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Abstract In this paper, we obtain theorems of complete convergence and strong laws of large
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1. Introduction

When {X, Xn, n ≥ 1} is a sequence of i.i.d. random variables and {ani, 1 ≤ i ≤ n, n ≥ 1}

is an array of real constants, the convergence of weighted sums
∑n

i=1 aniXi was studied by

many authors[1−5]. We recommend the paper of Rosalsky and Sreehari[3] for more information.

Recently, Bai and Cheng[1] proved the strong law of large numbers

n−1/q
n∑

i=1

aniXi → 0 a.s. (1)

where {X, Xn, n ≥ 1} is a sequence of i.i.d. random variables satisfying EX = 0, E|X |β < ∞,

and {ani, 1 ≤ i ≤ n, n ≥ 1} is an array of real constants satisfying

Aα
α,n =

1

n

n∑

i=1

|ani|
α, Aα = lim sup

n→∞

Aα,n < ∞, (2)

for some 1 < α, β < ∞, 1 < q < 2, and 1/q = 1/α + 1/β.

In this paper, we let {Ω,ℑ, P} be a complete probability space and B be a real separable

Banach space with norm ‖ · ‖. The Banach space B is called type p (1 ≤ p ≤ 2) if there exists a

C = Cp > 0 such that

E‖
n∑

i=1

Xi‖
p ≤ C

n∑

i=1

E‖Xi‖
p,
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where the independent B-valued random elements X1, X2, . . . , Xn have mean zero and E‖Xi‖
p <

∞, i = 1, 2, . . . , n.

Hereinafter in this paper, C always stands for a positive constant which may differ from one

place to another; {Xn, n ≥ 1} ≺ X means supn≥1 P (‖Xn‖ ≥ x) ≤ CP (X ≥ x), where x > 0 and

X is a non-negative real-valued random variable.

In this paper, we shall extend the result of Bai and Cheng[1] and Cuzick[2] to independent

B-valued random elements, and remove the identical distribution condition. The method of

proof in this paper differs from that used by Bai and Cheng[1] and it is simpler than Bai and

Cheng’s[1]. In addition, the complete convergence of independent B-valued random elements is

studied.

In order to prove our main results, we need the following lemmas. By Corollary 2.4 of Shao[6],

we immediately have the following:

Lemma 1 Let Banach space B be of type p (1 ≤ p ≤ 2) and {Xn, n ≥ 1} be a sequence of

independent B-valued random elements with mean zero. Then for q ≥ p,

E max
1≤k≤n

‖

k∑

i=1

Xi‖
q ≤ C[

n∑

i=1

E‖Xi‖
q + (

n∑

i=1

E‖Xi‖
p)q/p], n ≥ 1.

Where C is a constant independent of n.

Lemma 2
[7] Let {Xn, n ≥ 1} be a sequence of independent symmetric B-valued random ele-

ments. Then for every integer j ≥ 1 and every t > 0,

P (‖
n∑

i=1

Xi‖ > 3jt) ≤ CjP ( max
1≤i≤n

‖Xi‖ > t) + Dj(P (‖
n∑

i=1

Xi‖ > t))2
j

,

where Cj and Dj are positive depending only on j.

Lemma 3
[8] Suppose that X0 is a B-valued random element, and

P (‖X0‖ ≥ x)) ≤ CP (X ≥ x), ∀x > 0,

where X is a non-negative real-valued random variable. Then ∀t > 0, x > 0,

E‖X0‖
tI(‖X0‖ ≤ x) ≤ CxtP (X > x) + CEXtI(X ≤ x),

E‖X0‖
tI(‖X0‖ > x) ≤ CEXtI(X > x).

