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Abstract This paper deals with the existence of solutions for the problem

¢p(U’)) ftu,uf), t€(0,1),
u'(0) =0, (1) =377 asu(n),
where ¢p(s) = |s|P7%s, p > 1. O <m<m << Mue2 < lia; (1 =1,2,...,n—2) are

non-negative constants and Zl . a; = 1. Some known results are improved under some sign
and growth conditions. The proof is based on the Brouwer degree theory.
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1. Introduction

We consider the existence of solutions for multi-point boundary value problem (BVP)

((bp(u/))/ = f(tvuv u/)v te (07 1)a (11)
n—2

w'(0) =0, u(l)= Z a;u(n;), (1.2)
i=1

where ¢,(s) = [s|P72s,p> 1. 0<m <M < - <2 < 1,a; (i =1,2,...,n — 2) are non-
negative constants and 3" a; = 1. Eq.(1.1) is widely applied in mechanics and physics!' 3],
When p = 2, Eq.(1.1) reduces to v’ = f(t,u,u’).

In recent years, p-Laplace equation associated with various boundary value conditions has
been studied*~1%. For example, Carcia-huidobro and Guptal” discussed (1.1) with boundary
conditions

U/(O) =0, u(l) = U(ﬁ)a ne (07 1)

under the following assumptions
(A1) There are nonnegative functions d (t), d2(t), and r(t) € L*[0, 1] such that

|f(t,u,v)| < dl(t)|u|p_1 + dg(t)|v|p_l +r(t), forae.tel0,1],u,veR,
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(Az) There exists ug > 0, such that for all [u| > uo, ¢ € [0,1] and v € R
£t u,0)| = Al — AP~ - B,

where A > 0, and A, B > 0 are constants;
(As) There is R > 0 such that for all |u| > R

uf(t,u,0) >0, a.e.t €[0,1], uf(t,u,0) <0, a.e.te]0,1]

as well as the other conditions.

In this paper, we discuss the solvability of (1.1)—(1.2) and obtain the following result.

Theorem 3.1 Suppose that f : [0,1] x R? — R is continuous and has the decomposition
f(tu,v) = g(t,u,v) + h(t, u,v)

which satisfies the following assumptions:
(Hy) There exist r1 < 0,79 > 0, such that

f(t,rl,O)SO, f(t,Tg,O)ZO, foral]tE[O,l],

(Hz) wvg(t,u,v) <0 for all (t,u) € [0,1] X [r1,re2], |v] > 1;

(H3) |h(t,u,v)] < a(t)|v|™ + b(t) for all (t,u,v) € [0,1] X [r1,72] x R, where a(t),b(t) €
LY([0,1],RT).
Then there exists at least one solution for BVP (1.1)—(1.2), provided that

p—1<m<(1+m)(p—l), (1.3)
where r = max{—ry,r2}.
Remark 1.1 When p =2,n =3, BVP (1.1)—(1.2) becomes
u’ = f(t,u,u’), te(0,1), (1.4)
u'(0) =0, u(l)=u(n), ne0,1). (1.5)

Feng and Webb in [10] proved that BVP (1.4)—(1.5) has at least a solution under the following
assumptions
(B1) There exists a constant M > 0 such that

uf(t,u,0) >0, forall lu| > M,t < [0,1];
(B2) wvg(t,u,v) <0 for all (t,u,v) € [0,1] x [-M, M] x R;
(Bs) |h(t,u,v)| < a(t)|ul+b(t)|v]+c(t)|u|"+d(t)|v]F+e(t) for all (¢, u,v) € [0, 1] x[—M, M]xR,
where 0 < r,k < 1,a,b,¢,d,e € L'[0,1] and ||b]|y < 3.
It is easy to see that the conditions (A;)—(Ajz) in [7] and (B1)—(Bs3) in [10] are stronger than
the ones of Theorem 3.1. To some extent, we improve the results of [7] and [10].

2. Auxiliary results

From now on, we use the classical spaces C[0,1],C[0,1] and L'[0,1]. Define the norm in

C[0,1] by || - ||eo and in L*[0,1] by || - ||1. Moreover, we shall need the following lemmas.
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Lemma 2.1 Let a < b, u(t) € C([a, b], [0, +00)) and v(t) € L*([a,b], [0, 4+00)). Suppose that
there exists a constant ¢ > 0 and a function w(t) such that

(1) [P o(t)w(u(t))dt < +o00;

(2) u(t) < c+ [ v(s)w(u(s))ds, for all t € [a,b].

