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Abstract Let X be a uniformly convex Banach space X such that its dual X™* has the KK
property. Let C be a nonempty bounded closed convex subset of X and G be a directed system.
Let S = {7} : t € G} be a family of asymptotically nonexpansive type mappings on C. In this
paper, we investigate the asymptotic behavior of {Tizo : t € G} and give its weak convergence
theorem.
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1. Introduction

Let C be a nonempty bounded closed convex subset of Banach space X. Let {T,}52, be
a sequence of mappings from C' into itself. Recall that {7,}52, is said to be asymptotically
nonexpansive type, if [T,z — Tpy| < ||l — y|| + rn(x) for all z,y in C with r,(z) > 0 and
limy, oo 7 (z) = 0. And {T,,}22, is said to be asymptotically nonexpansive, if | T,z — Tryl|| <
K|z —y| for all z,y in C with lim,,— 4 K,, = 1.

Boselll, Feathers and Dotson[?! gave the weak convergence theorem of asymptotically non-
expansive mappings in a uniformly convex Banach space with weak continuous duality mapping
by using Opial’s Lemmal®. Using Bruck’s Lemmal¥, Passtyl® extended to the results of [1,2]
to a uniformly convex Banach space with a Fréchet differentiable norm. Recently, Huang and
Lil% extended the results of Passty!® to a uniformly convex Banach space with its dual having
the KK property. However, Bruck’s Lemma does not extend beyond Lipschitzian Mappings,
new techniques are needed for this more general case. Lil” first gave the convergence theorem
of & = {T} : t € G} of asymptotically nonexpansive type (Non-Lipschitzian) mappings in a
uniformly convex Banach space with a Fréchet differentiable norm, where G is a directed system.

The objective of this paper is to generalize the weak convergence theorem in [7] to the case that
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the dual space X* has KK property. We would like to remark that the condition that X* has
the KK property is strictly weaker than the condition that X has a Fréchet differentiable norm.

Our results are generalizations of the main results in [5,6,7].

2. Preliminaries

Throughout this paper, let C' be a nonempty bounded closed convex subset of uniformly
convex Banach space X. Let X* be the dual of X. Then the value of z* € X* at z € X will be

denoted by (z,2*) and we associate the set
J(z) ={z" € X*: (z,2") = ||z||* = ||="||*}.

Using the Hahn-Banach theorem, it is immediately clear that J(x) # () for any z € X. Then the
multi-valued operator J : X +— X* is called the normalized duality mapping of X. We need the

following lemma which plays a crucial role in the proof of our main theorem.

Lemma 2.1 Let X be a Banach space and J be the normalized duality mapping. Then for
given z,y € X and j(x +y) € J(z +y), we have

lz + ylI* < ll2ll* + 20y i (= +y)).

Recall that X has a Fréchet differentiable norm if for each x # 0,

tim( + ty] — [l2]) /¢

exists uniformly in y € B,, where B, = {z € X : ||z|]| < r}, » > 0. We say that X has the
Kadec-Klee property (KK property, for short) if for every sequence {z,}nen in X, whenever
w — limy,— 00 &, = & with lim, o ||z, ]| = ||z|, it follows that lim, e z, = 2.

It is well known that if X is a reflexive Banach space with a Fréchet differentiable norm, then

X* has KK property, while the converse implication fails!®!.

Example 2.1 Let us take X; = LP[0,1], 1 < p < 400, p # 2, and Xy = R? with the
norm defined by ||z|| = \/|z1[? + 222 (z = (21,22) € R?). The Cartersian product of X; and
X, furnished with the I2-norm is a uniformly convex Banach space. Its norm is not Fréchet
differentiable, but its dual X* does have KK property.

Let (G, <) be a directed system. We extend the definition of [1] to a family of mappings

which are not necessarily semigroups.

