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Abstract Let Hi, H> and Hs be infinite dimensional separable complex Hilbert spaces. We
denote by M(p p,r) a 3X3 upper triangular operator matrix acting on Hi & Ha @ H3 of the

A D E

form M(p, g ;y=| 0 B F |. For given A € B(H1), B € B(H2) and C € B(Hs3), the sets
0 0 C

UD,E,F op(M(p,E,F)), UD,E,F or(M(p,E,F)), UD,E,F oe(M(p,g,F)) and UD,E,F o(Mp,e,F)) are

characterized, where D € B(H2, H1), E € B(H3, H1), F € B(Hs, H2) and o(-), 0,(-), 0r(-), oc(*)
denote the spectrum, the point spectrum, the residual spectrum and the continuous spectrum,
respectively.
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1. Introduction

Let Hq, Hy and H3 be infinite dimensional separable complex Hilbert spaces, and let B(H;, H;)
(1,7 = 1,2,3) denote the Banach space of all bounded linear operators from H; to H;, and ab-
breviate B(H;, H;) to B(H;). If T € B(H;, H;), write T* for the conjugate of T', R(T) for the
range space of T and N(T') for the null space of T. n(T) and d(T) denote, respectively, the
dimension of N(T') and N(T%), i.e., n(T) = dimN(T), d(T) = dimN(T*). For T € B(H;), if
R(T) is closed and d(T) < oo, then T is called a lower (right) semi-Fredholm operator and T™*
is called an upper (left) semi-Fredholm operator. When A € B(H;), B € B(Hz) and C € B(Hs)

are given, we denote by M(p g ry a 3x3 upper triangular operator matrix of the form

A D FE
O B F :Hl@HQ@HgﬁHl@HQ@Hg,
0o 0 C
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where D € B(Hs, H1), E € B(Hs, H1) and F € B(Hs, Hs) are arbitrary. For convenience, when
A € B(Hy) and B € B(H>) are given, we denote by Mp a 2x2 upper triangular operator matrix

0 B

We denote the complex number by A, the identity operator by I and complex number field
by C. Let X be a Hilbert space. For T' € B(X), the lower Fredholm spectrum of T is defined
as 01(T) = {\ : T — Al is not a lower semi-Fredholm operator}; the resolvent set p(T") and
the spectrum o(T) of T are defined by p(T) = {\ : N(T — M) = {0}, R(T — X\I) = X};
o(T) = C\p(T). Furthermore, the spectrum o(T") is classified by two different forms. The one

A D
( ) € B(H1 ® Hz), where D € B(H,, Hy) is arbitrary.

form: the spectrum o(T) is classified to the defect spectrum o5(7T) and the approximate point
spectrum o4, (7)), and we define them by the forms
os(T) = {X\: T — A\ is not surjective},
0ap(T) = {X: there exists z, € X, ||z,|| = 1 such that [|[(T'— Al)z,| — 0 (n — o0)}.
It is not hard to find that A & 04,(T")(05(T")) is equivalent to T — AI is left (right) invertible and
05(T)U 0ap(T) = o(T). The other form: the spectrum o(7') is classified by the point spectrum
op(T), the residual spectrum o,(T") and the continuous spectrum o.(T), and we define them by
op(T) ={A : T — A is not injective},
0r(T) = {\: T — X is injective, R(T — X) # X},
0o(T) = {\: T — A is injective, R(T — M) = X, and R(T — \) # X }.
We know that operator matrix is a matrix with operators as its entries and the partial

operator matrix is a operator matrix, in which some entries are known and others are unknown.

A D
In the process of studying the partial operator matrix < 2 B ), Li" induced the definition

A D
of the possible spectrum, and called UXEB(H1,H2) a(( X B )) the possible spectrum of this

A 7 7
partial operator matrix. In this paper, for the partial operator matrix M = 0o B 7 |,
0 0 C

UD,E,F o(M(p,g,r)) is called the possible spectrum of M. Similarly, we also define the possible
point spectrum UDE’F 0p(M(p,E,F)), the possible residual spectrum UD)E)F or(M(p,g,r)) and
the possible continuous spectrum [ J D.EF o.(Mp,g,r)) of M, respectively.

