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Abstract In this paper, we study the («, 3)-metrics of scalar flag curvature in the form of
F=a+ef+ k%2 (e and k # 0 are constants) and F = aa—jﬁ We prove that these two kinds of
metrics are weak Berwaldian if and only if they are Berwaldian and their flag curvatures vanish.
In this case, the metrics are locally Minkowskian.
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1. Introduction

In the past several years, Finsler geometry has achieved rapid and great progress. Various
Riemannian curvatures and non-Riemannian curvatures in Finsler geometry have been studied
deeply and their geometric meanings are better understood. Finsler geometry has been applied
extensively in phisics, biology (ecology) and other fields in natural science. These are partially
duo to the study of («, #)-metrics!*.

In this paper we discuss two important kinds of (a, 8)-metrics in the form of F = a + ¢ +
kB%/a (e and k # 0 are constants) and F = a?/(a — ). The (o, 3)-metric in the form of
F = o?/(a — ) is called Matsumoto metric. In [2] and [7], Bacsé and Matsumoto proved that
Matsumoto metric F' is Douglas metric if and only if 3 is parallel with respect to «. In this case F’
is a Berwald metric. In [10], Shen and Yildirim obtained the necessary and sufficient conditions
for the metric F = (a+ 8)?/a to be projectively flat. They also obtained the necessary and
sufficient conditions for the metric F = (a+ (3)?/a to be projectively flat Finsler metric of
constant flag curvature and proved that, in this case, the flag curvature vanishes. In particular,

for these two kinds of («, §)-metrics, Cui proved the following result.

Theorem 1.1°  For Matsumoto metric F = o?/(a — () and (a, )-metric in the form of
F = a+¢ef + kB?%/a on an n-dimensional manifold M, where ¢ and k # 0 are constants, the

following are equivalent.
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(a) F is of isotropic S-curvature, S = (n + 1)c(x)F;

(b) F is of isotropic mean Berwald curvature, E = “Fle(z)F~1h;

(c) [ is a Killing 1-form with constant length with respect to «, that is, roo = 0 and sg = 0;

(d) S-curvature vanishes, S = 0;

(e) F is a weak Berwald metric, E =0,
where ¢ = ¢(x) is a scalar function on the manifold M (for the related difinitions, see the next
section).

We note that, the discussion in [5] does not involve whether or not F' is Berwald metric. By the
definitions (see the next section), Berwald metrics must be weak Berwald metrics but the reverse
is not true. Inspired by this observation, we further study the metrics F' = a +¢8 + k3% /a (e
and k # 0 are constants) and F = o?/(a — ) and obtain the following

Theorem 1.2 Let (M, F') be an n-dimensional Finsler manifold (n > 3). Assume that («, (3)-
metric F = a+¢ef+ kB3%/a (or F = o?/(a — f3)) is of scalar flag curvature K = K (z,y), where
€ and k # 0 are constants. Then F' is weak Berwald metric if and only if F' is Berwald metric
and K = 0. In this case, F' must be locally Minkowskian.

2. Preliminaries

Let M be an n-dimensional C'*° manifold and TM = U,ecpT, M denote the tangent bundle
of M. A Finsler metric on M is a function F : TM — [0, 00) with the following properties

(a) Fis C* on TM\{0};

(b) At each point x € M, F,(y) = F(x,y) is a Minkowskian norm on T, M.
We call the couple (M, F') Finsler manifold.

Let (M, F) be a Finsler manifold and
Lo
gij(%y) = §[F (xvy)]ulyf (1)
For a vector y = yi%u # 0, F induces an inner product g, on T, M as follows
9y (’LL, U) = gij (JI, y)uivju

where u = ui% | and v = vi% |- Further, the Cartan torsion C and the mean Cartan torsion

I are defined as follows¥

Cy(u,v,w) := Cijkuivjwk, I,(u) = Ii(x,y)ui, (2)
where

Cijk(xay) = E[Fﬂyiyﬂ'y’C (:v,y), 3)

Ii(z,y) = g""(2,y)Ciji (z,y) = 8%1- [1n\/det(gjk)}, (4)

; ~1
where (gjk) = (gjk) .
Let a = +/a;j(z)y'y/ be a Riemannian metric and 8 = b;(x)y’ be a 1-form on an n-



Two kinds of weak Berwald metrics of scalar flag curvature 609

dimensional manifold M. The norm ||3;|| of 5 with respect to « is defined by

1Bzlla := /@ (2)bi(2)b; ().

Let ¢ = ¢(s) be a C positive function on an open interval (—bg, bg) satisfying the following

condition:
d(s) — 5¢'(s) + (b° — s*)¢" (s) > 0, |s| <b < bo.