2. Main results and proofs

Theorem 1 Assume 1 ≤ p ≤ 2, 0 < α, β, v < ∞, α < vβ, 0 < q < p and 1/q = 1/α + 1/β. Let

h(x) > 0 be a slowly varying function as x → +∞, Banach space B be of type p, {ani, 1 ≤ i ≤

n, n ≥ 1} be an array of constants satisfying (2) and {Xn, n ≥ 1} be a sequence of independent

B-valued random elements with {Xn, n ≥ 1} ≺ X, EXvβh(Xβ) < ∞. If α > 1, moreover we



530 QIU D H

assume that EXn = 0, n ≥ 1. Then for any ǫ > 0,

∞∑

n=1

nv−1h(n)P ( max
1≤j≤n

‖

j∑

i=1

aniXi‖ > ǫn1/q) < ∞. (3)

Proof For any t : 0 < t < α, by (2) and the Hölder’s inequality, we get

n∑

i=1

|ani|
t ≤ (

n∑

i=1

|ani|
α)t/α(

n∑

i=1

1)1−t/α ≤ Cn. (4)

For any t : t ≥ α, by (2) and the Cr-inequality, we get

n∑

i=1

|ani|
t =

n∑

i=1

(|ani|
α)t/α ≤ (

n∑

i=1

|ani|
α)t/α ≤ Cnt/α. (5)

Putting γ = min{α, p}, since α < vβ, we have EXγ < ∞.

When 0 < γ ≤ 1, by the Cr-inequality and (4), we have

P (‖

n∑

i=1

aniXi‖ > ǫn1/q) ≤ Cn−γ/q
n∑

i=1

|ani|
γE‖Xi‖

γ ≤ Cn(1−γ/q). (6)

When γ > 1, since Banach space B is of type p, it is of type γ. So, it follows from Lemma 1

and (4),

P (‖

n∑

i=1

aniXi‖ > ǫn1/q) ≤ Cn−γ/q
n∑

i=1

|ani|
γE‖Xi‖

γ ≤ Cn(1−γ/q). (7)

By (6) and (7) and q < γ, we have

n−1/q
n∑

i=1

aniXi
p
→ 0.

Hence by the Ottaviani inequality[10] we have

P ( max
1≤j≤n

‖

j∑

i=1

aniXi‖ ≥ ǫn1/q) ≤ CP (‖

n∑

i=1

aniXi‖ >
ǫ

2
n1/q).

By symmetrization inequality[10], in order to prove (3), it suffices to prove that

∞∑

n=1

nv−1h(n)P (‖

n∑

i=1

aniX
s
i ‖ >

ǫ

4
n1/q) < ∞, (8)

where {Xs
n, n ≥ 1} is a symmetrized version of {Xn, n ≥ 1}. So we assume {Xn, n ≥ 1} is a

sequence of independent symmetric B-valued random elements.

Define Xni = XiI(‖Xi‖ ≤ n1/β) and Yni = XiI(‖Xi‖ > n1/β) for 1 ≤ i ≤ n and n ≥ 1.

Case 1 α ≤ p.

Taking t > max (p, vβ), by Lemma 1, Lemma 3, (5) and the Cr-inequality we have

∞∑

n=1

nv−1h(n)P (‖

n∑

i=1

aniXni‖ >
ǫ

8
n1/q)

≤ C

∞∑

n=1

n(v−1−t/q)h(n)[(

n∑

i=1

E‖aniXni‖
p)t/p +

n∑

i=1

E‖aniXni‖
t]
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≤ C

∞∑

n=1

n(v−1−t/β)h(n)[EXtI(X ≤ n1/β) + nt/βP (X ≥ n1/β)]

= C

∞∑

n=1

n(v−1−t/β)h(n)EXtI(X ≤ n1/β)+

C
∞∑

n=1

nv−1h(n)P (X ≥ n1/β)
△
= A + B. (9)

Since t > vβ, by the property of slowly varying function and Lemma 1 of Bai and Su[9], we

have

A = C

∞∑

i=0

∑

2i≤n<2i+1

n(v−1−t/β)h(n)EXtI(X ≤ n1/β)

≤ C + C
∞∑

i=0

2i(v−t/β)h(2i)EXtI(X ≤ 2(i+1)/β)

