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1. Introduction

In this paper, we will study the existence and the uniqueness of the global generalized solution
and the global classical solution and the blow-up of the solution to the following initial boundary

value problem for the nonlinear wave equation

Ut — Ugy + AQUgrzr — buzztt - g(uz)x; MRS (Oa Z)a t € (OvT)v (11)
uz(O,t) = ’U,x(l,t) = 0; uxxm(ovt) = uxxm(la t) = Oa te (OvT)v (12)
u(z,0) = ug(x), u(z,0) =ui(z), x € 0,1, (1.3)

where u(x,t) denotes the unknown function, a > 0, b > 0 are two constants, g(s) is the given

nonlinear function, ug(x) and wy(z) are given initial value functions and satisfy the boundary

condition (1.2). The subscripts ¢ and z indicate the partial derivative with respect to ¢ and x.
There are several examples of physical problems, which can be formulated as equation (1.1).
In the study of a weakly nonlinear analysis of elasto-plastic-microstructure models for a

longitudinal motion of an elasto-plastic bar, the following nonlinear partial differential equation
Utt + Uggzr = a(ui)m (14)

is given[!l, where a # 0 is constant.
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In [2, 3], for the study of strain solitary waves in nonlinear rods, a longitudinal wave equation
reads

n—l]

Ut — [ao + nal(u;ﬂ) Ugg — A2Ugztt = 0, (15)

here ag, as are constants, a; is an arbitrary real number, n is a natural number.

The papers [4, 5] studied the dynamics of dense lattices, and gave the equation
Utt — Ugy T QUggge — bummtt = (ui)iﬂ (16)

Obviously, equations (1.4)—(1.6) are the special cases of equation (1.1).

For the equation (1.4), the author in [6] studied the existence and non-existence of global
solutions for the initial boundary value problem.

In [7], the authors proved the existence and uniqueness of classical global solution and blow-up
of non-global solution to the initial boundary value problem for the equation (1.5).

However, we have not seen any discussion on the initial boundary value problem for equation
(1.6).

As for equation (1.1), as the generalized case of equation (1.6), there have not been any results.
The aim of the present paper is to prove that under certain conditions, the problem (1.1)—(1.3)
has a unique global generalized and classical solutions, and to give sufficient conditions of the
nonexistence of global solutions to the problem (1.1)—(1.3). Moreover, as application of our
abstract theorem, we shall prove that the problem (1.2), (1.3) and (1.6) do not possess global
generalized and classical solutions under certain conditions.

The general method is to establish a differential inequality of energy of solution in order to

get the blowup result of a solution of a nonlinear evolution equation[8—11.

To prove the blow-up
of solution by the “concavity method”, we will construct a differential inequality (3.3) and by
the aid of the inequality we shall complete the related proof.

This paper is organized as follows: In Section 2, we prove the existence and uniqueness
of global generalized and classical solutions of the problem (1.1)—(1.3). The nonexistence of
global solutions to the problem (1.1)—(1.3) is discussed in Section 3. In Section 4, we prove the

nonexistence of global solutions to the problem (1.2), (1.3) and (1.6).

2. Global solution of the problem (1.1)—(1.3)
For the problem (1.1)—(1.3), we have the following Theorems 2.1 and 2.2.

Theorem 2.1 Suppose that g € C?(R) and there is a constant ~ such that g'(s) > v for any
s € R, uo(z) € H*[0,1], ui(z) € H3[0,1] and uo(z), ui(x) satisfy the boundary conditions (1.2).
Then the problem (1.1)—(1.3) has a unique generalized global solution

u(z,t) € C([0,T); H*(0,1))nC*([0,T); H3(0,1)) N C3([0,T]; H?(0,1)).

Theorem 2.2 Suppose that the conditions of Theorem 2.1 hold. If g € C3(R) and g"(0) = 0,
up(x) € HY[0,1], ui(x) € H?[0,1]. Then the problem (1.1)—(1.3) has a unique global classical
solution

u(z,t) € C([0,T); C*0,1)nC*([0,T); C3[0,1])nC*([0,T]; C*[0,1]).
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The above two Theorems can be proved in the same method as used in [12].
3. Nonexistence of global solutions of the problem (1.1)—(1.3)

To discuss the blow-up of the solution, we need the following lemma:

Lemma 3.1 (Jensen inequality) Let g(x) be defined on (a, b), g(x) € [a1, b1], wherea, b, a1, by <
o0, f(s) is a continuous and convex function on (a1,b1), q(z) € L'[a,b], and q(x) > 0. Then it
follows that

Jy 9@a(@)dey _ [y flg(@))q(x)de
1 J; a(w)dz )< I} a(w)da
when the right side is finite.

Theorem 3.2 Suppose that the following conditions hold.

(1) g(s) is a convex function, g(0) = 0, g(s) > ds?, where § > 0 is a real number and q > 1
is an even number.

