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1. Introduction

Since 1980’s, system research has been done in studying the completeness of Lie algebras

[1=3], However, the study of the complete Lie algebras over commutative rings is little

over fields
done. We know that the completeness of the Lie algebras is closely related to the derivations
of the Lie algebras. Recently, many papers have been concerned with the study of derivations
or automorphisms of matrix algebras (or matrix Lie algebras) over commutative rings. Wang!*!
determined the derivations of any Lie subalgebras of the general linear Lie algebra containing

BBl gave an explicit description on the derivations of any

upper triangular matrix algebra. Wang
Lie subalgebras of upper triangular matrix algebra containing diagonal matrix algebra. Huang!®!
studied the Jordan isomorphisms of the algebra consisting of all n x n symmetric matrices over a
commutative principal ideal domain. We know that the set of all n X n symmetric matrices forms
a Jordan algebra with addition of matrices and the symmetrized multiplication AocB = AB+ BA,
and the set of all n X n anti-symmetric matrices (matrix A satisfies A = —A’, where A’ is the
transpose of A) forms a Lie algebra with the bracket operation [A, B] = AB — BA. Inspired by

this, we intend to investigate the completeness of this Lie algebra.

2. Preliminaries

Let R be a 2-torsionfree commutative ring with identity and gl(n, R) the general linear Lie
algebra consisting of all n x n matrices over R with the bracket operation [A, B] = AB — BA
for any A,B € gl(n, R). Denote by L, (R) the Lie subalgebra of gl(n, R) consisting of all n x n
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anti-symmetric matrices over R. Let E denote the identity matrix in gl(n, R), and E; ; the
matrix with 1 at the position (i, j) and zeros elsewhere. Set T; ; = E; ; — E; ; for i # j. Then the
matrix set {7} ;|1 <7 < j < n}is a basis of L,(R). For any z € L,(R), © = > <, <, @ij Tij

for some a;; € R.

Lemma 2.1 The set {T;;+1|i=1,...,n— 1} generates L,(R) by Lie bracket operation.

Proof The proof is trivial, thus omitted. O
A Lie algebra is called complete if its center is trivial and all its derivations are inner.
Let ¢ be a derivation of £,,(R). Lemma 2.1 implies that the set {¢(T;41) | ¢ = 1,. -1}
generates L, (R). So we will investigate ¢(T;,+1) (i = 1,...,n — 1) and we write gb(TMH) a
d(Tiit1) = Z a,(fl)Tkl, where a,(fl) € R. (2.1)
1<k<i<n

3. The completeness of L, (R)

Before giving the main result of this paper, we first give a useful lemma, which will be used

later.

Lemma 3.1 Let ¢ be a derivation of L, (R) and n > 5. If ¢(T;+1) (i = 1,...,n— 1) are
expressed as the forms of (2.1), then

d(Ti2) = Z alk)le + Z ng)Tzk,
=2

k=3
T; z+1 Z azk Tik + Z a’z—i—l k 1+1 k+ Z a/ﬂ TIm + Z Qg z+1Tk i+1
k=i+1 k=1+2
for 2 <i<n-—2,
n—2 n—1
¢(Tn—l,n) = aé n— iTk n—1+t Z a](;:l 1)Tkn7
k=1 k=1
and
al® (@) (@) (@] @ _ _ ) ® _ _ . : ;
Qi1 = 0iY1 s Gigry = Gig1s Goy = —Giyy ji1s Gy e =~ fori+1<j. (3.1)

Proof Since [T} ;41,Tjj+1] =0for 1 <i,j7<n—1and j#i—1,4,4+ 1, we have, by applying
¢, that

[O(Tii41), Tj ] + [Thigr, &(T5,541)] = 0 (32)
which results in that agzk) = agz_i)rl x = 0 (in this equality, when k£ > j or k > j+ 1, we assume that
o =—a) al) = —a) Dfor1<j<n—1lj#ii+1l,and 1l <k<nk#dii+1j)+1.

