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Abstract In this article, we consider the integral representation of harmonic functions. Using a
property of the modified Poisson kernel in a half plane, we prove that a harmonic function u(z)
in a half plane with its positive part u™(2) = max{u(z),0} satisfying a slowly growing condition
can be represented by its integral of a measure on the boundary of the half plan.
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1. Introduction and main theorem

Let a > 0 be a real number and let H, denote the space of all the functions harmonic in the

right half plane Cy = {z =z + iy = re?? : z > O} satisfying
(x + iy)dzdy

I 1

L //C 1+ x2+y)o‘+2<oo W

[e%s) + .
I — Sup/ uietriydy 2)

O<e<1)ooo 14 |y[2ot2

and

] is the

Poisson kernel of the right half plane C,. Suppose m is an integer. A modified Poisson kernel

where u*(2) = max{u(z),0} is the positive part of u(z). Suppose P(z,t) = L1Re[-2

z—it

of order m for z € C is defined by

Pm(z,t):{ P(zt) = 2 Re S, (G i <1,

I+
3 1z k .
P(z,t) — Rezk o i if [t > 1.

It is obvious that Py(z,t) = P(z,t). Pn(z,t) has the following properties: if z = = + iy =
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re? x> 0,|z| > 1,

(14 3™m) 2™+ it |t <1,
m—+1
em|Pu(z, ) < 4 26+msm (), i 1< <25 3)
m—+2
(2m + 4) (H) , it [t > 22

Using this, we prove the following conclusion:

Theorem Let o > 0 be a real number and m € [2a,2a.+ 1) be an integer, uw € H,. Then
i)
 |u(it + )]
Is = su ————dt < o0 4
P 7 peeen /700 1+ [t[po+? @

ii) There exists a measure y on (—00,00) such that

[, o)

. 1 + |t|20¢+2

iii) If a > 0, there exists a polynomial Qu(z) = Y -, ayi(—iz)* of degree < 2a + 1, where

ar, (k=1,2,...,m) are real numbers, such that
u(z) = ReQq(2) + / P (z,t)du(t), z=x+iye Cy; (6)

iv) If a = 0, there exists a real number aq, such that

u(z) = a1z +/ P(z,t)du(t), z=x+iye Cy.

2. Proof of Theorem

We first prove inequalities in (3). If |t| > 2|z|,

1 1 1 X i(—iz)*
P(z,t) = =R = —Ri
(1) = —Rel[—] = — g -
1. &i(—iz)”
Pm(z,t):P(z,t)—;ReZ th+1 _R Z tk-i—l - Im Z k+1
k=0 k=m+1 k=m-+1

Since |sink(f — §)| < k[sin(d — 5)|,
Tm(—i2)*| = |z|*|sin k(6 — g)| < |2|"k| sin(6 — g” = ka|z|F1,

we have
oo
k 2 k—1
en|Pu(z, ) < Y kaZlzl

|t|k+1
k=m+1

Klz*t 2| 2"
Suppose S = Zk m1 It‘k+1 Then mS Zk m+1 TgFF2s

_ (mA D™ e

|t[m+2 |t[m+3 |t[m+4 +-
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_ (m+1D)z™ |2
| +2 [t 2 ([ = |2])°
g mA D™ | S
LAk 1R I L s (U R ) B e B
(m+1)]z[" 2™
-2 -2
=T gm2 + L2
_ 2™
hence o
x| P (2,t)] < 228 < (2m+4)||;|T+2.
It1 < Jt] < 2,
(i)
Pzt [ I }
(1) |z —it|? + m; th+1
" (—iz)k " kax|z|Ft
‘Imz | S Z T @Sm,
k=0 k=0
2™ (m—1)t] 2] L
S = [ + + .. }
[+ 2| |lz[m=2 [zt
CEt N UIES UTORNE e B L
= femt |3z 3z[m=2 |3zt
B |3Z|m71
o femr T

Similarly to [t| > 2|z|, T), < 3m, therefore
12l

)m+1'
|

x| Py (2,1)] < 14228, < 2(3 +m)3™(

If |t <1,
27| P (2, )] < 14 228, )t T2 < (14 3™m)|z|™ .

