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Abstract The signless Laplacian matrix of a graph is the sum of its diagonal matrix of vertex
degrees and its adjacency matrix. Li and Feng gave some basic results on the largest eigenvalue
and characteristic polynomial of adjacency matrix of a graph in 1979. In this paper, we translate
these results into the signless Laplacian matrix of a graph and obtain the similar results.
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1. Introduction

In this paper, all graphs considered are finite, undirected and loopless. Let G be a graph
with vertex set V(G) = {v1,v2,...,v,} and edge set E(G). Its adjacency matrix is defined to
be the n x n matrix A(G) = (a;;), where a;; is the number of edges joining v; to v;. Let dg(v;)

denote the degree of v; in G and D(G) the diagonal matrix of vertex degrees of G, i.e.,
D(G) = diag(dg(v1),da(v2), ..., da(vy)).
Then the signless Laplacian matrix K (G) of G is defined by Haemers and Spence as follows!"!
K(G) = D(G) + A(G).
It is well known that the Laplacian matrix L(G) of G is defined as follows
L(G) = D(G) — A(G).

Denote the characteristic polynomials of A(G), K(G) and L(G) by &(G,\), ¢x(G,\) and
(G, \), or simply by ¢(G), ¢k (G) and ¢r,(G), respectively. Since K(G) and L(G) are two real
symmetric matrices, all of their eigenvalues are real. Write their largest eigenvalues by Ak (G)
and A (G), respectively.

For a long time, most scholars have been interested in the spectra of adjacency matrix and
Laplacian matrix of a graph. Therefore, the two kinds of spectra are studied extensively in

the literature. In [2], Cvetkovié, Doob and Sachs surveyed the properties and applications of
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spectrum of adjacency matrix of a graph. In [3], Merris surveyed the properties and applications
of spectrum of Laplacian matrix of a graph. Nowadays the spectrum of signless Laplacian
matrix of a graph also attracts many scholars’ attention and becomes a heat point studied. In
[4], Cvetkovié, Rowlinson and Simi¢ indicated that the signless Laplacian matrix appears very
rarely in published papers and summarized some properties of signless Laplacian matrix of a
graph. In [5], Van and Haemers expressed an idea that, among generalized adjacency matrices
associated with a graph, the signless Laplacian matrix seems to be the most convenient for use
in studying graph properties[4].

This paper has two purposes. On the one hand, we give the calculation formulas on the
characteristic polynomials of signless Laplacian matrix of a graph and Laplacian matrix of a
bipartite graph. On the other hand, we translate some basic results on the largest eigenvalue
and characteristic polynomial of adjacency matrix of a graph obtained by Li and Feng in [6] into

the signless Laplacian matrix of a graph and Laplacian matrix of a bipartite graph.

Throughout this paper, we use the following notations. Let P,, denote a path on n vertices,
N¢(v) the adjacent vertex set of a vertex v in a graph G, I(G) the line graph of G, E(Z) the set of
edges in a subgraph (or an edge sequence) Z, |E(Z)| the cardinality of E(Z) and ¢ (P, \) = 0.
In particular, for a function (X, \), when S = (), let

> (XN =0.

Xes

Lemma 1.11% Let v be a vertex of a graph G and C(v) denote the set of all cycles containing
v in G. Then

HG N =X(G—v,N) = > dG-v-ur)-2 Y GG-V(Z),N)

uENg(v) ZeCq(v)

Lemma 1.2 Let G be a connected graph, G' a proper subgraph of G and H a proper spanning
subgraph of G. Then

)\K(GI) < /\K(G), /\K(H) < /\K(G)
2. On the largest eigenvalue of signless Laplacian matrix of a graph

Let S be a sequence consisting of k distinct edges of a graph G. If the edges in S as vertices
of I(G) based on the order in S can form a cycle of length k in I(G), then S is called a line graph
cycle of G. If the two line graph cycles S; and S of G can form the same cycle in I(G), then S
and Sy are called equal. For an edge e of G, let Fg(e) denote the set of all edges (containing no
e) adjacent to e in G and Jg(e) the set of all distinct line graph cycles containing e in G. For
instance, to the graph G and its line graph I(G) shown in Figure 1, if we take the edge eq, then

JG(el) = {616263, €1€2€4, €1€3€4, €1€7€6; €1€2€3€4, €1€4€2€3, €1€4€5EC6;
€1€3€4€5€6, €1€4€5€6€C7, €1€2€4€5€6; €1€2€3€4€5€6, €1€3€2€4€5€6,

€1€2€4€5€6€7, €1€3€4€5€6€7; €1€3€2€4€5€6€7, 61626364656667}-
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Figure 1 A graph G and its line graph I(G)

Theorem 2.1 Let e be an edge of a graph G. Then
_ ox(G —e—e) oK (G - E(Z))
o(@) = 220G -0~ Y -2 > W'

ecEg/(e) Zeda(e

Proof A graph is called an (n,m) graph if it exactly has n vertices and m edges. Suppose that
G = (V(G),E(@)) is an (n,m) graph, where

V(G) ={v1,ve,...,v,}, E(G)={e1,e2,...,em}.