The complementarity problems for the partial operator matrix is very important in operator
theory. Recently, this problem, motivated by interpolation theory and control theory, has been
studied in a variety of directions by a number of authors, and the spectral complementarity prob-
lem is an important direction. The spectral complementarity problem is to study the spectrum
of completion of the partial operator matrix, the spectrum distribution and so on. As is known to
all, if T is a bounded linear operator on a Hilbert space and has a nontrivial invariant subspace,
then T can be decomposed to the form of 2x2 upper triangular operator matrix, so the 2x2 up-
per triangular operator matrix is studied by a number of authors. For example, when A € B(H;)

and B € B(H;) are given, the intersection of spectrum of Mp was obtained in [2]. After that,
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many authors studied the intersection of a variety spectra of Mp (see [3-7] and the references
therein). Furthermore, the 3x3 operator matrix is studied by numerous authors. Such as, in
[8], the author studied the invertibility of 3x3 operator matrix appearing in the linear-quadratic
optimal control problem in a Hilbert space. In [9], the author gave the necessary and sufficient
condition for Mp g r) to be an upper (lower) semi-Fredholm operator for some D, E, F'. On
this basis, in this paper, we characterize the possible spectrum, the possible point spectrum, the

possible residual spectrum and the possible continuous spectrum of M.

2. Preliminaries

We first review some basic knowledge about linear operator and its spectra theory, and next

prove some Lemmas and Corollaries.

Lemma 1P There exists D € B(Ha, Hy) such that 2 x 2 operator matrix Mp is left invertible
if and only if A is left invertible and

n(B) < d(A), if R(B) is closed,
d(A) = oo, if R(B) is not closed.

Lemma 219 Let X be a linear space, and let X, be a linear subspace of X. Then there exists
a linear subspace Xo of X such that X1 N Xo = {0} and X = X; + Xs.

Lemma 3" Let X and Y be Banach spaces, T € B(X,Y), and let F C Y be a finite
dimensional subspace. If R(T) + F is closed, then R(T) is closed too.

Corollary 1 Let X and Y be Banach spaces, T € B(X,Y). If R(T) is not closed, then there

exists an infinite dimensional subspace M C R(T') such that M N R(T) = {0} and R(T)+ M =
R(T).

Proof Since R(T) and R(T) are linear spaces and R(T') C R(T'), there exists a linear subspace

M of R(T) such that M NR(T) = {0} and R(T)+ M = R(T'), by Lemma 2. At that time, M is

infinite dimensional. Otherwise, suppose that M is finite dimensional. Since R(T)+ M = R(T)
is closed, R(T) is closed, by Lemma 3, leading to a contradiction. |

Lemma 4 Let A € B(H,) and B € B(H3) be given operators, and let R(A) be closed. If there
exists D € B(Hz, H1) such that 0 ¢ o,(Mp), then n(B) < d(A).

Proof Suppose n(B) > d(A). Forany D € B(Ha, Hy), if N(B)NN(D) # {0}, then Mp(0®dy) =
0 for any nonzero y € N(B) N N(D); if N(B) N N(D) = {0}, then dimDN(B) = dimN(B) =
n(B) > d(A). Since R(A) is closed, DN(B) N R(A) # {0}. Take 0# z € DN(B) N R(A). Then
there exist nonzero € Hy and y € N(B) such that Az = —Dy = z, thus Mp(z @ y) = 0, which
means that 0 € o,(Mp) for every D € B(Ha, H1). It is a contradiction. O

Lemma 5 Let A € B(H;) and B € B(Hz) be given operators, and let R(A) be closed and
n(B) = d(A) < oo. For any D € B(Hy, Hy), if N(B) N N(D) = {0} and DN(B) N R(A) = {0},
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then D3 = Prayr DPy(p) as an operator from N(B) into R(A)* is invertible, where Pp(q). Is
the orthogonal projection onto R(A)* and Py By is the orthogonal projection onto N (B).

Proof Denote n(B) = d(A) = n. It follows from N(B) N N(D) = {0} that dimDN(B) =
n(B) = n < co. Let {z}?; be an orthogonal basis of DN(B). Since R(A) is closed, z; has
unique decomposition of the form z; = x;+y;, z; € R(A), y; € R(A)*. Take arbitrary {a;}7 . If
Yo iy, =0, then > | a2, € DN(B)NR(A) = {0}, s0 ; =0 (i =1,,2,...,n). Therefore,
there exists a sequence {3;}", such that Y., Biy; = y, for every y € R(A)*-. However,
Y+ iy Biw; = >, Bizi € DN(B), ie., there exists © € N(B) such that Dz = Y | Biz.
Hence D3z = y. Consequently, D3 is surjective. Also by n(B) = d(A) < oo, Dj is invertible. O

Lemma 6 Let A € B(Hy) and B € B(Hz) be given operators, and let A be a left invertible
operator, n(B) < d(A) < oo. If there exists D € B(Hsz, Hy) such that Mp is injective, then
d(B), if d(A) = n(B),
sty 4 AP d(4) = (1)
d(A)+d(B) —n(B), if R(B), is closed.
And in the case when R(B) is closed, R(Mp) is closed too.