Proof of Theorem If u € H,, R > 1, for every 0 < ¢ < 1, applying Nevanlinna formulal’»? to

u(z + €), we obtain

R2—1 (2 1 1 ,
u(l+e) = / ( , - . )uRew+5d9+
(I+e)=— sz \[Re? 12 [Re ¥ + 1] ( )
1 (B 1 R?
- — it + £)dt. 7
ﬂ'/_R(|it—1|2 |R2+¢t|2)“(’ +e) (™)

Let u~(z) = max{—u(z),0} be the negative part of u,

R2_-1 (% 1 1 ,
my(R,e) = ( : — . )qu Re? + ¢)d#:;
Hhe) == / IRe” —1)2  |Re " + 12 ( )

13

m_(R,e) = Ui 1/

.
2

[E TN

1 1 e
- — . u” (Re" + ¢)d#;
(|Re’9 —1]2 |[Re ¥ + 1|2) ( )
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n+(R,a):l/_};(, LI R2_ )u+(it+£)dt;

v lit — 1|2 |R% 4 it|?

1B 1 R?
— R7 = - ( . - N ) N t dt
n-(R,e) ﬁ/,R o gt e

Then if R > 1, (7) becomes
m_(R,2) +n_(Re) = my (R,2) + ny (Be) — u(l + ). (8)
IfR>2,2R>[Re” —1| > & 2R > Re " +1| > R,

. ) R4
16R* > |[Re” — 1]2[Re ™ 412 > R

my (R, e) = ut(Re' +¢)do

3

Rz -1 / 4R cos b
21 J_x |Re” — 1]2|Re ¥ 412

R* -1 /
<
- 2 J_
If |z| = /a2 + y? > 2, since

(e+2)® +y° <2 +2%) +y® <201+ 2% +¢°) <4(2® + ),

[IEI

4R cosf

i ut(Re' + ¢)db.
1

w3

that is
1
2 +y* 2 e+ o) 7,
we have
*“ mi(R,e) —1 4Rcosb 0
/2 o ar s o / /ﬁ e R eean
> % Rcosf ot (Rei?
<= / / T2at3 ¥ +¢)d0dR
xu+ (x +iy+e)
= // @2 1 5o ———————dady
< 4a+2// €+ x)u 5+:1:+zy)dxdy
[(e + )2 + y?]ot2
< _401-‘,—2[1,
77
where D = {z =x +iy: x> 0,|z] > 2}. Hence
———=dR < —4°7°] . 9
02eor )y RETI o Le ¥
By (9), we have
sup liminfm, (R,e) =0. (10)
0<e<1 B—oo
Since
1 (B ut(it+e)
Re) < — ——=dt 11
ne(re << [ o (1)
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by the Fubini theorem!®!, we have

ut (it + ¢)
/232a+1 (R,e)dR < — //R2a+1t2+1)det+

(it +¢) (it +¢)
P [ g L[y
If >0,
ut (it +¢) 1 [ uT(it +¢)
——————dRdt = — ——=dt 13
/ / R2FI(12 1 1) 2a7r/2 2oz +1) (13)
ut (it + ¢) 1 2 ut(it +¢)
- U W TE) gRat = a 14
/ / R2o+1(12 1 1) 92a+1 o /_2 211 ; (14)
-2 + -2 e
ut (it + ¢) 1 ut (it + ¢)
——————dRdt = — ————dt. 15
/ _p RPFL(#2 +1) 2ar J_o |t2*(t2 + 1) (15)

By (2), (12)—(15), we have

<1 1
i (REAR< — I, < 00, a>0. 16
Oilslgl/z RQO‘+1n+( e)dR < 2an 2 S @ (16)

It is evident that if a > 0,

> 1 1
—[~u(1 dR= ———— —u(1 . 17
o, e MR = g [ <o (D
(8), (9), (16), (17) imply
> 1
su ——n_(R,e)dR < o0, «a>0. 18
0<SI<)1~/2 R2a+1 ( ) ( )
cos 0
— ~(Re’ df0dR
o [ e
< R,e)dR 0. 19
_0i1811<>1/2 R2a+1 m—(R,e)dR < o0, o> (19)
If R >4,
1 R?
(R,e) > ( - ) ~ (it +¢)dt
- 8)_/<|t s\1+£2 Ri+e2)" (it +¢)

