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Abstract For bounded Vilenkin-Like system, the inequality is also true:
Zk” AR <Clfll,, 0<p<2, (*)

where f(-) denotes the Vilenkin-Like Fourier coefficient of f and the Hardy space H,(G) is
defined by means of maximal functions. As a consequence, we prove the strong convergence
theorem for bounded Vilenkin-Like Fourier series, i.e.,

QKIS fIp) " < Cllflla,, O<p<1. (**)

k=1
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1. Introduction

It is well known that the inequality (x) is true for Walsh-Paley system. It was proved first
by Ladhawalal'l and another proof was given in the book!?! written by Schipp, Wade, Simon and
P4l. For Vilenkin system, it was proved by Fridli and Simon!®!. In this paper, we will discuss
the theorem about Vilenkin-Like system. In fact Vilenkin-Like system is a more generalized
orthonormal system in Vilenkin space G,,. It has the corresponding definition in Walsh-Paley
system, p-series Field and Vilenkin system even in noncommutative martingale theory. We will
prove the inequality (x) is also true for the bounded Vilenkin-Like system.

It is well known that Vilenkin system, especially Walsh-Paley system, does not form a
Schauder basis in L;. Moreover, there exists a function in H; such that its partial sums are
not bounded in L;. Hence it is of interest that certain means of the partial sums of function
from H; can be convergent. Simon!* proved that in the Walsh case
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Furthermore, it was proved that (1) follows from the next statement on strong convergence:

n

lim — Z”S’“fk_f”l:o, feH. (2)

n—oo logn =

It is not hard to see that (1) is also equivalent to (2). Moreover for (1) it is enough to show

that
1

logn

Y b <oy, gemn ®)

k=1

The Vilenkin analogue of (1)—(3) can be found in G&tl®l. In Weisz!® a certain extension of (3) to
H, (0 < p < 1) space was given with respect to Walsh system. As a consequence of inequality
(%), we prove the strong convergence theorem for bounded Vilenkin-Like Fourier series. The

(4]

result is a generalization for Walsh-Paley system!*, even more for Vilenkin system!®.

2. Definitions and notation

We denote by N the set of nonnegative integers and P the set of positive integers. Let
m = (mog,m1,...,Mg,...) be sequence of natural numbers such that m; > 2 (k € N). For
all £ € N we denote by Z,,, the my-th discrete cyclic group. Let Z,,, be represented by
{0,1,...,mg—1}. Suppose that each (coordinate) set has the discrete topology and the measure
pr which maps ever singleton of Z,,, to 1/my (ux(Zm,) = 1) for k € N. Let Gy, denote the
complete direct product of Z], s equipped with product topology and product measure p. Then
G, forms a compact Abelian group with Haar measure 1. The elements of G,,, are sequences of
the form (xo,1,...,2k,...), where x; € Z,,, for every k € N and the topology of the group G,
is completely determined by the sets

L,(0) :=={(x0, 21, -, Tk,--.-) EGp: 2, =0 (k=0,...,n—1)}
(Io(0) :== Gy,). Let L,(z) :== I,(0) + = (n € N). The Vilenkin space Gy, is said to be bounded if

the generating system m is bounded. Throughout this paper we assume m is bounded.

Let My := 1 and My41 := mpMy for k € N, it is so-called the generalized powers. Then
every n € N can be uniquely expressed as n = Z;OZO ngMp,0 < ni < mg,n, € N. The sequence
(ng,nq,...) is called the expansion of n with respect to m. We often use the following notations:
In| := max{k € N : ny # 0} (that is, My, < n < Mj,41) and n® = 3%, n; M;. Next we
introduce an orthonormal system on G, which we call a Vilenkin-Like system.

A complex-valued function r} : G,,, — C'is called a generalized Rademacher function if it
has the following properties:

(i) r} is Xgy1-measurable (ie., 7} depends only on zg, x1, ..., zk(x € Gp,)), for all k,n € N,
and r{ = 1.

(ii) If My is a divisor of n and [ and n**1) = [*+1) (k[ n € N), then

1, ifnk:lk,
0, if ng # g,

where Ej is the conditional expectation with respect to ¥ and Z is the complex conjugate of z.

Ey(rimy) = {
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(iii) If Mjyq is a divisor of n (that is, n = ng1 Myy1 + - -+ + 1)y M)y|), then

mk—l

3 M @) = g

7=0
for all z € G,,.
(iv) There exists a § > 1 for which ||r}||e <v/mi/0d.
Define Vilenkin-Like systems ¢ = (¢, : n € N) as follows:

o0
(k)
U, ::1_[7°7kI , neN.
k=0

. 0 __ o |m] (k)
(Since ) = 1, we have ¢, = [[, 2,71 ".)