Proof If n(B) = d(A) < oo, it follows from the injectivity of Mp that DN(B) N R(A) =
N(D)N N(B) = {0}, and by Lemma 5, Pg 4+ DPy(p) as an operator from N (B) into R(A)*

is invertible. Since A is left invertible, Mp has the following operator matrix

Al Dl D2
0 D3 D, | :H ©N(B)®N(B)* - R(A) @ R(A)* ® H,. (2.1)
0 0 B

Clearly, A; and D3 are invertible. Hence there exists an invertible operator V' € B(H, @ Ho)
such that

A D1 Dy A 0 0
0 D3 Dy V= 0 D3 O
0 0 Bl 0 0 Bl

Therefore d(Mp) = d(B1) = d(B).
If R(B) is closed, then Bj in (2.1) is left invertible. Since A; is invertible, there are invertible
operators U and V in B(H; @ Hz) such that

A Dy Dy A, 0 0
vl o by oy |[v=| o Dy 0 |. (2.2)
0 0 B1 0 0 Bl

Because Mp is injective, Ds is injective. So dimR(D3) = n(B) < oo. Therefore R(Mp) is closed,
and it is easy to see that d(Mp) = d(D3) + d(B1) = d(A) + d(B) — n(B). O

Lemma 7 Let H be a Hilbert space and A € B(H). Then X € o.(A) if and only if A € o.(A*).

Lemma 8 Let A € B(Hy) and B € B(Hz) be given, and let A be left invertible, B be right
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invertible and d(A) = n(B) = co. Then there exists D € B(Hjy, Hy) such that 0 € o.(Mp).

Proof Suppose that {g;}3°; and {f;}$°; are orthogonal bases of N(B) and R(A)+. We define
an operator J : N(B) — R(A)* by J(g;) = +f; (i =1,2,...) and take

D= < 3 8 ) : N(B)® N(B)* — R(A) ® R(A)*.

It is not hard to show that 0 € o.(Mp). O

3. Main results
Theorem 1 Let A € B(Hy), B € B(Hz) and C € B(Hs) be given operators. Then

U o(Mp.p,r) =0c(A)Ua(B)Uo(C),
D.E,F

U UP(M(D,E,F)) = UP(A) U U;D(B) U UP(C)'
D,E,F

Proof Suppose that there exist D, £, I’ such that A € 0,(Mp g r)). Hence there exists a
nonzero vector x y ® z € H1 ® Ho & Hs such that

(A= X)z+Dy+ Ez=0,

(B=M)y+Fz=0,

(C—=X)z=0.
Obviously, if z # 0, then A € 0,(C); if z =10, y # 0, then X € 0,(B); if y =2 =0, z # 0, then
A € 0,(A), it follows that A € g,(A) Uop(B) Uo,(C).

Next, suppose that there exist D, F, F' such that A € o(M(p,g,r)). To see this, if not, then
A€ p(A)Np(B)Np(C). Ay € B(Hy), By € B(Hz) and C), € B(Hs) denote the inverse of A — I,
B — A\ and C' — M, respectively. It is easy to show that

Ay —-A\DB, —-A\EC\+ A\DB,F(C,
0 B —B\FC, € B(H, @ Hy @ Hy)
0 0 Cy
is the inverse of M(p g ry — AI, which is a contradiction. Therefore A € o(A) Uo(B) U a(C).

Conversely, assume that A € 0(4) U g(B) U a(C) or A € 0,(A) Uop(B) U o,(C). Take

D=FE=F=0,then A € o(M(p g r)) or A € 0,(Mp g r)). This completes the proof. O

The following two theorems are the main results in this paper.
Theorem 2 Let A € B(Hy), B € B(Hz) and C € B(Hs) be given operators. Then

U or(Mp,g,Fr)) = D1 U D2 U Ag, (3.1)
D,E,F

where
Ay ={A € 01c(A) : A ¢ 0p(A), max{d(A — A\I),d(B — X),d(C — A\I)} > 0},
DNy ={A€01(B): A ¢ 0p(A), X\ & 01c(A),n(B — A\I) < d(A— X)),
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n(B — M) <d(A—X)+d(B—M)+d(C - )},
A ={\ ¢ 0p(A) : A & 010(A), A & 01 (B),n(B — AT) < d(A — AT,
n(B — AI) +n(C — AI) < d(A — XI) + d(B — AI),
n(B—=A)4+n(C—A) <d(A—X)+d(B—A)+d(C— )}
Proof Let {g"}" ) (@ (I d and {£@145) be orthogonal bases of N(B), N(C),
R(A)* and R(B)*1, respectively. If R(A) and R(B) are not closed, then by Corollary 1 there exist

infinite dimensional spaces M C R(A) and N C R(B) such that M N R(A) = N N R(B) = {0}.
{hi}$2, and {h( )} ©, denote orthogonal bases of M and N, respectively. For convenience, we

first show three propositions:

Proposition 1 Let A € B(H1), B € B(Hz) and C € B(Hs) be given operators, where A is not
a lower semi-Fredholm operator. Then there exist D, E, I such that 0 € o.(Mp g r)) if and
only if A is injective and max{d(A),d(B),d(C)} > 0.