Now we get

&(Th2) Zalk Tyx + ZaZk)T%’
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n—2
n ln Zaén 1Tkn 1+Za(n 1)Tknu

i—1
H(Tiiv1) = Z zk"’ Z a’z+1k 1+17€+Zak)T +Zak i1 ki1
k=i+1 k=i+2 k=1

for2<i<mn-—2andi#3,n—3, and

M:

&(T34) = aék T3y, + Z a4k)T4k + Z a]](cg)TkB + Z a,(€4)Tk4 + a§2)T12,

k=4 k=5 k=1 k=1

¢(Tn—3,n—2) = Z afln 33])CT -3,k + Z n 2 k n 2,k + Z a](gn;E;Tk,n—?;"'
k=n—2
n—4

al(cnn 3%Tk n—2 + afznn 3)ICZ—‘W n—1-
k=1
In the following, we will prove ag) = agln:lsi =0.

From [T34,T25] = 0, we have [¢(T34),T25] + [T34,¢(T25)] = 0. So we get a( ) = 0. By

[Tn 4,n— laTn 3,n— 2] = 07 we get [¢(Tn—4,n—l)7Tn—3,n—2]+[Tn 4,n— 17¢( n—3,n— 2)] = 0. Thus we
have a{"7%) = 0.

n—1,n

Also from (3.2) we have

MO () a® (4) @ _ _ @ a® ()
Q; 41 = zil g Y15 = azjj+17 ;i = zil G+ Q141 T ai; .

The proof is completed. O

Theorem 3.2 Let R be a 2-torsionfree commutative ring with identity and n > 3. Then L, (R)

is a complete Lie algebra.

Proof Firstly, we will prove that the center of £, (R) is trivial.

Let x be any element in the center of £, (R). Since [z,T;+1] = 0,i =1,...,n — 1, we get
z =0.

Then, for any derivation ¢ of L, (R), we will distinguish two cases to prove that ¢ is an inner

derivation. Express ¢(T;41) (i =1,2...,n — 1) as the forms of (2.1).

Case 1l n>5.

In this case, the proof will be given by steps.

Step 1. There exists an inner derivation ad x such that (¢ — ad x)(T},i41) = E?HTZ’JH-

In order to achieve our goal, we first do some preparing as follows.

Suppose that ¢(T35) = Zl§i<j§n bi;T;; and ¢(T14) = Zl§i<j§n ¢ijTij. Since [Th2,Ts5] =
0, [To3,T14] = 0, and [T35,T14] = 0, by applying ¢ on the two sides of the above equalities, we

have

[6(Th12), Tss] + [Th2, #(T35)] = 0,
[6(T23), T1a] + [T23, #(T14)] = 0,
[6(T35), T1a) + [T35, ¢(T14)]

I
e
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From those equalities, we get aglg) = bys, ag) = ¢34, b15 = —c34. Thus

1 2
asy) = —afy. (3.3)
Suppose (b( n—3 n) Zl<z<g<n dijwu by applylng ¢ on [ n—2,n— 1, T3 n] =0, we get
[¢(Tn—2,n—l)u Tn—3,n] + [Tn 2,n—1, ¢( n—3 n)] = 07
(n

which leads to a,, 127)1 = dp—3n—2. By operating ¢ on [T,—3 n—2,Th—2n] = Th—3n, we have
[¢(Tn73,n72); Tn72,n] + [Tn73,n727 ¢(Tn72,n)] - ¢(Tn73,n)-
This leads to agf:gf% = —dn—3n—2. S0

Let
Tr = ag?Tlg + Zag)Tu Z Z a(J Tt
i=3 Jj=11i=j+2

By Lemma 3.1 and equalities (3.1), (3.3) and (3.4) a direct calculation shows that

(¢ —ad z)(Tii41) = z(-f2+1Tz‘,i+1-

Step 2. In this step, we intend to prove that aElZ)H =0fori=1,2,...,n— 1.

