¢t € [0,1], Va,y € H.

(16]

Lemma 1.2 Let H be a real Hilbert space. Let K be a nonempty closed convex subset of E

and T : K — K a asymptotically k-strictly pseudocontractive mapping with a nonempty fixed
point set. Then (I —T) is demiclosed at zero.

Lemma 1.3 Let H be a real Hilbert space, K a nonempty subset of E and T : K — K a
asymptotically k-strictly pseudocontractive mapping. Then T is uniformly L-Lipschitzian.

Proof It follows from the definition of asymptotically k-strictly pseudocontractive mappings
that

[Tz — T y||* <k2|lz —y||* + kl|(z — T"z) — (y — T"a)|]?
<(knllz — y|| + VE|(z — T"z) = (y — T"=)|)%.
That is,
[Tz — T y|| <kn|z -yl + VE|[(z — T"2) — (y — T")|
<knllz — yl| + V|2 — yl| + VE|T 2 — Ty]],

which yields that
kn + VE

Ty — TNyl < —=|lz — y]|.
n < 2 ey
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Since {k,} is bounded, we have k,, < M for all n > 0 and for some M > 0. Therefore, we obtain
1Tz = T"y|| < L]z - yll,
where L = ]‘1/'[_"’—‘/5 This completes the proof. O

Lemma 1.4!'! Let H be a real Hilbert space, K a nonempty subset of H and T : K — K
a asymptotically k-strictly pseudocontractive mapping. Then the fixed points set F(T) of T is

closed and convex so that the projection Pp(ry is well defined.

2. Main results

Theorem 2.1 Let C be a closed bounded convex subset of a Hilbert space H and let T : C' — C
be a asymptotically k-strictly pseudocontractive mapping with a sequence {k,} C [1,00) such
that lim,,—. k, = 1. Define a sequence {x,}2 in C by the following algorithm:
xg € C chosen arbitrarily,
Zn = Bn&n + (1= Bn)T" @y,
Yn = anZo + (1 — @) zn,
Con={2€C:|lyn—2|I* < ||wn — 2| + (2 = 1)(1 — a,) M+

an(on||2 - ”5571”2 + 2(zn — 20, 2))+

(k= Bn)(1 = Bn)(1 — o) | T — $n||2 —an(l —an)llzn — x0||2}7
Qn={z€C:{xg—xn,x, —2) >0},

Tn+1 = PCann To,

where M is a constant such that M > |z, — p||® for any p € F(T). Assume that the control
sequences {a, }22, and {(,}22, are chosen such that lim, ., o, = 0 and f3,, € [0,a] for some

a €[0,1). Then {x,} converges in norm to Pp()xo.

Proof We first show that C,, and @, are closed and convex for each n > 0. From the definition
of Cy and @, it is obvious that C,, is closed and @,, is closed and convex for each n > 0. We

prove that C,, is convex. Since
lyn = 2I* <llwn = 217 + (k7 = DA = an) M + an(l|z0l|* = 201 + 2{zn — 0, 2))+

(k = Ba) (1 = Ba)(1 = an) T2 = 2n|* = an(1 = )|l 20 — ol|? (2.1)

is equivalent to
(2(1 — ap) @y — 2yn — 20,0, 2)
< llzall® = llynll® + (k7 = 1)(1 = an)M + an(||zo]l* = [lzal*)+

(k = Ba) (1 = Ba)(1 = an)[T2n = zn|* = an(1 = an)llzn — ol|*. (2.2)

So, Cy, is convex. Next, we show that F(T) C C, for all n. Indeed, we have, for all p € F(T)
1y = plI? = llan(zo = p) + (1 = @n)(z0 — )|

= anllzo = plI* + (1 = an)llzn — pl|* = an(l = an)l|zn — zo|®

= anllzo = plI* + (1 = an) | Balzn — p) + (1 = Bu) (T2 — p)|*~
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an(1 = am)llzn — ol|?
< agllzo = plI* + (1 = an)Ballwn — pl*+
(1= an)(1 = Bu) T @0 = plI* = Ba(L = Bn) (1 = an) | T2y — @0~
an(1 = am)llzn — ol|?
< ln = plIP + (1 = an) (k3 = 1)M + an(llzol® = llzall® + 2(zn — z0,p))+
(1= an)(1 = Ba)(k = Bl T" 20 — 20> = n(1 = an)l| 20 — 2o
So p € C,, for all n. Next we show that
F(T)C Qyn, foral n>0. (2.3)