Proof Necessity. Suppose that there exist D, F, F such that 0 € UT(M(DyEyp)). It is clear
that A is injective and 0 € 0,((M(p,g,7))*), thus 0 € 0,(A*) U 0,(B*) U 0,(C*) by Theorem 1.
Therefore max{d(A),d(B),d(C)} > 0.

Sufficiency. Because A is not a lower semi-Fredholm operator, R(A) is not closed or d(A4) =
oo. If R(A) is not closed, set F' =0,

D(ggl)) = hoi—1, 1=1,2,...,n(B),
D(y) =0, y € N(B)*,

E(g®) = hy, i=1,2,...,n(C),
E(y) =0, ye N(C)*.

Clearly, M(p, g,y is injective. Since max{d(A),d(B),d(C)} >0, R(M(p g r)) # H1 ® Hy ® Hs.
Hence 0 € UT(M(D,E,F))-
If d(A) = oo, put F =0,

D) = fairr, i=1,2,...,n(B),
D(y) =0, y e N(B)*,

( ):fgz, i=1,2,...,n(C),
E(y) =0, y € N(O)*.

Clearly, M(p g ry is injective and R(Mp, g r)) # H1 © Ha ® H3. The proof is completed. O

Proposition 2 Let A € B(H1), B € B(Hz) and C' € B(Hs) be given, where A is a lower semi-

Fredholm operator, B is not a lower semi-Fredholm operator. Then there exist D, E, F such
that 0 € 0.(M(p,g,r)) if and only if A is injective, d(A) > n(B) and d(A)+d(B)+d(C) > n(B).

Proof Necessity. Assume that there exist D, E, F such that 0 € o,.(M(p g, ry). Since M(p g p)is

injective, A and Mp are injective. Because A is a lower semi-Fredholm operator, n(B) < d(A) <
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oo by Lemma 4. If d(A) > n(B), it is obvious that d(A) + d(B) + d(C) > n(B); if d(A) = n(B),
then d(Mp) = d(B), by Lemma 6. On the other hand, m # Hy @ Hy ® Hs, ie.,
d(Mp) + d(C) = d(B) + d(C) > 0, Therefore d(A) + d(B) + d(C) > n(B).

Sufficiency. Because B is not a lower semi-Fredholm operator, R(B) is not closed or d(B) =
oo. If R(B) is not closed, set E =0 and

{ D(g"
D(y)

F(g?
F(y)
Clearly, M(p g, ) is injective. Because d(A) > n(B) and d(A)+d(B)+d(C) > n(B), R(M(p,g,r)) #

Hy ® Hy ® H3. Therefore 0 € o.(M(p,g,r))-
If d(B) = oo, define D as (3.2), take E = 0 and put

F(g®)=f2), i=1,2,...,n(C),
F(y) =0, yeN(C)*.

fYi=1,2,... n(B),
0, ye N(B)*,

S~—
|

(3.2)

=n", i=1,2,...,n(0),
0, y € N(C)*.

~—

Clearly, M(p g ry is injective and R(M(p g r)) # H1 ® Ha ® Hs. The proof is completed. O

Proposition 3 Let A € B(H;), B € B(Hz) and C € B(H3) be given, and let A and B be lower
semi-Fredholm operators. Then there exist D, E, F' such that 0 € 0,.(M(p,g,r)) if and only if A
is injective, d(A) > n(B), d(A) + d(B) > n(B) + n(C) and d(A) + d(B) 4+ d(C) > n(B) + n(C).

Proof Necessity. Suppose that there exist D, E, I such that 0 € 0,.(M(p g r)). In the
similar way to the proof of Proposition 2, we can prove that A and Mp are injective and
n(B) < d(A) < oo. Since A and B are lower semi-Fredholm operators, it follows that R(Mp)
is closed and d(Mp) = d(A) + d(B) — n(B) < o0, by Lemma 6. From Lemma 4 we obtain that
d(Mp) > n(C), i.e., d(A) +d(B) > n(B) + n(C). If d(A) + d(B) > n(B) + n(C), it is obvious
that d(A) + d(B) 4+ d(C) > n(B) + n(C); if d(A) + d(B) = n(B) + n(C), i.e., d(Mp) = n(C),
then d(Mp, g r)) = d(C), by Lemma 6. On the other hand, m #+ Hy ® Hy ® Hs,
d(C) = d(M(p,g,r)) > 0, hence d(A) + d(B) + d(C) > n(B) + n(C).
Sufficiency. We define D as (3.2). If d(B) > n(C), set E =0,

Fg®)y=f® i=12. nC),
F(y) =0, y e N(O)*.