If f € L1(G,), the maximal function can also be given by

= Sglplfn(w)|_1| » )f(t)du(t)I,

where the supremum is taken over all intervals I containing = € G,,.

The martingale Hardy space H,(Gy,) for 0 < p < oo is the space of martingales for which

1f ez, == 11" ]lp < oo

A measurable function a is called a p-atom, if a is identically equal to 1 or there exists an

interval I such that
1) [,adp = 0;
2) Jlalloe < p(1)7%, 0<p<g1<q< oo
3) suppa C I.
For f € L1(Gy,), we define the Fourier coefficients and partial sums by

fk):= /G foudu, keN,

n—1
Suf:=>_ fk)e, neP,Sof :=0
k=0

and the Dirichlet kernels by:
n—1
Du(y, ) =Y t(y)vi(x), neP,Dy:=0.
k=0

It is clear that
Suf(y) = /G £(2) Doy, 2)dp(2).

3. Formulation of main results
Our main results in this paper are as follows:

Theorem 1 There exists an absolute constant C' > 0 such that for any f € Hp(Gy,) (0 < p < 2),
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we have

ka 2If (k)PP < C\lf |,

Theorem 2 There exists an absolute constant C' > 0 such that for any f € H,(Gy,) (0 < p < 1),
we have -

Q KISk f IR < Cllf |,

k=1

The results as above are based on the following lemmas.

Lemma 1[8
M, ify € I,(z)

Dy, (y,x) = { 0, ify € G\ ().

Set g n = []o0 r* e have

s=n S

Lemma 28 Let 2,y € G,,,n € N. Then

ns—1

RGO LML -y D 4
an s+1 1/177, S+1( )DMS (y,I) Z Ts M (y)rs M (.I) (5)
3=0
Lemma 3 If f € H,(G,,) (0 < p < 1), then there exist sequences {\;} (of positive numbers)
and {a;} (of p-atom), such that

o0 o0
f= Z Aja; in H, norm and pointwise and ||f||11){p ~ Z AL
1 1

4. Proofs of the results

Proof of Theorem 1 (1) First suppose that 0 < p < 1. Since f € H,(G,,), by Lemma 3, we
have f = Y77° \ja;, where a; is p-atoms and ) ° \¥ < oo. So,

ka (k) |szkp 2|Zw TEED DR S T
j=1 k=1

that is the reason why it suffices to show that there exists an absolute constant C' > 0 such that

for all p-atoms
ka Ya(k)|P < C.

Let a be an arbitrary p-atom. If @ = 1, then
||

- /G du(@d@) = Eoln) = Bo([] 75
k| |k|—1

0B ([T ) = Bo( [T Bl )
=1 j=1
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because k*) = ki My # 0 if k € P and Ek(rgffé) =0 if ng # li. In this case the statement of
the theorem is trivial.

Suppose «a is a p-atom with support Iy (u) for some N and u € G,,. We have

a(k) = /G a(e) (2)du(z) = / AR @)

m

For k=0,...,My — 1, ¥ (z) depends only on the first N coordinates of z, hence the function
Y (x) on the set Iy (u) is invariable

) = [ aaiu(a)dute) = c [ o) =0

=Y kPPlak)P = > kPPla(k)P.
k=1

k=Mn

Using the Cauchy-Buniakovski-Schwarz inequality

ST R a)P < (>0 kDO Ja(k)P%)s
k=Mxy k=Mxy k=Mn
= (3 KRS fat)E
k=My k=M
= (3 KT lak)P)?
k=Mxpn k=Mxpn
< (S (Y
Ny

where é + % =1, B-p =2 and Bessel’s inequality

(> lalk)®)? < Jallz,
k=Mypn

we get

o0

P=214(k) P 2-p alz)2du(z) s
> Blatp < () (/IN@'“'O‘“( )

k=MnN

)P llalBep(In)®

)P (u(In))TH

o
2-p 142
< (M—N)TMN1+2
<C.
(2) Secondly let 1 < p < 2. Introduce on P the measure n(n) := 1/n2. If
Tf(n) = nf(n),

then it follows from Parseval’s formula and from the previous theorem (for p = 1) that both
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operators

T:Ly— Ly(P,n) and T : Hy — L1(P, )
are bounded. By the Marcinkiewicz interpolation theorem, the operator