Then the vertex-edge incidence matrix of G is defined to be the n x m matrix R(G) = (r4;),
where 7;; = 1 if v; is an end-vertex of e;, and r;; = 0 otherwise. Let R(G)! denote the transpose
of R(G). It is well known that[?

K(G) = R(G)R(G)", 2I, + A((G)) = R(G)'R(G),
det(\, — R(G)R(G)") = A" "det(\],, — R(G)'R(G)).
Therefore, we have
o1(G,A) = A" (U(G), A~ 2). (1)
For any edge e of GG, by the definition of line graph, we have
Nye)(e) = Ea(e), Cya)(e) = Jale).
For any Z € Cyg)(e), let V(Z)y) denote the vertex set of Z in [(G). Then from the definition

of line graph, we have
V(Z)c) = E(Z), U(G)=V(Z)ic) =G~ E(Z)).
Write I(G) = H. Then by Lemma 1.1, we have
(UG), ) =pp(H—e,p)— > ¢H—e—e,p)—2 Y ¢(H-V(Z)u,p)

eENH (e) ZeCh(e)
—ud(l(G—e)p)— > d(G—e—e),u)—2 Y oG- E(Z)),p).
e€FEg(e) ZeJg(e)

Since G—e, G—e—é and G — E(Z) are (n,m — 1) graph, (n,m —2) graph and (n,m — |E(Z)|)
graph, respectively, by Equation (1), we have

R R D e =

ecEq(e)
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¢ (G — E(Z),A)
Z N—mHEZ)] (2)
ZeJg(e
Combining Equations (1) and (2) yields the required result. O

Corollary 2.2 Let uv and vw be two edges of a graph G such that dg(u) = 1 and dg(v) = 2.

Then we have

ok (G, A) = (A= 2)¢x (G —u,\) — ok (G —u— v, A).
Proof Take e = uv in Theorem 2.1. Then Eg(e) = {vw}, Ja(e) = 0. Note that
k(G —uv, A) = Ao (G — u, A),
b (G —uv —vw, \) = N2or (G —u — v, \).
Therefore, by Theorem 2.1, the result follows. O

Corollary 2.3 Let e be an edge of a graph G.
(i) If € is an adjacent edge of e, then for A > Ak (G), we have

610N < 22 0k(G e X) - ?x(C e N

and the inequality strictly holds if G is connected and e has at least two adjacent edges.
(ii)) For A > Ak (G), we have

brc (G, N) < uqu( —e ),

and the inequality strictly holds if G is a connected graph with at least two edges.

Proof (i) Let G1,Gs,...,G; be all components of G. Without loss of generality, let e € E(G1).
Then for é € Eg,(e) and Z € Jg,(e)(# 0), G1 — e — é and G; — E(Z) are the two proper
subgraphs of G;. By Lemma 1.2, we have

/\K(Gl) > max{)\K(Gl —e— é), )\K(Gl — E(Z))}

So for A > Ag(G1), we have ¢ (G1 —e —€,A) > 0 and ¢ (G1 — E(Z),A) > 0. Therefore, from

Theorem 2.1, we have

Z (ZSK(Gl—e—é,)\)

A—2
oK (G1,A) < T¢K(G 2

éGEGl (e)
)\ 2 ¢K(G1_e_é7A)
In particular, if e has at least two adjacent edges, then Eg, (e) \ {€} # 0. Therefore, when e
has at least two adjacent edges, the second inequality in above proof strictly holds. Note that
A (G) = max{A\k(G;) : 7 =1,2,...,s}. So for A > Ag(G), we have

¢k (G, A) = ¢ (G1,\) oK (G2, A) - - - ¢ (G, A)

<A 2ox(er ey - O B [T 6, 0
j=2
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— uqf)K(G_e,A) _ ¢K(G _)\S_éuA)

A
(ii) In the similar way to (i), we can prove this result.

The proof is completed. O

Theorem 2.4 Let H be a proper spanning subgraph of a connected graph G. Then for
A > Ak (G), we have
¢K(G, )\) < ¢K(H, )\)

Proof Without loss of generality, suppose that G has at least two edges. Let
E(G)—E(H)=1{e1,ea,...,e}.