If d(B) < n(C), since A and B are lower semi-Fredholm, d(A) and d(B) are finite. Also by
d(A) + d(B) > n(B) + n(C), we obtain d(A) — n(B) > n(C) — d(B). Therefore set

{ B9\ p) = Fpy i=12,...,n(C) — d(B),

2)yn(C
E(y) =0, yJ_{gg )}i:(p)rd(B)v

F(g®Y =P, i=1,2,....4(B),
F(y) =0, yL{gPiD.
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Clearly, M(p g r) is injective. Because d(A) + d(B) > n(B) + n(C) and d(A) + d(B) +d(C) >
n(B) + n(C), W # Hy @ Hs @ Hj. The proof is completed. O

Now we prove Theorem 2.

The right side of (3.1) includes the left side. Suppose that there exist D, E, F such that
A€ 0.(Mp,g,r)). If A= is not a lower semi-Fredholm operator, then A € Ay by Proposition
1; if A— Al is a lower semi-Fredholm operator and B — Al is not a lower semi-Fredholm operator,
then, by Proposition 2, A € Ag; if A — Al and B — AI are lower semi-Fredholm operators, then
A € As by Proposition 3.

The left side of (3.1) includes the right side. If A € A1 U Ay U Ag, then there exist D, E, F
such that A € 0,.(M(p, g r)) by the Propositions above. This ends the proof. O

Therorem 3 Let A € B(H1), B € B(H2) and C € B(H3) be given. Then

U oe(Mp,p.p) = 54U 25U L6 U A (3.3)
D.E,F
where
Ny ={N¢ a,(A): R(A—\I) and R(C — \I) are not closed, R(C — \I) = H3},
N5 ={A ¢ 0,(A)Nos(C):d(B =) <n(C—A),R(A—X), R(B— \) are not closed}
U{A ¢ 0,(A) Nos(C) : d(B — M) <n(C — X), R(A — A) is not closed, R(B — \I)
is closed, n(B — M) + n(C — XI) > d(A — X) +d(B — M)},
DNe ={N ¢ 0ap(A) : R(B — M), R(C — AI) are not closed,
R(C' — X)) = H3,d(A — \I) > n(B — \)}
U{A & o4p(A) : R(B— XI) is closed, R(C — M) is not closed, d(A — AI) > n(B — \I),
R(C — M) = H3,n(B — M) +n(C — M) < d(A - X) +d(B - \I)},
D7 ={N ¢ 04p(A)Nos5(C) : R(B — ) Is not closed,
d(A—= X)) >n(B—X),n(C—X)>d(B—-\)}
U ¢ 04p(A) Nos(C) : R(B — M) is closed,
d(A — ) > n(B — \),n(C — \I) > d(B — ),
max{d(A — AI),d(B — AI)} = max{n(C — XI),n(B — A\I)} = oo}.
Proof Let {gl(l)}?:(?), {gl(z)}?:(?), {fi(l)}i?) and {fi(2)}§l§f) be orthogonal bases of N(B), N(C),

R(A)* and R(B)*. Before proving Theorem 3, we first give four propositions:

Proposition 4 Let A € B(H;), B € B(Hz) and C € B(Hs3) be given operators, and let R(A)
and R(C) be not closed. Then there exist D, E, F such that 0 € o.(Mp, g ) if and only if A

is injective and R(C) = Hj.

Proof Necessity. Suppose that there exist D, E, F' such that 0 € 0.(M(p g, r)y). Thus Mp g r)

is injective and R(M(p, g r)) = H1 ® Ha ® Hs, hence A is injective and R(C) = Hs.
Sufficiency. Since R(A) and R(C) are not closed, there exist infinite dimensional spaces

M C R(A) and N C R(C*) = N(C)* such that R(A) " M = R(C*) N N = {0} by Corollary 1.
Let {hl(l)}fil and {h§2)};’§1 denote orthogonal bases of M and N. Next, we split the proof into
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several cases.