We prove this by induction. For n = 0, we have F(T) C C' = Qq. Assume that F(T) C Q.
Since 41 is the projection of zy onto Cp, N @, by Lemma 1.2 we have (zg — Zpq1, Tpt1 — 2) >
0,VzeC,NQ,. As F(T) C C,NQ,, by the induction assumptions, the last inequality holds, in
particular, for all z € F(T'). This together with the definition of Q41 implies that F(T) C Qp41.
Hence (2.3) holds for all n > 0. In order to prove lim, o ||Zn+1 — Zp| = 0, from the definition
of @, we have z,, = Pg, xo which together with the fact that z,11 € C, N Q, C Q, implies
that ||zo — xn|| < ||xo — Znt1]|- This shows that the sequence ||x,, — zo|| is nondecreasing. Since
C' is bounded, we obtain that lim, . ||z, — zo|| exists. Noticing again that =, = Py, x¢ and
Znt1 € Qp, which give that (2,41 — @y, 2 — ) > 0, we have
[Znt1 — xn||2 = [[(zn41 — z0) — (Tn — $0)||2
= [|[Znt1 — x0||2 —lzn — x0||2 = 2(Tp41 — Tp, Ty, — To)
< et = zol? = |2 — 20
It follows that
lxn — Zni1]] — 0, as n — oc. (2.4)
On the other hand, it follows from x,; € C,, that
[Yn = Tl <llzn = zppa |+ (1 = an) (b = )M+
an([lzoll® = llznll* + 2(zn — 20, Tnt1))+
(1 —an)(L = Bu)(k = B[ T — xn||2 —an(1l = an)llzn — x0||2. (2.5)
Observing that
Y = anXo + (1 - an)zn7 (26)
we have
[Yn = Znt1]* = anllzo = zal* + (1 = an) 20 = Znga [ — an(l = an)llz0 — @0 (2.7)
Combining (2.5) and (2.7), we obtain
(1 —an)llzn — $n+1||2 <1 —an)llzn — $n+1||2 +(1- an)(k?z - 1)M+
(k= Bn)(1 = Bn)(1 — an)||[ T2y — InHz
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Since a,, < 1, we obtain
120 = @nsa ]2 < 2n = @agal2+ (B2 = DM + (k= Bo)(1 = BT 00 — zall®. (28)

Similarly, observing that z, = Bpx, + (1 — 3,)T"x,, we have that

120 = @niall® = Ballzn — zaga|* + (1 = Bl T"wn — @nga | = Bu(l = Bu)IT" 20 — 2. (2.9)
Combining (2.8) and (2.9), we have

Ballzn = znsall® + (1 = B)IT" w0 = 21 ||* = Bu(1 = B T2 — @
< llon = @ngall* + (k7 = DM + (k = Bn)(1 = Ba) T 20 — wnll*.

Since 3, € [0,a] for some a € [0,1) and lim,,—.« k, = 1, we obtain

(k2 — )M

| Ty — $n+1||2 < lwn — xn+1||2 + kT2, — xn||2 + (2.10)

On the other hand, we have

”Tnzn - $n+1||2 :”Tnzn — Tn + Tp — $n+1||2

=|T"x, — a:n||2 + ||xn — xn+1||2 + 2(T"xy — T, Ty, — Tpy1).  (2.11)

Substituting (2.11) into (2.10), we obtain
(k2 —1)M

n

1- 677,
It follows from (2.4) and k < 1 that lim, .o || 7"y — xy]| = 0. Observe that