For 1 <i <t set S; ={e1,ea,...,e;}. Then H = G — S;. Note that G has at least one edge
and G — S; is a proper spanning subgraph of G. So by Lemma 1.2, we have

)\K(G) Z max{)\K(Pg),)\K(G — Sz) 1= 1,2, .. .,t} Z 2.
Hence by Corollary 2.3 (ii), for A > Ax(G), we have
¢ (G, A) <o (G = S1,A) < 9 (G = S2,A) < -+ < 9 (G = S, A) = o (H, N).

The proof is completed. O
Theorem 2.5 Let u be a vertex of a connected graph G with at least two vertices. Suppose
that P = ajag---ai and QQ = biby - - b, are two new disjoint paths. Let G}, denote the graph
obtained from G, P and ) by joining u to a; with an edge and joining u to by with another

edge. If k > 1> 1, then
A (Grg1,-1) < Ak (Gryp).

Proof Write kK — 1 =5, ¢ = f. It is obvious that Gs41,1 is a subgraph of G; and G, is a
proper subgraph of Gs41,1. So by Lemma 1.2, we have

A (Grp) > Ak (Gst11) > A (Gs ). (3)
Next we only need show that for A > Mg (Gr,), f(Gri) < f(Gry1,-1)-
Assume [ > 2. From Corollary 2.2, we have
f(Gra) = (A =2)f(Gra-1) — f(Gri-2),

f(Gryri—1) = (A= 2)f(Gri-1) = f(Gr—1,4-1)-

Therefore, we have
f(Grp) = [(Grrr-1) = [(Gr—1,-1) = f(Gri—2).

Repeating the above steps, we have

F(Gra) = [(Greri-1) = f(Gsy11) = f(Gsr2,0). (4)

Note that Equation (4) hods for [ = 1. Therefore, Equation (4) always holds for [ > 1.
By Corollary 2.2, we have

f(Gst20) = (A =2)f(Gs10) — f(Gsp)-
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Therefore, by Equation (4), we have

[(Gr1) = f(Grrri-1) = f(Gs0) + f(Gsr11) — (A =2) f(Gst1,0)- (5)

Since Gsy1,1 is a connected graph and ub; has at least two adjacent edges in Gs41,1, from
Corollary 2.3 (i), for A > Ag(Gs41,1), we have

f(Gsy11) < %f(Gs-H,l —uby) — %f(Gs—i-l,l — uby — uay)
= (A= 2)f(Gurr0) ~ 1/ (P (G). (6)
By Equations (3), (5) and (6), for A > Ax(Gk,1), we have
F(Gri) = F(Gririn) < f(Gao) = 3 S (Pu)FG) (7

Case 1 Assume s = 0. Then G5 = G and f(Ps41) = A. So by Equation (7), for A > Ag (G.1),

we have

F(Grp) = f(Gry10-1) <O0.

Case 2 Assume s = 1. By Corollary 2.3 (ii), for A > Ax (Gs,0), we have

F(Gao) < 252 f(Gro — war) = (A~ 2) ().

So combining Equations (3) and (7), for A > Ag (Gg,), we have

F(Grt) = F(Gryrion) < [(A—2) — S f(Pu1)F(G) = 0.

A
Case 3 Assume s > 2. Then by Corollary 2.3 (i), for A > Ax(Gs,0), we have
A—2 1
F(Gs0) = == f(Gspo —uar) = 35 f(Gso — ua1 — a1az)

1

A—2
= S F(P)F(G) = F (P f(G).

Therefore, by Equations (3), (7) and Corollary 2.2, for A > Ak (G ), we have

F(Gk) = F(Grarinn) < 3 @)= F(Paa) + (= [ (Ps) — f(P1)] = 0.
The proof is completed. O

Theorem 2.6 Let v and u be two distinct vertices joined by a path of length m in a connected
graph G, where dg(v) > 2 and dg(u) > 2. Suppose that P = ajas---ar and Q = biby--- by are
two new disjoint paths. Let G,(:;) denote the graph obtained from G, P and @) by joining v to
a1 with an edge and joining u to by with another edge. If k —1>m > 1 and [ > 1, then

A (GE_y) < A (GYY).
Proof Write k — 1 —m = s, ¢ = h. Next we only need show that for A\ > Ax(G{")),

h(G,(;?)) < h(G,(Q:)Llfl). Let vovy - - - v, be a path of length m from v to u in G, where vy = v

and v, = u. In the similar way obtaining Equation (5) in the proof of Theorem 2.5, we have