Then
u®) s ¢
/c e < /a v(s)ds, for allt € [a,b],

where w € C([0,400), [0, +00)) is increasing.
In Lemma 2.1, if the assumption (2) is replaced by

b
u(t) < c—i—/t v(s)w(u(s))ds, for all t € [a,b],

u(t) ds b
/ < / v(s)ds, for all t € [a,b].
c t

w(s) —

Consider the auxiliary boundary value problem

then

!/

u *
(6p(5)) = f7(t w0’ ), A€ (0,1] (2.1)
n—2
u/'(0) =0, u(l)=> au(n), (2:2)
i=1
where 0 < mp < M2 < - < Mp2 < 1, a; (1 = 1,2,...,n — 2) are non-negative constants and

S 2a; =1, f*:[0,1] x R? x [0,1] — R is continuous and
fr(t,r,8,1) = f(t,r,s), forall (t,r,s) € [0,1] x R?. (2.3)

Lemma 2.2 Suppose (2.3) holds. Furthermore, let Q C C'[0,1] be an open bounded set.
Assume that

(Cy) There exists no solution u of BVP (2.1)-(2.2), 0 < A < 1, such that u € 9%;

(Cy) The equation

n—2 1 T
F(s) := Zlai /m gbpl(/o f*(t,s,0,0)dt)dr =0

has no solution on 002 N R;
(Cs3) The Brouwer degree degg(F,Q NR,0) # 0.
Then BVP (1.1)(1.2) has at least one solution in €.

The proof of Lemma 2.2 is similar to that of Lemma 2.1 in [7], so we omit it.

3. Existence results

Theorem 3.1 Suppose that the assumptions (H; )-(Hs) are satisfied. Then there exists at least
one solution for BVP (1.1)—(1.2), provided that
1

p—l<m<(l+ ——r
lallx + [0l + 7

where r = max{—r1,r2}.
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Proof For all (t,u,v) € [0,1] x R?, define the function f by

flt,ra,v), ifu>rg,
f(t,u,v)z f(tuuav)a ile SUST%
flt,ri,v), ifu<r.
Then, the modified problem corresponding to BVP (1.1)—(1.2) is

((bp(ul))/ = f(t7u7 u/)7 te (07 1)7 (3'2)
w'(0)=0, u(l)= i a;u(n;). (3.3)

Consider the homotopy problem (2.1)—(2.2), where
frtu, ', N) = M+ (1= N f(tu, o).
Step 1. Let u(t) be a solution for BVP (2.1)—(2.2). Then we have
1 < u(t) <rg forallt e0,1], X € (0,1].
Otherwise, there exists a point ¢y € [0,1) such that

u(ty) = tIel%(ifll] u(t) <ry or wu(ty) = tren[%,)i] u(t) > ro.

Without loss of generality, we suppose u(tp) = max;c[o,1] u(t) > r2 holds, so there are three cases

as follows:

Case 1 Let ¢y € (0,1). We have u/(¢y) =0 and

u(t0)p( )Yl = i) (0, ), 0,

= AMu(to))* + (1 = Nu (

Then, there exists a posmve constant § > 0 such that (¢p(
This implies that gbp( 3 )) is increasing in (tg, to + ). Thus

bp(u' (t)) > ¢p(u/(to)) = ¢p(0) =0, for all ¢ € (tg,to + J).
By the monotonicity of ¢,, we have «/(t) > 0, for all ¢ € (t9,to + ¢). That is, u(t) is increasing

(tQ,Tg, ) > 0.

Y)Y > 0, for all t € (to,to + 0).

in (tp,to + 6). This is a contradiction.
Case 2 Let tg = 0. Then we have

u(0)(6, (A

Similar to above process, we can obtain a contradiction.

) le=0= A(u(0))* + (1 = Nu(0)£(0,72,0) > 0.

Case 3 Let {9 = 1. Combining with the boundary condition (3.3), we know that there exists

€ (0,1) such that u(1) = u(n). Similar to Case 1, we can obtain a contradiction.

Step 2. We prove that there exists a positive constant My such that ||v||cc < M.
Let ||u/[lcoc < 1. Then '(¢) has a prior bounds. Otherwise, let ||u]|« > 1, that is, there
exists a point to € (0, 1] such that |u/(to)| = ||v||cc > 1.
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This together with the continuity of «/(¢) and «’(0) = 0 implies that there exists an interval
[, v] C [0,1], to € [u,v] such that |u'(x)] =1 and |u/(¢)] > 1, for all t € [u,v]. Without loss of
generality, we assume that «/(¢) > 1 holds, for all ¢ € [, V].

Multiplying (2.1) by (bp(“T/) and integrating on both sides of it from p to ¢, we obtain

/ﬂ%“{) ds—/ 69 (51 (5,00, 0

/t)

that is,

)= 3 = [ (1 0

1
SO

Since 1 < u(t) < rq, for all ¢t € [0, 1], we have

Q

| ()'21) 2 |2p 2+2/ bp( X )\u+(1_)\)f(3,u,u')]d8

li
|2P 2 + 2/ (bp ;S )\U + (1 - )\)Q(S, uaul)]ds+

/¢p

By the assumption (Hz) and 1 < u(t) < rq, for ¢ € [0, 1], we get

o ’ o
¢(—mwmw%b:/ﬁ—w2 o5, 1,0 )ds < 0,
/HPA FADRED

Q

(1= N)h(s,u,u)]ds.