Then the function F = a¢(B/c) is a Finsler metric if and only if ||Gy|la < bo. We call such
Finsler metrics are (a, 3)-metrics.
Throughout this paper, the Einstein summation convention is adopted. Let “” and |

denote the horizontal covariant derivative with respect to F' and «, respectively. Let

1 1
sij = 5 (bay = bja)s 7ig = 5 (bigs +bj), (5)
sij = aikskj, $; 1= b]sjZ = bjsji, T = bjrjl-. (6)

We will denote oo := 73;yy?, si0 1= $i;47, S0 1= 89", ete.

Let ) o
Qa0; — SY;
h; i = ———— = )
o 9T
Q —sQ’
2A

®:= —(nA+1+45Q)(Q —sQ") — (b* — s*)(1+sQ)

_ Jp? — AR [V A_jz@}’ \1:2::2(n+1)(Q_5Q)+3%

A:=1+5Q+ (b —5)Q, ©:=

where y; == a;;jy’.

Using a Maple program, the fundamental tensor of an (a, 8)-metric F' = ag(s) is given by!4

9ij (2, y) = paij + pobibj + p1[bicj + bjos] — spraay,
where
=y, pi= ¢t —sod, po = o + o,
= —s(¢d" +¢'¢') + ¢¢', s =B/
Further, we can obtain!*
det(gij) = ¢" "1 (6 — 5¢')"2[(6 — 5¢) + (b° — 5)¢"]det(aij). (7)

From (4) and (7), by a direct computation , we obtain a formula for the mean Cartan torsion of
(o, B)-metrics as follows

0

0 {n—|—1
oyt 2

5 o [det(asi ()]}

Inp — 59/) + 3 I [(6 — 56/) + (7 — 2)9"] +
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_l s ﬂl B B S¢” B 3S¢” _ (b2 _ 82)¢'”
_28yi{(n+1)¢ (n 2)¢—s¢’ (6 — s¢/) + (b2 — s2)¢"
_ab; — sy; ¢ s¢" 359" — (b — 57)¢"
T{(”‘F 1)5 - (” - 2)¢)_ s¢' - (¢_ 505/) + (b2 _ 52)¢”
() — /
=_ %(abi — SYi). (8)

According to Deicke’s theorem!®, a Finsler metric is Riemannian if and only if the mean Cartan
torsion vanishes, I = 0. Clearly, («, §)-metric F = a¢d(s),s = 8/a, is Riemannian if and only if
P =0.
The geodesic x = z(t) of a Finsler metric F is characterized by the following system of 2nd
order ordinary differential equations:
d*z'(t)
di?

+2G*(z(t),2' (1)) =0,
where

G' = Zgw{[F2]wmyjym - [F2]11}

G' are called the geodesic coefficients of F.
For an («, 8)-metric F = ap(s), s = 8/, using a Maple program, we can get the following
G' = G" + aQsh + O[—2aQsp + roo]{y—z + Lbi}, (9)
o Q-sQ
where G denote the spray coefficients of a.
For a Finsler metric F' = F(z,y) on a manifold M, the Riemann curvature R, = R, 627_» ®@dz*
is defined by

oGt o*Gt . 02GY oG OG™
7 ooy +2G - .
Oxk  dxmoyk Ay™moyk  y™ Oyk
Let Rjk = gjiRik. Then Rjkyj =0, Rjk = Rkj.
For a flag {P,y}, where P := span{y,u} C T, M, the flag curvature K = K(P,y) of F is
defined by

Rik =

Ry, y)ulu*

F2(z,y)hji(x, y)uiuk’

K(P,y) = (10)
where hjk == gjx — F 290y grqy.

The flag curvature in Finsler geometry is the analogue of the sectional curvature in Riemann
geometry. When Finsler metric F' is Riemannian, the flag curvature is just the sectional curva-
ture. We say that Finsler metric F is of scalar flag curvature if the flag curvature K = K(z, y)
is independent of the flag P. By the definition, F' is of scalar flag curvature K = K(z,y) if and
only if in a standard local coordinate system,

R', = KF?n',, (11)
where hi,C = g h;, = gijFFH’g]

yiyk:
The Schur Lemma in Finsler geometry tells us that, in dimension n > 3, if F' is of isotropic

flag curvature, K = K(x), then it is of constant flag curvature, K = constant. One of the most
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important problems in Finsler geometry is to study and characterize Finsler metrics of scalar
flag curvature K = K (x,y).
The Berwald curvature B, = Bjikldxj ® 8?“- ® dz* ® dz! and the mean Berwald curvature
E, = E;jdz’ ® dz’ are defined respectively by
i PG (x,y) 1 9% oG™ 1
B'v = o v Bij =55 ) =58
J OyI dy* oyt 2 Qyidyd * dy™ 2 vm

A Finsler metric F is called (weak) Berwald metric if the (mean) Berwald curvature vanishes,

ie, (E=0) B =0. A Finsler metric F is said to be of isotropic mean Berwald curvature if
E = 1(n+ 1)c(z)F~'h, where ¢ = ¢(x) is a scalar function on the manifold M.