2

) ) u 1 3
]<‘t|< 3 1 t 16t 1

1
> — (it + e)dt. 20
/1<t|<§ s i+ e) (20)

y (18), (20) and the Fubini theorem[!, we see that if o > 0,
su /OO ! /? L u” (it + e)dtdR = su 1 /OO ! u” (it + €)dt
oz )y BEEL L 20+ T2 P ), @ e

< 1
< ——n_(R,e)dR . 21
<m o, [ - (RieR < oo (21)

(2) and (21) show if a > 0,

 Ju(it + ¢)|dt
sup/ Ju@@ +e)ldt ()

0<e<1 ) oo 14 [t[22T2
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e it dt
sup / Mdt < 00.

0<e<i)ooe 1+t
Thus i) holds. For every positive integer n > 2a, by the property (3) of the modified Poisson

kernel P, (z,t), we have

‘;v/ Pn(z,t)u(it—i—a)dt‘§(1+3”n)|z|”+1/ (it + £)[dt;
[t]<1

[t|<1
it
‘3:/ P, (z, t)u(it + a)dt‘ < 2(3 4 n)3" |zt / |u(li__"if”dt;
1<t <22 1<jt<alz) [E"
it
‘x/ P, (z, t)u(it + E)dt‘ < (2n+ 4)|z|"+2/ Wdt
EEF =2z
hold for |z| > 1,z =z + iy, x > 0. Let
un(z,€) = / P, (z, t)u(it + €)dt.
Then
run(z,€) = o(|z|"?), |z| — oo, x> 0. (22)

For arbitrary T > 2, put Dr = {z = x +4y : * > 0,|z| < T}. Dz indicates the closure
of Dp. Suppose X[—27,27(t) is the characteristic function of the interval [-2T, 2T, S,(z,t) =

1Re> ", Z(t;%l) Thus u,(z,€) may be written as

Un(z,€) :/ Pz, t)u(it + )dt — / [t|" 2S5, (2, )u(it + )dt—
|t|<2T

lt1<1

/ Si(z, ulit + 2)dt + / Pz tyulit + £)dt
1<t <2T [t|>2T

—X.(2) = Ya(2) = Zo(2) + Va(2).

The function X.(z) is the Poisson integral of u(it + &)x|_27,27)(t), hence it is harmonic in Dy,
with X, (iy) = u(iy + €); Sn(z,t) is a harmonic polynomial with S, (iy,t) = 0, so Yz(z), Z.(2)
are also harmonic polynomials, with Y;(iy) =0, Z.(iy) =0 (y € [T, T]); Similarly from (3),
V.(z) is harmonic in D, with VZ(iy) = 0, |y| < T. Thus by the arbitrary of T' > 2, the function

un(2,€) is harmonic in C; = {z = x + iy = re? : > 0}, and

lim wun(z,€) = up(iy,e) = u(iy +¢), y € (—o0,00). (23)

z—iy
For real number a > 0, we denote by C [1 + [t|?***2] the space of all continuous functions G(t)
on R for which
lim |G@)[(1 + [¢[**2) = 0.

t—Foo
If its norm is defined by
G| = sup |G(B)|(L + [¢**F2),
teR
then C'[1 + [t|?*"2] is a Banach space and

Po(z,t) € C[1+ [t]**?], n > 2a.
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Let &, decrease and tend to 0. Linear functional A, on C [1 + [t|>**72] defined by

o0

A(G(D)) = / G(t)ule, + it)dt,

— 00
satisfies

MG < [suplaoia+ )] [~ MLl < o)1

teR —oo L [tfPet?
thus each A, is a bounded linear functional on C [1 + [t|?*T2], and ||A,|| < I3. By the diag-
onal process®!, we can construct a subsequence of u(e, + it) (we still denote by u(e, + it) for

convenience), such that

oo

A(G) = lim A,(G) = lim G(t)u(e, + it)dt, (24)

holds for each G(t) € C'[1+t|>**2] and ||A|| < I3. Therefore, A is a bounded linear functional on
C [1+t|?**2] and by the Riesz representation theorem[!| there exists a measure p on (—o0, 00),
such that for each G(t) € C [1 + [t|**T2],