SO

t /
WO <142 [ 220,05 D) + (1= Vs, u,)fds

n
t
<12 [ P a(s) ™ + bs))ds,
n
where r = max{|r|, |r2|}. By |v/(¢)| > 1, for t € [u, V]
t
lu'(t)[2P72 <1+ 2/ |u/ | TP (r + a(s) + b(s))ds, for all t € [u, V).

n

For convenience, we write

2(t) =W/ OP 2, wt) =t

7n+p 1

, v(t) =2(a(t) +b(t) + 7).

Then
t

/U v(s)w(z(s))ds < +oo and z(t) < 1—|—/ v(s)w(z(s))ds, for all t € [u,v].

By Lemma 2.1, we can conclude that

[ [ .1
— < v(s)ds, for all t € [u,v].
1 w(s) j2 )

z(t) iy t 1
/ s~ 2:721d5 < / ’U(S)dS < 2/ (T + CL(S) + b(S))dS
1 n 0

So
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< 2(|lallx + ||b]|1 +7) := My, for all t € [u,v].

By the assumption (Hs) and (1.3), we have
+oo _ m+4p—1
| A 2+ )
1

This inequality implies that there exists a constant Ms (independent of \) such that z(t) < Mo,
that is, |u'(t)] < (M2)2P+2 := Ms, for all t € [p,v]. Put My = max{l, M3} (independent of \),
then |u'|oo < Mp.

Step 3. By using Lemma 2.2, we prove that BVP (3.2)—(3.3) has at least one solution. Put
Q= {u(t) € C'0,1] : 71 < u(t) < ro,t €[0,1]; ||t/ ]|oo < Mo+ 1}.

It is clear that the assumption (C;) of Lemma 2.2 is satisfied.
By the assumption (H;) and (3.1), we deduce

f*(t,Tl,0,0) = .f_(taTlaO) S 07 f*(tvr25070) = f_(taTQaO) Z 0.

Combining with the monotonicity of ¢, yields

n—2 1 T
F(Tl) = Z a; / ¢;1(‘/0 f*(t, r1,0, O)dt)dT) <0,
i=1 i

n—2 1 T
F(ry) = ; ~1 *(t,r9,0,0)dt)dr) > 0.
(r2) ;a/i% (/Of(trgOO) t)dr) >0

If F(r1) - F(r2) = 0, we can conclude that BVP (1.1)—(1.2) has at least one solution r1 or 7.
Otherwise, F(r1)F(r2) < 0, which implies the assumption (Cs) of Lemma 2.2 holds. By the
property of Brouwer degree, we have degz(F,Q NR,0) = 1. So the assumption (C3) of Lemma
2.2 is satisfied. By Lemma 2.2, we prove that BVP (3.2)—(3.3) has at least one solution u(t)
satisfying 1 < wu(t) < 7o, for all ¢ € [0,1]. This implies that BVP (1.1)—(1.2) has at least one

solution. The proof is completed. O

Theorem 3.2 Let assumptions (Hy)—(Hz) be satisfied. Furthermore, suppose the following
inequality

(Hy) f(t,u1,v1) > f(t,ug,v2), for all uy,us,v1,v2 € Ryug > ug,v1 < 9
holds. Then there exists a unique solution for BVP (1.1)—(1.2).

Proof We have proved that BVP (1.1)—(1.2) has at least one solution in Theorem 3.1. Next,
we will obtain the uniqueness of the solution for BVP (1.1)—(1.2) by (Hy).

Assume to the contrary that there exist two different solutions x(t),y(t) of BVP (1.1)-
(1.2). Let z(t) = =(t) — y(t). By the condition (1.2), there exists some to € [0,1) such that
2(to) = maxyeo,1] 2(t) > 0.

Case 1 If ¢y € (0,1), then 2'(ty) =0, z(¢o) > 0. By the continuity of z'(t), z(t), there exists an
interval [to, t1] such that z(s) > 0,2'(s) <0, for all s € [to, t1].
Since

(¢P(x/) - d)p(y/))l = f(tvxvx/) - f(ta yvyl)v
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by (Hy4), we have
| @@ ®) = ey @)yt = [ (f(tale). () = F0y(0. 5/ 0)at > 0. forall s € fo, ]
Combining with the monotonicity of ¢,, we have 2/(s) = 2'(s) — y/(s) > 0, for all s € [to, t1].

This is a contradiction.

Case 2 If tg = 0, then 2/(0) = 0,2(0) > 0. By the continuity of z’(t), z(t), there exists an
interval [0, t2] such that z(s) > 0,2/(s) <0, for all s € [0, t2]. Similar to above process, we obtain
Z'(s) =2'(s) —y'(s) > 0, for all s € [0,tz]. This is a contradiction.
Combining with the two cases, we deduce that BVP (1.1)—(1.2) has a unique solution.
Especially, let n; — 1,7 =1,2,...,n — 2. We can obtain the following result. O

Corollary 3.1 Suppose the assumptions (Hy)-(Hy) in Theorem 3.2 hold. Then the following
Neumann BVP

((bp(u/))/ = f(t7u7 u/)v te (07 1)7
w(0)=u'(1)=0

has at least one solution.
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