Definition 2.1 Let & = {T} : t € G} be a family self-mappings of C. S is said to be
asymptotically nonexpansive type if for each x € C, there exists a function R(y(x) : G
[0, +00) with lim¢e Ri(z) = 0 such that

ITix — Tyl < [z = yll + Re(x)

for all y € C and t € G, where limeq R¢(x) denotes the limit of the net R(.)(x) on the directed
system G.
Let L(S) denote the set of all asymptotically fixed points of & = {1} : t € G}, i.e., L(J) =
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{z € C : limeg Tix = x}. It is easily seen that if § is a semigroup and for each t € G, T} is
continuous, then L(S) is exactly the set of all fixed points of &. Let w,(x) denote the set of all
weak limit points of subnet of {T;z : t € G}, i.e., w,(x) = {y € C : there exists a subnet ¢, of G

such that T; x — y}, where — denotes weak convergence.

3. Main results
In order to prove the main theorem, we proceed with proving several lemmas.

Lemma 3.1 If X is a reflexive space, then the following are equivalent:
(a) X has the KK property;
(b) If {zo} C X, zq — x and ||zo| — ||z||, then xo — x, where a € I and I is a directed

system.

Proof It suffices to prove (a) = (b). Let us assume that this is not the case. Then there exists
g0 > 0 such that for all & € I, there exists §, € I with 8, > « and ||zg, — x| > €o. Put
B = {f4,a € I}. Then B is a subset of I. Obviously, for arbitrary a € B we have

|zo — || > &p. (3.1)
Then for some j(x) € J(x), there exists a1 € B such that
lzay | = NIzl <1,
(Zay — 2, j(2))| < 1.

Hence for the above j(x) € J(x) and some j(zq, — ) € J(xq, — ), there exists an as € B such
that

1

llzazll = NIzl < 5,

(s = 23] < 5

and
1

|<x0t2 _‘Thj(xal _‘T»l < 5

Now by mathematical induction, we can find inductive sequence {a,,} C B such that for given

j(z) € J(z) and j(zo, — ) € J(®a, — ), i =1,...,n — 1, we have the following inequalities:

1
o |l = < -,
o, [l =zl <~
) 1
({@a, =z, j(@)] < —, (3-2)
and, in addition,
. 1
(o, =@, j(za; —2))] <~ (3.3)
where i = 1,...,n — 1. Clearly, ||za,|| — ||z|| and {z,,} has a weak convergent subsequence

{za,, }. We may assume that x,, — y. Then [y|| <liminf; . o |74, || = [[2]. By (3.2), we
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get (y — z,j(x)) = 0 which implies [|y|| > [|=|. Hence [ly[| = ||z||. Therefore, z,,, — y and
[z, Il = llyll. By the condition (a), we obtain x4, — y. It follows from (3.3) that
. 1
|<$ani -, ](xani,l — o)) < —.
Uz
Hence
Hxani,l - x||2 = <$ani,1 -7, j(xani,l — 1))
. 1
< |<x0¢ni “Lan, ;> J(xani,l — )|+ —
i
1 .
S ||xan1 - xani,l || : Hxani,l - x” + TL_ —0 (Z - +OO)'
(2
This contradicts with (3.1). This completes the proof. O

Lemma 3.2 Iflimsup,cq limsup,cq ||TiTsx0 — Tixol| = 0, then for all f € L(S), limyeq || Thxo —

f|| exists.

Proof Since
[Texo — fI| < | Tiwo — TiTswol| + | T Tswo — To f[| + | T2 f — /|
<N Two — TiTswol| + | Tswo — fIl + Re(f) + [|T2f — [,
for fixed s € G and passing the limsup for ¢t € G, we have

limsup ||Tyxo — f|| < limsup ||Tizo — TyTsxol| + || Tszo — f|-
teqG teq@

Then
limsup ||Tyzo — f|| < liminf limsup | Tixo — Ty Tsxo|| + liminf | Tszo — f||
teG s€G  teq s€G
< limsup limsup || Tyzo — Tt Tsxol| + lim inf ||Tsxo — f]|
s€EG teG s€G
= liminf ||Tsxo — f]|.
iminf |[Tszo — £
This implies that limscq | Tixo — f|| exists. This completes the proof. O

Lemma 3.3 Let A € (0,1) and f € L(S). Iflimsup,cqlimsup,cq ||TiTszo — Tixol| = 0, then
for given € > 0, there exists s9 € G such that

limsup | T3 (ATszo + (1 = A)f) = (AT Tsao + (L= M) f)] < e
teG
for all s > sq.