Case 1 If n(B) > d(A) and n(C) > d(B), put

Do) = £V, i=12,,d(4),
D9y =hSy, i=1,2,...,n(B) - d(A), (3.4)
D(y) =0, ye N(B)*,
{ B9 ym) =15, i=1.2,...,n(C) — d(B), 55
n(C :
E(y) =Y, yJ-{ggl)}i:(ng)+17
F(gl?) =1, i=12,...dB),
(2)1d(B) (3.6)
F(y) =0, yL{g;" tiz1 -
Case 2 If n(B) > d(A) and n(C) < d(B), define D as (3.4), set E =0 and
F(g) =12, i=12...n(C),
Fh$)) = by i=1,2,...,d(B) = n(C), (3.7)
F(y) =0, y € N(C)* and y L{hG) .
Case 3 If n(B) < d(A) and n(C) > d(B), define F as (3.6) and set
D)=V, i=12...n(B). 38)
D(y) =0, y € N(B)*, '

E(g(2) ):h§1)7 121,27,n(c)_d(3)7

i+d(B)
E(h®) = [l pyesr i=1,2,...,d(A) = n(B),

2)yn(C 2)vd(A)—n(B
E(y) =0, y {9} g oy and y L{h{ 1)),

*

Clearly, M(p g ) and (M(p g r))* are injective. Since R(C) is not closed, R(M(p g r)) #
Hy ® Hy © H3. Therefore 0 € 0.(Mp,g,r))-

Case 4 If n(B) = d(A) and n(C) = d(B), define D, F as (3.8), (3.6) and take E = 0; if
n(B) = d(A) and n(C) > d(B), define D, E and F as (3.8), (3.5) and (3.6); If n(B) = d(A) and
n(C) < d(B), define D, F as (3.8), (3.7), and take E = 0. In the similar way to the above, we
obtain 0 € 0.(M(p,g,F))-

Case 5 If n(B) < d(A) and n(C) < d(B) or n(B) # d(A) and n(C) = d(B), in the similar way
to Cases 1 and 4, we can show that there exist D*, E*, F"* such that 0 € o.((M(p,g,r))*). It
follows from Lemma 7 that 0 € 0.(M(p, g, ry). The proof is completed. |

Proposition 5 Let A € B(H1), B € B(Hz) and C € B(H3) be given operators, and let R(A)
be closed, R(B) and R(C) be not closed. Then there exist D, E, F such that 0 € o.(M(p g r))

if and only if A is injective, R(C)) = Hs and d(A) > n(B).

Proof Necessity. Suppose that there exist D, E, F such that 0 € 0.(M(p g,r)). From the proof

of Proposition 4, A is injective and R(C) = H3. It follows from the injectivity of M(p g p) that
Mp is injective, and from the closeness of R(A) and Lemma 4, we can prove that d(A) > n(B).
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Sufficiency. Since R(B) and R(C) are not closed, there exist infinite dimensional spaces
M c R(B) and N € R(C*) = N(C)* such that R(B) N M = R(C*) N N = {0} by Corollary 1.
{h(l ©, and {h( o, denote orthogonal bases of M and N. If d(A) = n(B) and d(B) > n(C),
from the proof of Proposition 4, we get that there exist D, E, F' such that 0 € 0.(M(p g, r)). If
d(A) > n(B) and d(B) < n(C), define D as (3.8) and set

E(hS) ) = fpyss i=1.2,...,d(A) = n(B),

(2) a4 -n(B) (3.9)
E(y) =0, yJ_{th 1 s
F(gz(2))_fz(2)7 Z_1727 7d(B)7
Floym) =h", i=1,2,...,n(C) —d(B)), (3.10)
F(y) =0, ye N(O)*

If d(A) > n(B) and d(B) > n(C), define D, E and F as (3.8), (3.9) and (3.7); if d(A) > n(B)
and d(B) = n(C), define D, E and F as (3.8), (3.9) and (3.6); if d(A) = n(B) and d(B) < n(C),
define D, F as (3.8), (3.10) and take £ = 0. Clearly, M(p g ) and (M(p g r))* are injective.
Since R(C) is not closed, R(M(p, g r)) # H1 ® Ha ®© H3. The proof is completed. O

Proposition 6 Let A € B(H1), B € B(Hz) and C € B(H3) be given operators, and let R(A)
and R(B) be closed, R(C) be not closed. Then there exist D, E, I such that 0 € o.(M(p,g,r))
if and only if A is injective, R(C) = Hs, d(A) > n(B) and d(A) + d(B) > n(B) + n(C).

Proof Necessity. Suppose that there exist D, E, F such that 0 € o.(M(p, g, r)). It follows from
the proof of Proposition 5 that A is injective, R(C) = Hs and d(A) > n(B). Now we will show
that d(A) + d(B) > n(B) + n(C). Without loss of generality, we suppose that d(A4) < co and
d(B) < oo. By Lemma 6, R(Mp) is closed and d(Mp) = d(A) + d(B) — n(B). Again, from
Lemma 4 we obtain that d(Mp) > n(C), i.e., d(A) + d(B) > n(C) + n(B).

