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Abstract A ring R is called orthogonal if for any two idempotents e and f in R, the condition

that e and f are orthogonal in R implies the condition that [eR] and [fR] are orthogonal in

K0(R)+, i.e., [eR]∧[fR] = 0. In this paper, we shall prove that the K0-group of every orthogonal,

IBN2 exchange ring is always torsion-free, which generalizes the main result in [3].
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1. Introduction

Throughout, all rings are associative with identity and all modules are unitary right R-

modules. For a ring R, we denote by FP(R) the class of all finitely generated projective right

R-modules. A ring R is said to be directly finite if for x, y ∈ R, xy = 1 implies yx = 1. A ring R

is said to be stably finite or an IBN2 ring if all matrix rings Mn(R) over R are directly finite for

any positive integers n. According to [2, Chapter 15], there is a natural way to make K0(R) into

a pre-order abelian group, as follows: For any x, y ∈ K0(R), x ≤ y if and only if y−x ∈ K0(R)+).

We call the pre-order on K0(R) the natural pre-order or the algebraic pre-order on K0(R).

A partially ordered Abelian group G is an Abelian group that is also a partially ordered set

such that for any a, b, c ∈ G, c + a + d ≤ c + b + d whenever a ≤ b. G+ will denote the set

{a ∈ G : a ≥ 0}, and is usually called the positive cone of G. a, b ∈ G are said to be orthogonal

if a∧ b exists in G and a∧ b = 0. A partially ordered Abelian group G is said to be archimedean

if for x, y ∈ G, the condition nx ≤ y for all positive integers n implies x ≤ 0. A partially ordered

Abelian group G is said to be an ℓ-group if the underlying order is a lattice. According to [1,

Proposition 3.5], every ℓ-group is torsion free. In this paper, we need the following criterion of

ℓ-groups: A partially ordered Abelian group G is an ℓ-group if and only if for any g ∈ G, there

exist a, b ∈ G such that a ∧ b = 0, and g = a − b.
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2. Main results

Definition 1 A ring R is to be orthogonal if for any idempotents e and f in R, e and f are

orthogonal in R implies that [eR] and [fR] are orthogonal in K0(R)+, i.e., [eR] ∧ [fR] = 0.

Let us first consider some examples of orthogonal rings.

Example 2 Let Q be the field of rational numbers, and R =

(

Q Q

0 Q

)

. According to [3,

Example 3.8], we see that R is a generalized Abelian exchange ring with stable range 1. The

class of such rings is usually denoted by GAERS-1. In view of [3, Proposition 3.7], R is an

orthogonal ring.

It should be pointed out that an orthogonal ring need not be in the class GAERS-1 in-

troduced and studied in [3]. For example, let R = Z. Clearly, R is an orthogonal ring, but

R 6∈ GAERS-1. It follows that the class GAERS-1 is, in fact, a proper subclass of the class of

orthogonal rings.

Now we shall investigate the structure of the K0-groups of orthogonal and IBN2 exchange

rings. In order to do this, we need the following lemma.

Lemma 3 Let R be an orthogonal and IBN2 ring. Then for any two orthogonal idempotents

e and f in R, and any two positive integers m and n, we have

m[eR] ∧ n[fR] = 0, m[eR] ∨ n[fR] = m[eR] + n[fR]

Proof First, we should notice that if for any [eR], [fR] ∈ K0(R), [eR] ∧ [fR] exists in K0(R),

then for any positive integer s, s([eR] ∧ [fR]) must exist in K0(R), and

s([gR] ∧ [hR]) = s[gR] ∧ {(s − 1)[gR] + [hR]} ∧ · · · ∧ {[gR] + (s − 1)[hR]} ∧ s[hR].

Now, take s = 2k, where k = max{m, n}. Then we have

0 ≤ m[eR] ∧ n[fR] ≤ k[gR] ∧ k[hR] ≤ s([gR] ∧ [hR]) = 0.

It follows that m[eR]∧n[fR] exists in K0(R), and m[eR]∧n[fR] = 0. Since K0(R) is a partially

ordered Abelian group, and m[eR] ∧ n[fR] exists in K0(R), we have that m[eR] ∨ n[fR] exists

in K0(R), and

m[eR] ∨ n[fR] = m[eR] + n[fR]− m[eR] ∧ n[fR] = m[eR] + n[fR].

For any a given ring R and any x ∈ K0(R), x = [A] − [B] for suitable A, B ∈ FP (R). Now

we shall construct a special subset k0(R) of K0(R) satisfied the following conditions:

(1) For any x ∈ k0(R), there exist pairwise orthogonal idempotents e1, . . . , ek in R and

positive integers n1, . . . , nk such that

x = n1[e1R] + · · · + ns[esR] − ns+1[es+1R] − · · · − nk[ekR].