AG) = [ Gloduto), (25)
= dp@) [ Julea+ib)
e =t | Tt <

thus (5) holds. Fix a z € C4+ and put G(t) = Pp+1(2,t). Then by (24), (25), we obtain

/ Pri1(z,t)du(t) = A(G) = lim Pry1(z, t)on(t)dt
= lim Pz, t)ulen, +it)dt = lim upm41(2,6n) = Umt1(2). (26)

Let tm(2) = [7. Pm(z,t)dp(t). Similarly to (22), we see that

Ty (2) = o(|2|™*?), |z| — o0, > 0. (27)

Um41(2) =um(2) + Re{ki_o/

1 |t|m+2 _ |t|m+3 ) ok
717@@)-1(_@ -

1 bjm s L vmel
_Re[/_l e du(t) - i(—iz) ]_

T
1 1
_R t m—+1
Ny
In other words
m—+1
Um11(2) =t (2) + Re Y bri(—iz)*. (28)
k=1

For every z € C4, let
we(z) = u(z +€) — ums1(2, €).

By the Schwarz reflection principle!®| there exists an entire function

fe(2) = i ari(—iz)k, z€C
k=0
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such that Ref.(z) = we(2), x = Rez > 0, Ref:(iy) =0 (y = Imz € (—00,00)). Hence f.(iy) =

ilm fo(iy) =i Y peq ak,ey”. This shows ai. (k=0,1,2,...) are real. Therefore

Ref.(—re ) = —Ref.(re?) = Zakﬁsrk sin k(0 — g), r>0,0 € (—o0,00). (29)
k=0

It follows that
3
1 = .
—Qpe = —n/ Ref.(re")sinn(f — g)d@
T

-3
) 3 .
= 2 [ w.(re®)sinn(0 — Z)do, r>0,n=1,2, (30)
Trt -z 2
Since |sinn(f — §)| < nlsin(f — §)[, n > 1, by (9), (19), (22), (29) and (30), we have
.. 2n E] i0
|an,e| <liminf — |we (re')| cosdd =0, n>m+ 3. (31)
r—oo T @
2
In addition, it is obvious that Re(iap,) = 0. If a > 0, similarly we have @42, = 0, so
m—+1
u(z+e) =Re Y arci(=i2)" + umy1(z, ). (32)
k=1

If =0,

u(z+¢€) = a1 Rez + u1(z, ). (33)
Since both u(z + €) and w1 1(z,¢) are harmonic in the closed right half plane C, there exist
holomorphic functions g.(z) and h.(z) in the closed right half plane such that u(z+¢) = Reg.(2)

and U;41(2,€) = Rehe(z). Let

m+1
Qc(2) = > arci(—iz)* = g-(2) — he(2).
k=1
Then
m+1 ng)(l) . m+1 .
Qe(2) = Z T(Z -1 = Z Che(z —1)".
k=1 k=1
Since g.(z) and h.(z) are holomorphic in the closed right half plane C, there exists a constant
M independent of €, such that for every z € {z: |z — 1| = %}, we have |g-(2) — ho(z)| < M.
Since (k) k! Q:(2) k! g:(2) — he(2)
QW =0 Joiiy G- T o /|z_1_% (—p
we see that Q(k)(l)
| Ek! | < 2FM.
Hence there is a sequence {¢, : n = 1,2,..., } of positive numbers with &, — 0 as n — oo such
that for each k € {1,2,...,m+ 1}, ke, — ck, a8 n — o0, that is, Q.,(2) — Q(z) as n — occ.
Take € = &, in (32) and let n — oo, it follows that
m+1
(34)

u(z) =Re Z api(—iz)* + U1 (2).
k=1
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By (28) and (34), we have
m—+1 m—+1

LI HW and DENG G T

u(z) = Re Z ari(—iz)" + upm(z) + Re Z bri(—iz)F,

k=1 k=1

that is
m—+1

u(z) =Re Y (ax + br)i(—i2)" + um(2).
k=1

If & > 0, by (27), we have the following analogue of (31),
am+1 + bmg1 = 0.
If & = 0, using a similar method as in (33), we see that
u(z) = (a1 + b1)Rez + up(2).

This completes the proof of Theorem.
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