Sufficiency. Since R(C) is not closed, by Corollary 1 there exists an infinite dimensional
subspace N C R(C*) = N(C)* such that R(C*) NN = {0}. Let {h; 2)} ©, be an orthogonal
basis of N. If d(A) > n(B) and d(B) > n(C) or d(A) = n(B) and d(B) > n(C), from the proof of
Proposition 5 we can show that there exist D, F, F' such that 0 € 0.(M(p g, r)). If d(A) > n(B)
and d(B) < (C) deﬁne D and F as (3.8) and (3.6). Since d(A) + d(B) > n(C) 4+ n(B), i.e.,

d(A) —n(B) > n(C , in the case when d(A4) — n(B) = n(C) — d(B), we set
{ gd B)-H f<23)+i’ =1,2,...,n(C) - d(B),
yl{gz@)}l d(B)+1°
In the case when d(A) — n(B) > ( ) — d(B), denote k = d(A) + d(B) — n(B) —n(C) and set
E(gfiz()B ) B)+z7 z:l,2,,n(C)—d(B),
E(h§2)) Ohper i=12.k,
E(y) = yL{n{ )} ~, and yL{gf)}?:(S()B)H-

Clearly, M(p g r) and (M(DﬁEﬁp))* are injective. Since R(C) is not closed, it follows that
R(Mp,g,r)) # H1 © Hy @ Hs. Therefore 0 € o.(Mp g r)). The proof is completed. |
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Proposition 7 Let A € B(Hy), B € B(Hz) and C € B(Hj3) be given, and let A be left invertible
and C be right invertible. Then there exist D, E, I such that 0 € o.(M(p g,r)) if and only if

d(B) < n(C),d(A) > n(B), if R(B) is not closed,
d(B) < n(C),d(4) = n(B), if R(B) is closed.
max{d(A),d(B)} = max{n(C),n(B)} = oo

Proof Necessity. Suppose that there exist D, E, F' such that 0 € 0.(M(p g r)), thus Mp is
injective. Since A is left invertible, d(A) > n(B) by Lemma 4. Again, from 0 € o.(M(p g r))
we get that 0 € o.((M(p,p,r))*). In the similar way we can prove that d(C*) > n(B*), i..,
n(C) > d(B).

If R(B) is closed, then max{d(A),d(B)} = max{n(C),n(B)} = oo. To see this, if not,
suppose that max{d(A),d(B)} < oo or max{n(C),n(B)} < co. If max{d(A),d(B)} < oo, then
R(Mp) is closed and d(Mp) = d(A) +d(B) —n(B) < oo by Lemma 6. It follows from Lemma 4
that n(C) < d(Mp) < oo. Since C' is right invertible and Mp is left invertible, R(Mp g ) is
closed, by Lemma 6. Therefore 0 ¢ o0.(M(p g r)); if max{n(B),n(C)} < oo, in the similar way
to the proof above, we can show that 0 ¢ 0.(M(p,g,r)). It is a contradiction.

Sufficiency. First assume that R(B) is not closed. By Corollary 1 there exist infinite di-
mensional spaces M C R(B) and N C R(B*) such that R(B)N M = R(B*)N N = {0}. Let
{hl(-l)}z?’il and {hl(?)}fil be orthogonal bases of M and N. When d(4) = n(C) = oo, there
exists D such that Mp is left invertible by Lemma 1. Since R(B) is not closed, d(Mp) =
dimH; & Hy/R(Mp) > dimH,/R(B) = oo (where Hy @ Ha/R(Mp) and Hy/R(B) denote quo-
tient spaces), also by Lemma 8 there exist E, F' such that 0 € UC(M(DﬁEﬁF)). Without loss of
generality, assume that d(A) < oo or n(C) < co.

If d(A) = n(B) and d(B) < n(C), in the similar way to the proof of Propositions 4 and
5, we can prove that there exist D, E, F' such that 0 € 0.(M(p g r)). If d(A) > n(B) and
d(B) < n(C), define F as (3.10) and set F = 0,