T:(Hy, L2)gp — (Li(P,n), L2(P,n))e,p

is bounded where 0 < § < 1 and 1/p = (1 —6) + 0/2. That is to say the operator T is bounded
from H) to L,(IP,n). Thus we complete the proof of Theorem 1. |

Proof of Theorem 2 Let us estimate the sum in the theorem as follows:

p—2 b N e i
Zk Hskf” _Z Z Z k21
k=1 n=0 j=1 k=jM,,
oo Mmp—1 (J+1)M,, -1
<22 M > ISesIE
n=0 j=1 '7 k=jMy,

By Lemma 3, it is enough to prove that for all p-atom we have

co mp—1 (F+1)M, -1
> GML P > lISkalp<C. (6)
n=0 j=1 n k=jM,,

If @ = 1, similar to the proof of Theorem 1, we have a(k) = 0 for all kK € N, i.e., Sxa =
Zf;ol a(i)1p; = 0. In this case the statement of the theorem is trivial.

So, assume a is an arbitrary atom with support Iy(u) for some N and v € G,,. For
k=0,...,My—1, ¥(z) depends only on the first N coordinates of z, hence the function ()

on the set Iy (u) is invariable

k) = [ ala)iu(a)duta) =< [ otz =0

This means that we need to show the inequality

00 My — (J+1)Mp—1

>¥ e L ISl 0

n=N j=1 k=jM,

For this purpose let || Sxalh (k = My, My +1,...) be decomposed in the following way:

m

ISwalp= [ ISa@Pdut) + [ ISwal)Put). ®)
In(u) ~(uw)
Applying Holder’s and Parseval’s inequalities, we get the estimation:

[ siawlan) < ([ ISiat)Paut) (it
I (u) In(u)

< llallu(Tn)t /2

< NlalEo (T )2 (T )P/

<1.
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To estimate the second integral in (8), let N> k > My. B

/ |Ska(y)[Pdu(y)
G \In (u)

N-—1
3 / |Ska(y) Pdp(y)
L (u)\Lig1(u)

y Lemmas 1 and 2, we get

dp(z)|Pdp(y)

) [P r,i () ki (2)-

1=0
N—-1
-3/ [ @Dty
i—0 YIi(w\Iix1(u) JIn(u)
N-1
ST e
i=0 Iw(u)\1i+1(u) In(u =0 l=s+1
el (s+1) | . -
S rET M @) P+ Mt ()41 (2)-
7=0
Mol G+1) 4
i M e @)ldu@) | dudy).
7=0

From the definition of generalized Rademacher functions and

/ |Ska(y) Pdpu(y)
m\fN(u)

Jensen inequality, we have

i—1 i—1
. my ms
< Z / (a1 S My TT St sClks 5 + Ml (o) 5 Pely)
Li(u)\lit1(u) s=0  I=s+1
i—1 M,
Y. [ [P (3 Mo + Mi)Pdu(y)
Z I (u)\ I 1 () ; Mo
< Cla(k |pMPZ / V)P dn(y)
Li(u)\Lit1(u)
N-1
~claor 'y | M B (ol )dp(y)
i=0 Li(u)\Lit1 (u
< Cla() Z '/ M (B (i) du)
I (u \II+1(’U.
L “
=C|a<k>|p2 gl AVAEN) ) (DR
w(u \Iw+1(u s=1i
[k|—1
~ (Ik1)
- Cla(b) Z ¥l S VBRI
w(u \Iw+1(u
|k| 1
~ (Ik1)
—cur Y. [ M (IT P2 Panty
Li(u)\Li+1(u)

=0

N-—1
> / M{du(y)
i—0 JLi(w)\Lig1(u)

469
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P p Mlp P p
< Clak)P 3 7= < Clath)l,
i=0 ¢

oo

. . MP
since the series ).~ 757 converges for 0 < p < 1.
- k3

By Theorem 1, the following inequality is true:

0o Mmp—1 1 (G+1)My—1

My —1

Z Z (jM,)2—» Z I\Skallﬁ
ML) > (/IN(U) |Ska(y)[Pdu(y)+

k=jM,
[e'e)
n=N k=jM,,

1 (G+1)Mn—1
/ |Ska(y)[Pdu(y))
G\

.
—

0o Mmpy—1 1 (G+1)M, -1 00
YN
<2 G Z L+C Y k2R
n=N j=1 k=jM,, k=M N
SN R |

<C). Ml—pZﬁj+C§C'

e LR S

Thus we complete the proof of Theorem 2. O
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