WGUY) = (G ) = WG, o)+ (G 1) — (A= 2)R(GUT) ). (8)
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Write Eg = 0, E; = {UmUm_1,Vm—1Vm—2, -+ - s Um—it1Vm—i}, & = 1,2,...,m. Since Gng)nH,l is
a connected graph and v,,b; has at least two adjacent edges in ng_l,)n 41,1, by Corollary 2.3 (i),
for A > A (G 1 1), we have

MG 1) < O = DBG 1 .0) = (G hin0 — B (9)
From Equations (8) and (9), for A > AK(GS—an—i-l 1), we have
m m m 1 m
M(GLT) = WG 11) < WG, 0) = $h(G a0 — ). (10)
By Corollary 2.2, we have
MG 0 = B1) = (A= 2D(GD 0 = Br) = (G 10— Br), (11)
Again by Corollary 2.3 (i), for A > )\K(G( 0), We have
MG h0) < 2 2h(G g~ Fr) = 35h(G g — B, (12)

Since Gs+m+1 1 is a subgraph of Gk l), G(+m o is a proper subgraph of Gs+m+1 1, G is a proper

subgraph of G +m o and P, is a proper subgraph of GG, by Lemma 1.2, we have
A(GE) 2 A (G, 11) > Ak (G 0) > Ak (G) > A (Py) =2

Therefore, by Equations (10)—(12), for A > A (Gk l)) we have

m m 1 m 1
h(Gl(c,l)) - h(GEH-)l,l—l) < _[h(Gg+2n—1,o —E) -~

5 TG0 — B2 (13)

In the similar discussion to Equations (10)—(13), for A > )\K(G,(C l)), we have

m m 1 m m
h(Gl(c,l)) - h(chJr)l,lfl) < _[h(GiJan—z,o — Es) — _h(Gngm 10— B3]

A2 A
Repeating the above steps, for A > Mg (G;:ll)), we have
m m 1 m 1 m
MG) = h(G) ) < p (G o = Emet) = Sh(G 0 = En)l. (14)

Let G\7) g — Bt = U, GV g = Em = F, G\7} g — Eyy = B and G — E,,, = M.

Case 1 Assume s = 0.

By Corollary 2.2, we have
MG~ Em) = (A= 2h(B —az) = h(B — ay — a1)

By Corollary 2.3 (i), for A > )\K(G,(c l)), we have

m A—2 1
h(Gi-&,o —E,_1) < N h(U = vov1) — ph(U — VU1 — vay)
A—2 1

By Equations (14)—(16), for A > )\K(GE:Z)), we have h(G,(:lL)) - (G,(Iil 1) <0.
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Case 2 Assume s > 1.
By Theorem 2.1, we have
(m) A—2 1
h(GSJrQ’O - Em) = Th(B - UCLl) - Fh(B —vay — alag) — Al — AQ
1
= Xh(M)[(/\ = 2)h(Pst2) — h(Psy1)] — A1 — Ag

1

= JhM)"(Psi3) — A1 = Ag, (17)
where MB=E(Z) , _ h(Pus)
o - o s+2
Al =2 Z w, AQ = T Z h(M - U'LU).
ZeJp(vay) wE N (v)

By Corollary 2.3 (i) and Theorem 2.1, for A > g (GE:Z‘”)), we have
A—2

WG o — Emo1) < S (U = wown) - %h(U — vov1 — vay)
= 22 20(F) — 55 h(F — van)
_ %[%h(F gy ME= Uc)z\12 ) SN h(M)f\LEPS_H)
A2y BOONE g HODMP)
= D[ = 2h(Pasa) ~ = Dh(P) — h(Pas)] ~ 22 (A + A)
= S ODR(Ps) - 222 (4 1 ), as)

where

h(F — E(Z)) h(Ps+1)
Ag =2 Z W, A4 = T Z h(M — ’U’LU).
ZGJF(val) U)GN]\/[('U)

By s > 1, we have Jp(va1) = Jp(vay). By Corollary 2.3 (ii), for A > Ax (B — E(Z)), we have
hMB—E(Z)) < (A\=2)h(F — E(2)).
Note that Ax (G{})) > Ax (B — E(Z)). So for A > Ag(G\})), we have

(A = 2)W(F - E(2))
Ar-(A-2)A3<2 NEER —(A=2)A5 =0. (19)
ZGJB(val)
By Corollary 2.2, for A > Ax (G}})), we have
1

A2 = (A =2)As = H[A(Por2) = (A = 2)h(Pes1)] > (M —wvw)
wE N (v)
- _h(;:s) > MM —vw) <0. (20)

wE N (v)

By Equations (14), (17)—(20), for A > )\K(Ggﬁ)), we have h(G,(;Z)) - h(G,(::)Llfl) < 0.