(1=K)|T"z, - xn||2 < +2|T"xn — znll|2n — Tnia |-

1Txy — ol < || Ty — Tn-HIn” + ||Tn+l$n - Tn+133n+1||+

1T 21 = 2 |+ 201 — 20l

Since T is uniformly L-Lipschitzian, we obtain lim,_,« || T2, — 2, || = 0. Assume that {z,,} is a
subsequence of {z,} such that z,, — Z. by Lemma 1.3 we have & € F(T). Next we show that
T = Pp(1)xo and convergence is strong. Put Z = Pp(7)xo and consider the sequence {z¢ — 2, }.
Then we have xg — x,, — o — Z. By the weak lower semicontinuity of the norm and by the fact

that ||xo — zp+1]| < ||zo — Z|| for all n > 0, which is implied by the fact that z,+1 = Pc,ng., %o,

we have
o = Z|| < llzo — Z[| < liminf [[zo — 2, || <Tlimsup |20 — @, || < [lzo — ],
1—00 i—00
which gives that ||zg—Z|| = ||zo—Z| and ||xg—zn, || — ||zo—Z||. It follows that zg — 2, — x0—Z.

Hence, we have z,, — Z. Since {x,,} is an arbitrary subsequence of {z,}, we conclude that

z,, — Z. The proof is completed. O

Theorem 2.2 Let C be a closed convex subset of a Hilbert space H and let T : C' — C be a
k-strictly pseudocontractive maps and assume that the fixed point set F(T) of T is nonempty.



50 QIN X L, WU C Q and SHANG M J

Define a sequence {x,}, in C' by the following algorithm:

xg € C chosen arbitrarily,

Zn = Bntn + (1 — Bn)Txy,

Yn = nZo + (1 — an)zn,

Cn ={2 € C: |lyn — 2I” < llzn — 211> + an(llzol® = |22 ]|* + 2(wn — 20, 2))+
(k= Bp)(1 = Bn)(1 — an)|Tzn — anQ —an(l —an)llzn — 170H2}7

Qn=1{2€C:{xg—apn,zyp —2) >0},

Tp41 = PCannUCO-

Assume that the control sequences {a, }°2, and {8,}52 are chosen such that lim, ., ay, =0

and (3, < 1. Then {z,} converges in norm to Pp(r)o.

Proof Taking the sequence {k,} = 1 and from the proof of Theorem 2.1, we can get the desired
conclusion easily.

As corollaries of Theorems 2.1 and 2.2, we have the following results.

Corollary 2.31'Y Let H be a real Hilbert space, C a closed convex subset of H and T : C — C
a nonexpansive mapping such that F(T) # (. Assume that {«,} C (0,1) is chosen such that
limy, 00 oy, = 0. Then the sequence {z,}>2 , generated by the following algorithm:

xg € C chosen arbitrarily,

Yn = @nZo + (1 — ap)Txy,

Cn={2 € C: |lyn — 2II” < llzn — 2[1* + an(llzo||* + 2(z5 — w0, 2))},

Qn=1{2€C:{xg—xpn,zy, — 2) >0},

Tn+1 = PCnﬂQn Zo

converges strongly to Pp(TyTo.

Proof Note that the class of k-strictly pseudocontractive maps strictly includes the class of
nonexpansive mappings. That is, T is a nonexpansive mapping if and only if 7" is a O-strictly
pseudocontractive mapping. By using Theorem 2.2, we can obtain the desired conclusion imme-

diately. This completes the proof.

Corollary 2.4 Let H be a real Hilbert space, C' a bounded closed convex subset of H and
T : C — C an asymptotically nonexpansive mapping. Assume that {a,} C (0,1) is chosen such
that lim,, . o, = 0. The sequence {x,}52, generated by
xo € C chosen arbitrarily,
Yn = anZo + (1 — )T 2,
Cn={2€C: |lyn —2[” < llzn — 2l + (k7 = D1 — an)M
+an(llzoll* — llznll? +2(zn — 20, 2))},
Qn={z€C:{xg—xp,x, —2) >0},

Tnt1 = PcanniEm

where M is a constant such that M > ||z, —pl||* for any p € F(T'), converges strongly to Pg 0.



Strong convergence theorems for asymptotically strictly pseudocontractive maps in Hilbert spaces 51

Proof Note that the class of asymptotically k-strictly pseudocontractive maps strictly includes

the class of asymptotically nonexpansive mappings. That is, T is an asymptotically nonexpansive

mapping if and only if T is a asymptotically 0-strictly pseudocontractive mapping. By using

Theorem 2.1, we can obtain the desired conclusion easily. This completes the proof. |
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