For a Finsler metric F' = F'(z,y) on an n-dimensional manifold M, the Busemann-Hausdorff
volume form dVr = op(z)dzt A --- Ada™ is given by
B Vol(B"(1))
B Vol{(y?) € R"|F(z,y) <1}
Here Vol denotes the Euclidean volume in R™. The well-known S-curvature is given by

oG™ e O(lnop)

op(x):

S = . 12
(@.9) = G~V (12)
Clearly, the mean Berwald curvature E = E;;dz!@dx’ can be characterized by use of S-curvature
as follows
1 %S
Y2 0yioy

A Finsler metric F is said to be of isotropic S-curvature if S = (n + 1)c(z)F, where ¢ = ¢(x) is
a scalar function on the manifold M. S-curvature is closely related to the flag curvature. The

first author Mo and Shen proved the following important result.

Theorem 2.15! Let (M, F) be an n-dimensional Finsler manifold of scalar flag curvature with
flag curvature K(x,y). Suppose that the S-curvature is isotropic, S = (n + 1)c(x)F(x,y), where

¢ = ¢(x) is a scalar function on M. Then there is a scalar function o(x) on M such that

+ o(x).

m

3cem (2)y
F(z,y)

The Landsberg curvature L = L;j;dz’ ® da/ @ dz* and the mean Landsberg curvature

K:

J = Jpdz* are defined respectively by
1 m
§FFym [G™]
A Finsler metric F is called (weak) Landsberg metric if the (mean) Landsberg curvature vanishes,
ie, (J=0)L=0.

For an (o, 3)-metric F' = a¢(s), s = 3/a, Li and Shen!® obtained the following formula of

the mean Landsberg curvature
1 202 (O
DN { b2 _ o2 [Z + (n+1)(Q — sQ")] (s + ro)hi+

d
ﬁ (U + Sz] (roo — 2aQs0)h; + a[ — aQ’soh; + aQ(a®s; — yiso)+

Liji == — v Ik =g Lijy.

yiyly

Ji =
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(0]
a?Asig + a?(rio — 20Qs;) — (oo — 204Q30)yi} Z} (13)
Besides, they also obtained
- - 1
J = JlbZ = —m{\lfl(Too — ZOZQSO) + a\IIQ(TO + So)} (14)

The horizontal covariant derivatives Ji.m and Jy,,, of J; with respect to F' and « respectively

are given by

aJ; aJ; 0J; _ 0J; -
Jim = — —2NL . T = —— — JiIL — 22N
T Gpm oyl m = ggm T am T gyr
where T := aji%;jv N} = ‘gﬁf and T := 525 %;J, N - 65 Further, we have
_ aJ;
Jimy™ = {Jijm — Ji(Thy, = Tfy) = 5] (N, = NIy
y
_ 0.J; _
= Jimy™ — (N} — N}) — 28yl (G'=ah.

Akbar-Zadeh proved that!¥, if a Finsler metric F is of constant flag curvature K, then
Jimy™ + KF?I; = 0.

So, if an (o, B)-metric F' = ap(s), s = B/, is of constant flag curvature K, then
I(G - GY B 0J;

oy’ oy
Contracting the above equation by b* yields the following equation
I(G' - GY &7

Jiimy™ — Ji (G' — GY + Ka?¢?I; = 0.

T m ik m 7 1 ~l 2,2 i

Jimy™ = Jia"bgmy™ — i o7 b — 8 (G = G) + Ka ¢ ;" = 0. (15)
Lemma 2.2 For (a, 3)-metrics F = o + ¢ + kB3?/a (where € and k # 0 are constants ) and
F=- ﬁ, ® #0.

Proof We just give the proof for F = a +¢0 + k%2 The proof for F = a"‘—_zﬁ is similar. So we
omit it.