≤ C + C
∞∑

i=0

2i(v−t/β)h(2i)
i∑

j=0

EXtI(2j/β < X ≤ 2(j+1)/β)

≤ C + C

∞∑

j=0

EXtI(2j/β < X ≤ 2(j+1)/β)

∞∑

i=j

2i(v−t/β)h(2i)

≤ C + C

∞∑

j=0

2j(v−t/β)h(2j)EXtI(2j/β < X ≤ 2(j+1)/β)

≤ C + C

∞∑

j=0

2jvh(2j)P (2j/β < X ≤ 2(j+1)/β)

≤ C + CEXvβh(Xβ) < ∞. (10)

Similar to the proof of (10), we have

B ≤ C + CEXvβh(Xβ) < ∞. (11)

Since α < vβ, we have α < (v + 1)q. When 1 < α ≤ p by Lemma 1 or 0 < α ≤ 1 by the

Cr-inequality, the property of slowly varying function and Lemma 1 of Bai and Su[9], similar to

the proof of (10), we have

∞∑

n=1

nv−1h(n)P (‖

n∑

i=1

aniYni‖ >
ǫ

8
n1/q)

≤ C

∞∑

n=1

n(v−1−α/q)h(n)

n∑

i=1

E‖aniYni‖
α ≤ C + CEXvβh(Xβ) < ∞. (12)

Therefore, if α ≤ p, by (9)–(12), (8) holds.

Case 2 α > p.

By Lemma 2, we have

P (‖

n∑

i=1

aniXi‖ > ǫn1/q) ≤ CjP ( max
1≤i≤n

‖aniXi‖ > 3−jǫn1/q)+Dj(P (‖

n∑

i=1

aniXi‖ > 3−jǫn1/q))2
j

,
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where Cj and Dj are positive depending only on j. We can choose integer j such that v + (1 −

γ/q)2j < 0. So by (7), in order to prove (8), it is enough to show that

∞∑

n=1

nv−1h(n)

n∑

i=1

P (‖aniXi‖ > 3−jǫn1/q) < ∞. (13)

Define ǫ1 = 3−jǫ/2, by Lemma 3 and the Markov’s inequality, similar to the proof of (10),

we have
∞∑

n=1

nv−1h(n)

n∑

i=1

P (‖aniYni‖ > ǫ1n
1/q) ≤ C

∞∑

n=1

n(v−1−α/q)h(n)

n∑

i=1

E‖aniYni‖
α

≤ C

∞∑

n=1

n(v−α/q)h(n)EXαI(X > n1/β) ≤ C + CEXvβh(Xβ) < ∞. (14)

Choosing t > max (α, vβ), by Lemma 3 and the Markov’s inequality, similar to the proof of

(10), we have

∞∑

n=1

nv−1h(n)
n∑

i=1

P (‖aniXni‖ > ǫ1n
1/q) ≤ C

∞∑

n=1

n(v−1−t/q)h(n)
n∑

i=1

E‖aniXni‖
t

≤ C

∞∑

n=1

n(v−1−t/q)h(n)(

n∑

i=1

|ani|
t)[EXtI(X ≤ n1/β) + nt/βP (X > n1/β)]

≤ C
∞∑

n=1

n(v−1−t/β)h(n)[EXtI(X ≤ n1/β) + nt/βP (X > n1/β ]

≤ C + CEXvβh(Xβ) < ∞. (15)

Therefore by (14)–(15), (13) holds, so (3) holds.