(2) %fol uo(x) cos Trde = o > {#f{‘l#(%)q“é_l}ﬁ, %fol ui(z)cos Trdx = > 0.
Then the solution u(z,t) of the problem (1.1)—(1.3) blows up in finite time Ty, i.e.,

lim sup |u(-,t)] — +oo.
t—Ty x€(0,1)
Proof Let .
o(t) = %/0 u(z, t) cos 7TTacdac.

Multiplying both sides of equation (1.1) by 3; cos 5 and integrating by parts, we obtain

br? . 72 amt T ! T
1+ 1—2)90 + (l—2 + 1—4)90 = Z/o 9(ug )y cos Td:v, (3.1)
where and in the sequel “-” denotes the derivative with respect to t.

Since f(s) is even and convex, we have by using integration by parts and the Jensen inequality

that

s t T 7T2

l
21 0 g(uz)z cos de: W/o g(uz) sin ?dx

P I X
>Tg- 2 £) cos 2
> Jolg | ulant)eos T
> 5(?)‘”1@@)2 t>0. (3.2)
Substituting (3.2) into (3.1), we have
br? 2 art ™
(L+ 55081 + (77 + 7)e®) = 8(7) ™ e(®)?, ¢ >0 (3.3)

with ¢(0) = a > 0 and ¢(0) = 8 > 0.

Since ¢(0) = a > 0, ¢(0) = 8 > 0, from the continuity of ¢(t) it follows that there is a right
neighborhood (0, p) of the point ¢, in which $(¢) > 0, hence ¢(t) > ¢(0) > 0.

Now, we prove ¢(t) > 0 for any ¢ > 0. Suppose that this result is false. Then there is ¢y > 0,
such that when 0 < ¢t < g, ¢(t) > 0, but ¢(tp) = 0, then ¢(¢) is monotonically increasing on
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[0, o), i.e. v(t) > a, t € [0,tp]. It follows from (3.3) that on (0, to]

1?72 + ar 4 T
. Zyg+1 q—1 _
B) 2 By O | gD 00 1]
1?72 + ar? 14 T
Tyl a1 4] >
—R(02 + b7r2)a[l27r2 +an?t o l ) 1} 2 0.

Therefore, ¢(t) is monotonically increasing on [0,tg]. This is a contradiction with ¢(t9) = 0.
This shows that ¢(t) > 0 and ¢(t) > ¢(0) for any ¢ > 0. Multiplying both sides of (3.3) by 2¢(t)

and integrating the product on [0, ], we see

1?72 4 an? 12 26w

(2(t)* = p* - BT (p(t)? — o) + mm(ﬂqﬂ (p(t)rt! — a7th)
= J(p(t)). (3.4)
Obviously J(a) = 32 > 0, and
? o 1’72 + am?
T (e(0) =23 (1007 2ol

1’7% + art s ™
=)ttt — 1) >0.
12(12+b7r2)a(127r2+aﬂ'4(l) “ =
It is easy to know that J(p(t)) > J(¢(0)) = J(a) >0, t > 0.
Extracting the square root of both sides of (3.4) we obtain

12 20w
Zyq+1 g+l _ q+1
Erbmgrilg) (PO —at)

=

1272 + an?

(p(t) > [ - m(g@(t)2 — 042) + 62:| , t>0

which implies that the interval [0, T7) of the existence of ¢(¢) is finite, i.e.,

NG

e 1 20w 272 4+ ard 3
Ty < {7_ TNat+lgq+l _ g1y _ U7 14T o 2 2} d
1_/a 12+bﬁ2q+1(l) (s a?™) ZQ(ZQ_HWQ)(S a®)+ [ s < 400

and ¢(t) develops a singularity in finite time To < T7. Obviously, because of ¢(t) > 0, there is
the fact that

e(t) < sup u(-, 1),
z€(0, 1)

therefore it follows that

sup Ju(-,t)] — +o0
z€(0, 1)

as t — T, . Theorem 3.2 is proved. O

4. The problem (1.2), (1.3) and (1.6)

In this section we apply the above conclusion to the problem (1.2), (1.3) and (1.6).
By the contraction mapping principle [15] we can prove that the problem (1.2), (1.3) and
(1.6) have a unique local generalized solution and a unique local classical solution. By the aid

of Theorem 3.2, we have the following theorem:

Theorem 4.1 Suppose that u(x,t) is the generalized solution of the problem (1.2), (1.3) and
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(1.6), and the following assumptions hold:

l

!
uo(x) cos ?dx =a>

T u1(x) cos ?dx =0F>0.

_ 71'212—|—aﬂ'4(£3 T
2 J,

l4 W’ﬁo

Then the solution u(z,t) of the problem (1.2), (1.3) and (1.6) blows up in finite time Ty, i.e.

lim  sup |u(-,t)] — +oo.
t—T, z€(0, 1)

Proof It is easy to know that the integral

[N

Hoo ? 2x 1?r? 4 ar? _
T, = {7__3 3_ 3y _ % Ter 2 2 2 d -
2 /a l2+b7T23(l)(S a) 12(l2+b7T2)(S oz)—|—ﬁ s < +00

Making use of Theorem 3.2, we know that there exists an finite time T < T5 such that

lim sup |u(-,t)] — +oo.
t—T, z€(0, 1)
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