The proof is completed. O

Theorem 2.7 Let vu be an edge of a connected graph G such that dg(v) > 2 and dg(u) > 2.
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Suppose that P = ajas---ap and Q = biby---b; are two new disjoint paths. Let G,(Cll) denote
the graph obtained from G, P and Q) by joining v to a; with an edge and joining w to by with
another edge. If k > 1 > 1, then )‘K(Gk-i-ll 1) < )\K(Ggl)).

Proof Set ¢x = h. We need show that for A > )\K(Gg)l)), h(G,(Cll)) < h(G,(Cl_ZlJ_l). Note that the
case k > [ is a special case of Theorem 2.6 when m = 1. Therefore, next assume k = . Write
Ggla —uv = B and G —vu = M. Since G(% = @, in the similar way obtaining Equation (10) in
the proof of Theorem 2.6, for \ > )\K(G,(;l)), we have

1
WG = WG i) < h(G) = h(B). (21)
By Theorem 2.1, we have
1 A—2 1. A—
hG) — Xh(B) = Th(G —vu) — a1 — Qg — X[Th( —vay) — s — ay)
A—2 1
= Th(M) — 1 — g — X[()\ — 2)h(M) — Qa3 — 014]
1 1
[X% — o]+ [XCM — gl (22)
where WG — E(2)) )
CY1:2 Z W, Oégzﬁ Z h(M—
ZeJa(vu) e€Eq(vu)
h(B — E(Z))
a3 = 2 Z w, Z h — ’U’U}
ZGJB(val) ’IJJGNM(’U)

It is easy to find that Nas(u) # 0 and
S hM—e)= Y AM-vw)+ > h(M—uw).

e€Eg(vu) weN s (v) wEN pr(u)

Therefore, for A > A\ (G,(cll)), we have

1 1
T 2=y

: > (M —uw) <0, (23)

wE N (u)

For each Z € Jg(vay), let Z denote the edge sequence obtained from Z and vu by replacing

vay of Z with vu. Then we have
h(B — E(Z)) = h(GY) —vu — E(2)) = Z) | Jlar}) = M(G - E(2)).
Write J; = {Z: Z € JB(val)} and Jp = Jg(vu) — Ji. Then we have
_ MG - E(Z)) _ G - E(Z))
oy =2 Z )\|E(Z +2 Z )\|E(Z az +2 Z )\|E(Z :
Zedy VASPP
Therefore, for A > Ak (G;ﬂll)), we have
1 2 2)) < 24
XOZg — ] = — Z )\\E Z)| ~ O ( )
zZeJz

By Equations (21)—(24), for A > )\K(Gl(c,l))7 we have h(G,(cll)) - h(G,(clJlefl) < 0.
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The proof is completed. O
3. On the largest eigenvalue of Laplacian matrix of a bipartite graph

For a bipartite graph G, K(G) and L(G) have the same spectrum!?. Therefore, by Theorems
2.1, 2.4, 2.5, 2.6 and 2.7, we immediately obtain the following corollaries.

Corollary 3.1 Let e be an edge of a bipartite graph G. Then
/\ $L(G—e—¢) oL(G — E(2))

ecEg(e) ZeJa(e

Corollary 3.2 Let H be a proper spanning subgraph of a connected bipartite graph G. Then
for A > A (G), we have ¢1,(G, ) < ¢r,(H, ).

Corollary 3.3["" Let u be a vertex of a connected bipartite graph G with at least two vertices.
Suppose that P = ajaz---ay and Q = biby---b; are two new disjoint paths. Let G, denote
the graph obtained from G, P and @ by joining u to a; with an edge and joining u to by with
another edge. If k > 1 > 1, then A (Grt1,1-1) < AL(Gry).

Corollary 3.4 Let v and u be two distinct vertices joined by a path of length m in a connected
bipartite graph G, where dg(v) > 2 and dg(u) > 2. Suppose that P = ajas---ay and Q =
b1by - - - by are two new disjoint paths. Let G(m) denote the graph obtained from G, P and Q by
joining v to a1 with an edge and joining w to by with another edge. If k —1 >m >1 and [ > 1,
then AL (G, ,_1) < AL(GY}).

Corollary 3.5 Let vu be an edge of a connected bipartite graph G such that dg(v) > 2 and
dg(u) > 2. Suppose that P = ajas---ax and @ = bibs---b; are two new disjoint paths. Let
G( ) denote the graph obtained from G, P and @ by joining v to a; with an edge and joining u
to b1 with another edge. If k > 1 > 1, then /\L(Gk+1l )< /\L(G,(;l)).
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