Proof From Lemma 3.2, limeq | Tz — f]| exists. Put r = limyeq | Tyzo — f|- If » > 0, then
there exists d > 0 such that

(r+d)(1 — 221 — \)d(——)) < r —d, (3.4)

r+d
where § is the modulus of convexity of the norm, and there exists sy € G such that

d d
T—Z§||Tsx0—f||§r+1 (3.5)
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and

d
limsup || T Tszo — Trxol| < = (3.6)
tea 4

for all s > so. Now for fixed s > sg, set z = ATsz9 + (1 — A)f. Then from (3.6) there exists
to € G (tg > so) such that
1 Ad
Ri(2) < 5AL=N)d,  ITef = fll < -

and J
||TtTS$0 — Tt-IOH < 5 (37)

for all £ > to. Suppose that

IT:(ATsxo + (1 =N f) — (A Tsxo + (1 =N f)|| > ¢
for some t > tg. Put z = (1 — X\)(Tyz — f) and y = A(T:Tsx0 — Tyz). Then
ITez = Tof Il + 1Tef — £1)
Iz = fll + Re(2) + 172 f = £1)

1 1

(1 Tszo — £l + g+ Zd)
(r+4d)

] < (1—A
<(1-x
AL =\
AL — A

)
)

)
)

| /\

and
[yl = M TiTszo — Tez|| < A([|[Tswo — 2| + Re(2))
1
S A = NI Tswo = fll + 5d) < A0 = A)(r +d).

We also have
|z —yll =Tz = A Tswo + (1 = A)f)|| > €

and
Az + (1= Ny =M1 = XN (T Tsxo — f).

So by using the Lemma in [10], we get

A1 = N[ Tswo — fl| = [[Ax + (1 = Ayl
<AL= +d)(1 =221 = Vi

and then from (3.5) and (3.7), we have

r—d <||Tyxo — f|| — | TeTszo — Tixol]

< | TTuxo — £l < (r + d)(1 — 2A(1 — A)5(—

r+d

))-
This contradicts (3.4). In the case r = 0, since
1Tiz = (ATi Tsxo + (1 = A) S|
< ATz — ool + (1 = N Toz = Tof | + T f — /]
S AMR(2) + (1= N[ Tawo — fII) + (1 = M) Re(2)+
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AL = N[ Tszo — fI| + T2 — [l
< Ri(2) + 201 = N[ Tszo — fIl+ 1 Tef = £,

we can get what we desired. This completes the proof. O

Lemma 3.4 Iflimsup,cqlimsup,cq ||TiTszo — Tixo|| = 0, then
%16% [ATixo + (1 = A)f — gl
exists for all A € (0,1) and f, g € L(S).

Proof For given € > 0, from Lemma 3.3, there exists so € G such that

limsup ||T:(A\Tszo + (1 = AN)f) — ANLTszo+ (1= N)f)|| <e
teG

for all s > sg. Since
[ATyxo + (1= A)f =gl
< | Te(ATswo + (1= M) f) = (A\TiTswo + (1 = A) f)||+
|Te(ATswo + (1 = A) f) = Tagll + M| TeTswo — Teao|l + | T2g — 9|
S I T(ATswo + (1= A)f) = (AL Tswo + (L= A)f)[| + Re(g9)+
[Tszo + (1= A)f = gll + ATy Tszo — Thao|| + (| Teg — gl
for fixed s > sp and taking the limsup for t € G, we get

limsup || T3z + (1 — A) f — g
teG

<e+||Tsxo+ (1= N)f —g|| + MNimsup | T3 Tsxo — Tirxol|.
teG

Hence
limsup | Tyzo + (1 — A) f — g]] < e+ liminf [|[Toxo + (1 —X)f — gl
teG seG
Since € > 0 is arbitrary, this completes the proof. O

Now we are ready to prove our main theorem.

Theorem 3.1 Let X be a uniformly convex Banach space such that its dual X* has the KK
property. Let C' be a nonempty bounded closed convex subset of X. Let (G, <) be a directed
system and & = {T; : t € G} be asymptotically nonexpansive type mappings on C. Assume that
there exists xg in C' for which

(a) walao) C L(S);

(b) limsup,cg limsup,cq [|T:Tsxo — Tyao|| = 0.
Then there exists p € L(S) such that Tyzg — p.