Theorem 2 Assume 1 ≤ p ≤ 2, 0 < α, β < ∞, 0 < q < p and 1/q = 1/α+1/β. Let Banach space

B be of type p, {ani, 1 ≤ i ≤ n, n ≥ 1} be an array of constants satisfying (2) and {Xn, n ≥ 1}

be a sequence of independent B-valued random elements with {Xn, n ≥ 1} ≺ X, EXβ < ∞. If

min{α, β} > 1, moreover we assume that EXn = 0, n ≥ 1. Then

lim
n→∞

n−1/q max
1≤j≤n

‖

j∑

i=1

aniXi‖ = 0, a. s. (16)

Proof Define Xni = XiI(‖Xi‖ ≤ i1/β), Yni = XiI(‖Xi‖ > i1/β), 1 ≤ i ≤ n, n ≥ 1. To prove

(16), we only need to prove that

lim
n→∞

n−1/q max
1≤j≤n

‖

j∑

i=1

aniXni‖ = 0, a. s. , (17)

lim
n→∞

n−1/q max
1≤j≤n

‖

j∑

i=1

aniYni‖ = 0, a. s. . (18)

Noting that EXβ < ∞ ⇐⇒
∑∞

n=1 P (X > n1/β) < ∞, we have
∑∞

n=1 P (‖Xn‖ > n1/β) < ∞.
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Hence by the Borel-Cantelli lemma, we can get P (‖Xn‖ > n1/β , i.o.) = 0. It follows that

n−1/q max
1≤j≤n

‖

j∑

i=1

aniYni‖ ≤ n−1/q max
1≤i≤n

|ani|

n∑

i=1

‖Yni‖ ≤ Aα,nn−1/β
n∑

i=1

‖Yni‖ → 0 a.s. (19)

Therefore, (18) holds.

Putting γ = min{α, β, p}, as in Theorem 1, we have

P (‖

n∑

i=1

aniXni‖ ≥ ǫ3−jn1/q) ≤ Cn(1−γ/q). (20)

Therefore, we can get

n−1/q
n∑

i=1

aniXi
p
→ 0.

To prove (17), by the Ottaviani inequality[10], the symmetrization inequality[10] and the Borel-

Cantelli lemma, it is enough to show that

∞∑

n=1

P (‖

n∑

i=1

aniX
s
ni‖ > ǫn1/q) < ∞, ∀ǫ > 0, (21)

where {Xs
ni, 1 ≤ i ≤ n, n ≥ 1} is a symmetrized version of {Xni, 1 ≤ i ≤ n, n ≥ 1}. So we

assume {Xni, 1 ≤ i ≤ n, n ≥ 1} is symmetric B-valued random elements. By Lemma 2, we have

P (‖

n∑

i=1

aniXni‖ > ǫn1/q)

≤ CjP ( max
1≤i≤n

‖aniXni‖ > ǫ3−jn1/q) + Dj(P (‖

n∑

i=1

aniXni‖ ≥ ǫ3−jn1/q))2
j

. (22)

We can choose integer j such that 2j(γ/q − 1) > 1. So by (20) and (22), in order to prove

(21), it is enough to show that

∞∑

n=1

P ( max
1≤i≤n

‖aniXni‖ > ǫ3−jn1/q) < ∞. (23)

In fact, choosing t > max (α, β), by the Markov’s inequality, the Cr-inequality and (5), we can

get

∞∑

n=1

P ( max
1≤i≤n

‖aniXni‖ > ǫ3−jn1/q) ≤

∞∑

n=1

n∑

i=1

P (‖aniXni‖ > ǫ3−jn1/q)

≤ C
∞∑

n=1

n−t/q
n∑

i=1

|ani|
tE‖Xi‖

tI(‖Xi‖ ≤ n1/β)

≤ C

∞∑

n=1

n−t/q
n∑

i=1

|ani|
t[EXtI(X ≤ n1/β) + nt/βP (X ≥ n1/β)]

≤ C + CEXβ < ∞.

So (23) holds, therefore (16) holds.

Remark Noting that the real space R is of type 2, we see that Theorems 1 and 2 improve
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and extend the corresponding results of Bai and Cheng[1] and Cuzick[2] to B-valued random

elements, and remove the identical distribution condition. The method of proof differs from Bai

and Cheng’s[1] and it is simpler than Bai and Cheng’s[1].
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