By a direct computation, we have
Ag

P=—
(1— ks2)d’

where

¢ =1+es+ ks?,

A :=12nk3s® 4 3k%(3n — 1)s* — 4k%(2nkb® — kb? +n +4)s3+

6ek(kb? — nkb? —n — 1)s% + 120%k%s + e(n + 1)(2kb? + 1).
Assume that ® = 0. Then A = 0. Multiplying A = 0 with o yields

[120%k*Ba’* — 4K*(2nkb® — kb +n + 4)3%a® + 12nk3 3%+
ale(12nkb? 4 2kb* + n + 1)a’ — 6ekB? (nkb® — kb? +n + 1)a’+
3k?e3*(3n — 1)] = 0.
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Hence we have
120%k*Bat — 4k* (2nkb® — kb* +n +4)5%°a® + 12nk*° = 0, (16)
e(12nkb? + 2kb? + n 4 1)a* — 6ekB?(nkb® — kb® +n + 1)a? + 3k%4*(3n — 1)] = 0.

Note that 3% is not divisible by a?. Therefore, we have k = 0 by (16), which is a contradiction
with k£ # 0. So ® # 0. O
In fact, by (8) and Lemma 2.2, we know that («, 3)-metrics F' = a+¢ef+ k%z and F = -2

«
cannot denote Riemannian metrics, where € and k # 0 are constants and 8 # 0.

o

B

3. Proof of Theorem 1.2

The sufficiency is obvious. We just prove the necessity.
Assume that the metric F' is weak Berwald, i.e., E = 0. By Theorem 1.1, we know that
S = (n+1)e(x)F with ¢(z) = 0 and
Too = O, S — 0. (17)
By Theorem 2.1, F' must be of isotropic flag curvature K = o(z). Further, F' must be of
constant flag curvature by Schur Lemma.
By (17), we may simplify (9), (13) and (14) as follows

‘I)Sio =

G -G = i g == J=0.
a@s'o, 2aA’

From (8), we obtain
i~ N2 o2
L = 2 (0~ ) (B — )
Thus (15) can be expressed as follows

‘I)Sio ik ‘I)Slo 1 ; 0] ’ 2 2
04 N Wb —KF— (¢ — b’ —s%) =0.
20(Aa Sk0+2aA(aQS O) 2A(¢ S¢)( s ) 0

By Lemma 2.2, we have
51080 + s10(aQs'y).ib" — KFa(p — s¢')(b* — s%) = 0.
On the other hand, it is easy to show that
(@Qs'9).b" = sQs'y + Qs (b — 57).
Note that F' = a¢(s), s = §/a. We have
5i05' 0 A — Ka? (¢ — 5¢')(b* — 5%) = 0. (18)
Casel F=a+ef+ k% (e and k # 0 are constants). In this case,

o(1 + 2kb? — 3ks?)
1-ks?)2

A:

Then (18) becomes

(1 + 2kb? — 3ks?)si0s'y — Ko (b? — s?)(1 — ks?)® = 0.
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Multiplying this equation with o yields
— Kb*a® + {kB(1 + 3kb) + si05°o(1 + 2kb*) }a—
3kB%{ kB (1 + kb?) + sios’y fa* + KB%K* (3 + kb*)a® = KBk, (19)
Clearly, the left of (19) is divisible by a. So we can obtain that the flag curvature K = 0 because
k # 0 and 3% is not divisible by o?. ‘

Substituting K = 0 into (18), we have s;os’, = a;;(z)s’,s"y = 0. Because (a;;(x)) is positive
definite, we have s} = 0, i.e., (3 is closed. By (17), we know that 3 is parallel with respect to a.
Then F = a+¢e0 + k%z is a Berwald metric, where ¢ and k # 0 are constants. Hence F' must
be locally Minkowskian.

Case 2 F = ao‘—_QB In this case,
A 1+ 2b% —3s
(2s —1)2
Then (18) becomes
(1+2b% —3s)(s — 1)%s;08"g — Ka?(b? — s?)(2s — 1)* = 0.
Multiplying this equation with o yields A + aB = 0, where
A =—Kb2ab +[(1+20%)si05'y + KB (1 — 12b%)]a* +
63%[2K 3 + (2 + b?)si05'g]a® + 3si0s' o 3,
B =6Kfab%a* + 20[K 3%(4b* — 3) — 3(1 4 b?)s408" o Ja* —
263 4K 32 + (5 + b%)sins’ ).

Obviously, we have A =0 and B = 0.

By A = 0 and the fact that 3* is not divisible by a?, we obtain s;9s%; = 0. Hence (3 is closed.
By (17), we know that ( is parallel with respect to c. Then F' is a Berwald metric. From (18),
we find that K = 0. Hence F' is locally Minkowskian. O
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