Proof It suffices to show that w,(xg) consists of exactly one point. Since X is reflexive, wy, (o)
is nonempty. Let f,g € wy,(z). By the condition (a), we know f,g € L(S). For any A € (0,1),
from Lemma 3.4, limscq || ATrzo + (1 — A) f — g|| exists. Put

h(\) = 11516% [ATiwo + (1 =N f =gl



Asymptotic behavior of asymptotically nonezpansive type mappings in Banach space 135
Then for given £ > 0, there exists ¢; € G such that
[ATizo + (1= A)f —gll < h(A) +¢
for all ¢t > ¢;. Hence
(ATiwo + (1 =N f —9,5(f —9)) < If = gll(h(A) +¢),
for all t > s1, where j(f — g) € J(f — g). Inasmuch as f € co{T;zo,t > 51},
A+ A =Nf —g,0(f —9) < If = gll(h(N) + ),

that is, || f — gl < h()\) + €. Since € > 0 is arbitrary,

1f =gl < h(N). (3-8)

It follows from g € w,(xo) that there exists a subnet {t,,« € A} of G such that T}, zo — g,
where A is a directed system. Put I = AXN = {3 = (a,n);a € A,n € N}. For 5; = (ay,n;) € I,
i = 1,2, we define #; < B9 if and only if @1 < as and ny; < ny. In this case, I is also a directed

system. For arbitrary 3 = (a,n) € I, we also define P13 = a, P23 =n,tg = tpg = ta,65 = 55

Then we obtain T;,29 — g,65 — 0, 3 € I. From Lemma 2.1, we have e
IATewo + (1= N)f = gl < If = gll* + 2MTewo — f,i(A\Tewo + (1 = A)f — g)).
by Lemma 3.4 and (3.8), we get
1irﬁneilnf<Ttho — [, i(A\Tym0+ (1= N) f —g)) > 0.
Then for arbitrary v € I, there exists 8, € I with 8, > v and
(Tt wo — f,(eq Tty m0 + (L —€5) f — g)) = —&4. (3.9)

Obviously, 3, is a subset of I, then Ty, xo — g. Put

Jy = j(Ethﬁw zo+(L—ey)f —9)
Since X is reflexive, X * is reflexive and the set of all weak limit points of {j,~y € I'} is nonempty.

Hence we may assume that, without loss of generality, {j,,y € I'} is weakly convergent to some

point j € X*. Therefore ||j|| < liminf s ||74|| = || f — gl|- Since

(f=9,0v) = HE'yTtgw‘TO + (1 —ey)f - gl - 57<Ttgwfr0 = [ dv)s
passing the limit for v € I, we have (f — g,7) = ||f — g||*>. Hence [|j|| > ||f — g|| and we get
(f —9,5) = If = gll> = |l4]|>. This means j € J(f — g). Thus we can conclude that j, — j and
[l751l = |l7]]- Since X* has KK property, from Lemma 3.1, we have j, — j. Taking the limit for
~v € Iin (3.9), we get
{g—1.3) =0,

i.e., || f — ¢||* <0 which implies f = g. This completes the proof. O

Remark 3.1 If 3 = {T;:t € G} is a right reversible semigroup of asymptotically nonexpansive

type mappings on C, then we can get the weak convergence theorem of the right reversible
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semigroups and the condition (b) in Theorem 3.1 is not necessary (see [10] for more detail).

Remark 3.2 It is well known that if X is a reflexive Banach space with a Fréchet differentiable
norm, then its dual X* has KK property, but not conversely. From Theorem 3.1, we can get the
main results in [5,6,7].

From Theorem 3.1, we can get the following corollary.

Corollary 3.1 Let X be a uniformly convex Banach space such that X* has KK property. Let
C' be a nonempty bounded closed convex subset of X and & = {T} : t € G} be a right reversible
semigroup of asymptotically nonexpansive type mappings on C. If Ty is weakly continuous and
asymptotically regular at xq (i.e., Tysxg — Tixg — 0 for all s € G). Then Tyxy converges weakly

to a fixed point of 3.
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