(2) For any x, y ∈ k0(R), there exist pairwise orthogonal idempotents e1, . . . , ek in R, and

integers m1, . . . , mk and n1, . . . , nk such that

x = m1[e1R] + · · · + mk[ekR], y = n1[e1R] + · · · + nk[ekR].
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Clearly, k0(R) is an Abelian subgroup of K0(R). In particular, if R is an IBN2 ring, then it is

also a partially ordered Abelian subgroup of K0(R).

We now prove the main result of this paper.

Theorem 4 If R is an orthogonal and IBN2 ring, then k0(R) is Archimedean ℓ-subgroup of

K0(R), i.e., k0(R) itself is an Archimeden ℓ-group.

Proof First, we show that k0(R) is an ℓ-group. Notice that k0(R) is a partially ordered Abelian

group. So, according to [1, Proposition 3.5], it suffices to show that for any x ∈ k0(R), there

exist a, b ∈ K0(R) such that x = a − b, and a ∧ b = 0.

Now, for any x ∈ k0(R), by assumption, there exist pairwise orthogonal idempotents e1, . . . ,

es, es+1, . . . , ek in R and nonnegative integers n1, . . . , ns, ps+1, . . . , pk such that

x = n1[e1R] + · · · + ns[esR] − ps+1[es+1R] + · · · − pk[ekR].

Let

a = n1[e1R] + · · · + ns[esR], b = ps+1[es+1R] + · · · + pk[ekR].

Then we have that x = a − b. Since [e1R], [e2R], . . . , [ekR] are pairwise orthogonal, we get

a ∧ b = (n1[e1R] + · · · + ns[esR]) ∧ (ps+1[es+1R] + · · · + pk[ekR])

= (n1[e1R] ∨ · · · ∨ ns[esR]) ∧ (ps+1[es+1R] ∨ · · · ∨ pk[ekR])

= (n1[e1R] ∧ ps+1[es+1R]) ∨ · · · ∨ (ns[esR] ∧ pk[ekR])

= 0.

It follows that k0(R) is an ℓ-group.

Secondly, we shall show that k0(R) has the Archimedean property. Given any x, y ∈ G with

the condition nx ≤ y for all positive integers n, by assumption, there exist pairwise orthogonal

idempotents e1, . . . , es, es+1, . . . , ek in R and integers {pi}
k
i=1 and {qi}

k
i=1 such that

x = p1[e1R] + · · · + pk[ekR], y = q1[e1R] + · · · + qk[ekR].

In order to prove x ≤ 0, we need show that for each pi ≤ 0, where i = 1, . . . , k.

Suppose by way of contradiction that there exist some i such that pi < 0. Without loss of

generality, we may further assume that p1 > 0. According to the inequality nx ≤ y, we have

n(p1[e1R] + · · · + pk[ekR]) ≤ q1[e1R] + · · · + qk[ekR].

Then

(np1 − q1)[e1R] + (np2 − q2)[e2R] + · · · + (npk − qk)[ekR]) ≤ 0.

Since p1 > 0, and n is any a positive integer, we can choose a positive integer n0 such that

n0p1 − q1 > 0, while n0pi − qi > 0 for i = 2, . . . , s (2 ≤ s ≤ k), and n0pj − qj < 0 for

j = s + 1, . . . , k. For convenience, let ri = n0pi − qi for i = 1, 2, . . . , s, and tj = −n0pj + qj > 0

for j = s + 1, . . . , k. So we have

r1[e1R] + r2[e2R] + · · · + rs[esR] ≤ ts+1[es+1R] + · · · + tk[ekR]).
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Similarly, since [e1R], [e2R], . . . , [ekR]) are pairwise orthogonal, we have

[e1R] = [e1R] ∧ r1[e1R]

= [e1R] ∧ (r1[e1R] ∨ r2[e2R] ∨ · · · ∨ rs[esR])

= [e1R] ∧ (r1[e1R] + r2[e2R] + · · · + rs[esR])

≤ [e1R] ∧ (ts+1[es+1R] + · · · + tk[ekR])

= [e1R] ∧ (ts+1[es+1R] ∨ · · · ∨ tk[ekR])

= 0.

This is a contradiction. So, each pi ≤ 0 for i = 1, . . . , k. Hence k0(R) is an Archimedean ℓ-group.

2

Following [4], we say that a ring R is an exchange ring if for every R-module AR and any

decompositions

A = B ⊕ C = (
⊕

i∈I

Ai) with B ∼= RR

as right R-modules, there exist submodules A′

i ⊆ Ai for each i ∈ I such that A = B⊕ (
⊕

i∈I A′

i).

In view of [5, Corollary 2.2], for any an exchange ring R, k0(R) = K0(R). So, as a corollary of

Theorem 4, we have

Corollary 5 Let R be an orthogonal and IBN2 ring. If R is an exchange ring, then K0(R) is

an Archimedean ℓ-group. So, in this case, K0(R) is always torsion free.
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