Denote by ¢1 the ¢ — ad =z, by applying ¢1 on the two sides of [T} ;+1, Tit1,i+2] = T i+2, We

get
+1
¢1(Tiit2) = (a 1(12-‘,-1 + %(11 2+2)Tz',i+2-
By operating ¢ on [T; 41, Tiiq2] = —Tit1,i+2, we have
- -
—(a E?H + GE?H + a§11,3+2)Ti+1,z‘+2 = —a§11,3+2Ti+1,i+2-

This implies
+1 i+1
z(zl)-i-l + a’z(zz)-i-l + aE:—l z)+2 0’5’:—1,2—%2'

Soaz) ;=0for1<i<n-2.

7,1+

From [T},—2, Tp-1n) = —Tn—2n—1, we have afzn_;?,)z_l + asln:l%,)l +al" 11,)1 a,(zn_;?,)z_l. This
implies a'™ 117)1 =0.

Above discussion shows that (¢ —ad z)(T;,41) =0 for i = 1,2,...,n — 1. Since T} ;41,1 =

1,2,...,n— 1, generate L, (R), we get ¢ = ad x for n > 5.

Case 2 3<n<4.
Suppose ¢(T},iv2) = EKKK" b,(cl)Tkl By applying ¢ on the two sides of [T} i+1, Tit1,i+2] =

Tiiv2s [Tiit1, Tijive) = —Tit1,iv2 and [T; 40, Tig1,i42] = —Tii41,% = 1,...,n — 2, respectively,
we get
[O(Tiiv1), Tivrsita] + [Tiivr, 6(Tigr,it2)] = o(Tiit2), (3.5)
(D(Tiiv1), Tijivo) + [Tiiv1, 6(Tijir2)] = —0(Tig1,it2)s (3.6)

(&(Ti,i+2)s Tit1,iv2) + [Tijiv2, 2(Tig1,i+2)] = —d(Thiv1)- (3.7)
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These lead to
ol®

i+1 [
a;iyq T+ a£+1,i)+2 - b1(',i)+2 =0,
i i+1 i i i+1
EZH a§+1 1)+2 + bg z)+2 =0, and agjzl,zurz = _a‘g,iJrl)’ (3.8)

7 1+1 1
Ez)-l-l - a£+1 z)+2 bz(',i)+2 =0.

So
ol =0i=1,...,n-1. (3.9)

When n = 4, from (3.5), (3.6) and (3.7) we also get
at = —aff), (3.10)

and
o 1) =0, —af) o+ =,

aéi) agi) + bgh) =0, agi) + ag?’) + b( =0,
2 2 3 2
—a? +a) +03) =0, o} —ald +02) =0.

From those equalities we get
a&) aﬁ) ag) =0. (3.11)
By applying ¢ on [T12,T54] = 0, we have
[¢(T12), T34] + [T12, ¢(T34)] = 0.
It follows that
afy) = —afy, a3 = o}, o)) = a3, afy = —af]). (3.12)

Let

€T = OJIS)Tl? + Z agi)TM Z Z CL(J)T G+1,i-

j=11=35+2

When n = 3, a direct calculation shows that (¢ — ad x)(T;i41) = az( 2+1Tl-1i+1 =0fori=1,2
due to (3.8) and (3.9).
For n = 4, note the equalities (3.8)—(3.12), then a direct calculation shows that

(¢ —ad 2)(T12) = a12)T12 + ag4)T34 =0,
(¢ —ad x)(Ths) = a23)T23 + ag4)T14 =0,
(¢ —ad 2)(Ts4) = a12)T12 + ag4)T34 =0.
Now we get the conclusion that ¢ = ad = for 3 < n < 4. The proof is completed. O

Remark 1 When n = 2, for any derivation ¢ of L2(R), we have ¢(T12) = aTi2 for some a € R.
It is clear that it is a derivation but not an inner derivation. So L2(R) is not a complete Lie

algebra.

Remark 2 £, (R) is a non-solvable Lie algebra when n > 3. Since for any ideal L of R, £, (L)
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is an ideal of £, (R), we know that £, (R) is not simple. If R has an ideal Ly such that z;25 =0
for any x1,z2 € Ly (we will give an example later), then £,,(L1) is a solvable ideal of £,,(R). So

L, (R) is not semisimple.

Example Let R = Z;, Ly = {0,2}. Then L; is an ideal of R such that xyxo = 0 for any

T1,29 € L.
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