DM =1, i=1,2,...,n(B),

D) = f, .. i=1.2,....d(4) ~n(B), (3.11)
2)vd(A)—n(B

D(y) =0, y € N(B)* and y L {p{?}f0—n®B),

If d(A) > n(B) and d(B) = n(C), define D, F' as (3.11), (3.6) and take £ = 0. Clearly, M(p g )
and (Mp,g,r))" are injective. If d(A) < oo, since R(B) is not closed, therefore Mp is not
left invertible, by Lemma 1. Hence R(Mp g r)) # Hi1 ® Hy ®© H3. Otherwise, suppose that
R(Mp,g,r)) = H1 @ Ha @ Hz. Then it follows from the injectivity of M(p g ) that Mp g ry is
invertible. It is in contradiction to the fact that Mp is not left invertible; Similarly, if n(C') < oo,
we can show that R(Mp g ry) # Hi1 ® Hy ® H3. Therefore 0 € o.(M(p g, r))-

Next assume that R(B) is closed, so max{d(A),d(B)} = max{n(C),n(B)} = co. If d(4) =
n(B) and d(B) = n(C), then d(A) = n(B) = d(B) = n(C) = co. Set

F(gf2)):fz(2)’ i:172,"'7
F(y) =0, ye N(O)*.
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B F
It is easy to show that ( 0 C ) is right invertible. Since A is left invertible and d(A) =

n(B) = oo, by Lemma 8 there exist D, E such that 0c€o.(Mp, g r))-

If d(A) > n(B) and d(B) < n(C), then d(A) = n(C) = co. Define D as (3.8). Clearly, Mp
is injective. On the other hand, by the left invertibility of A and the definition of D, we know
that Mp has the following decomposition

A 0 0
0 Dy 0 |:H &N(B)®N(B)" — R(A)®RA)" @ H,.
0 0 B

It follows from n(B) < oo that dimR(D3) < oo, thus R(Mp) is closed and so Mp is left invertible.
Furthermore, since n(B) < oo, d(Mp) = co. From Lemma 8 we get that there exist E, F such
that 0 € Uc(M(D,E,F))~

If d(A) > n(B) and d(B) = n(C), then d(B) = d(A) = n(C) = co. We define D as (3.8). In
the similar way to the proof above, we can prove that Mp is left invertible and d(Mp) = co. By
Lemma 8 there exist E, F' such that 0 € 0.(M(p,g,r)); if d(A) = n(B) and d(B) < n(C), in the
similar way to the case when d(4) > n(B) and d(B) = n(C), we can show that there exist D*,
E*, F* such that 0 € o.((M(p,g,r))*), i-e., 0 € 0.(M(p,g,r)). The proof is completed. |

With four propositions above, we now prove Theorem 3.

The right side in (3.3) includes the left side. Suppose that there exist D, E, F such that
X € 0o(M(p,p ). Clearly, A & 0,(A) and R(C — N\) = Hs. If R(A — AI) and R(C — AI) are
not closed, then A € A4 by Proposition 4; if R(A — AI) and R(C — M) are closed, then \ € A7
by Proposition 7. if R(A — AI) is closed, R(C' — AI) is not closed, then A € Ag by Propositions
5 and 6; if R(A — M) is not closed, R(C — AI) is closed, from Lemma 7, Propositions 5, 6 and
the conjugation of M(p g ry and (M(p, g r))*, we get that A € As.

The left side of (3.3) includes the right side. If A € Ay U A5 U Ag U A7, from Propositions
4-7, Lemma 7 and the conjugation of M(p g ) and (M(p g r))*, we know that there exist D,
E, F such that A\ € O'C(M(DﬁEﬁF)). This completes the proof. |

Finally, we give an example to illustrate the correctness of our results.

Example Let Hy = Hy = H3 ={5. In {5, let e; (i =1,2,---) denote the element with 1 in the
i-th place and zeros elsewhere. For every x = (21,2, ...) € {2, define A € B({3), B € B({2) and
C € B(¢s2) by

Az = (1,22 — T1,T3 — T2, T4 — T3, .. .),

Bz = (0,21, %2, T3, Ta, T5, - . .),

Cx = (x2,%3, T4, X5, L6, L7, . . .).

It is not hard to show that A and B are injective, R(C') = R(A) = £3 # R(A) and d(B) =
n(C) =1,s00 € Ay NAs. By Theorems 2 and 3, there exist Dy, F1, F1, D2, Es and F» such
that 0 € o.(M(p, g, 7)) N 0e(M(p, B, ). For this, take D; = Fy = Dy = E> = 0 and set
Fox = Eyx = (21,0,0,0,0,...), for each x = (z1,22,...) € £2. Then 0 € 0.(M(p, g, r)) and
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0 € 0c(M(p,,Es,F))-

Remark For C defined above, it is obvious that 0 € 0,(C') C o(C'). From Theorem 1, there
exist D, E, F'such that 0 € 0,(M(p,g,r)) C 0(M(p, g r)). The fact means that the intersection of

the possible point spectrum, the possible residual spectrum and the possible continuous spectrum

of the partial operator matrix M is not empty.
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