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Abstract The initial boundary value problem for a Kirchhoff equation with Lipschitz type
continuous coeflicient is studied on bounded domain. Under some conditions, the energy decaying
and blow-up of solution are discussed. By refining method, the exponent decay estimates of the
energy function and the estimates of the life span of blow-up solutions are given.
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1. Introduction

We are concerned with the blow up of solutions of the initial boundary value problem for the

following Kirchhoff equation with Lipschitz type continuous coefficient and strong damping:

uy — M ([|[Vul3) Au— wAuy = f(u), (1.1)
w(0,2) = uo(x), u(0,2) =ui(x), =€, (1.2)
u(t,z) =0, (t,x)€0,T]x 09, (1.3)

where A = Zjvzl %22_ and Q € RN, N > 1 is a bounded domain with a smooth boundary 5.
fu) = |[ulP~2u, p >J2 is a nonlinear function and M(s) = mg + bs” a positive local Lipschitz
function. Here, mg > 0,06 >0, v > 1, s > 0, w are constants.

When M = 1, the equation (1.1) becomes a nonlinear wave equation which has been exten-
sively studied and several results concerning existence and blowing-up have been established!!—3!.

On the contrary, when M is not a constant function, for the case that w = 0, the equation
(1.1), as a special case, becomes the Kirchhoff equation which has been introduced in order to
describe the nonlinear vibrations of an elastic string. Ono etc. studied this case and some results

concerning existence and blowing-up were obtained!4—¢!.
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In this paper we shall deal with the energy decaying and the blow up behavior of solutions
for problem (1.1)—(1.3) for the case that M is not a constant function and w # 0. We derive the
blow up properties of solutions of this problem with negative and positive initial energy by the
method different from the references [4]-[6].

The content of this paper is organized as follows. In Section 2, we give some assumptions and
lemmas. In Section 3, we first define an energy function F(t) and show that it is a non-increasing
function of t. Then we obtain the exponent decay estimates of the energy function. In Section
4, we study the blow-up properties of solutions even for positive initial energy. Estimates for the

blow-up time T* (life-span) are also given.

2. Assumptions and preliminaries

In this section, we shall introduce some preliminaries needed in the proof of our result. We
use the standard Lebesgue space LP({2) and Sobolev space H¢ (£2) with their usual scalar products

and norms.

Lemma 2.1 (Sobolev-Poincaré inequalityl™) If2 < p < 2w € H}(Q), then |u| < B||Vull;

holds with some constant B, where || - ||, denotes the norm of L” ().

Lemma 2.2[8] Suppose that § > 0 and B(t) is a nonnegative C?(0,0c) function such that
B'(t)—4(6+ 1)B'(t) + 4(6 + 1)B(t) > 0. (2.1)
If
B'(0) > r2B(0) + Ko, (2:2)
then we have ¥Vt > 0, B'(t) > K. Here, Ky is a constant and ro = 2(6 + 1) — 24/(6 + 1)d the
smallest positive root of the equation r> — 4(§ + 1)r + 4(6 + 1) = 0.

Lemma 2.3[8] If J(t) is a non-increasing function on [tg,oc), to > 0 such that
J' ()2 > a+bJ()>T5, Vig >0, (2.3)

where a > 0,b € R, then there exists a finite time T such that lim,_,p.— J(t) = 0. Moreover, for

the case that b < 0, J(to) < min {1, ,/-%}, an upper bound of T* is to—l—\/%—b In We=son) ”:i;(to) Ifo =
.

0, we have T* < to+ \/tﬂ) Ifb > 0, we have T* < J\(/tg) orT*§t0+232§1%{1—[1+0J(t0)]%}.

Here, ¢ = (%)m is a constant.

Lemma 2.4 Suppose that ¢(t) is a non-increasing function on [0,T], T > 1. If ¢(t) > 0 and
ST < wo (p(t) — Bt + 1)), where wo > 0, r > 0 are constants, then we have

(i) o(t) < (¢(0)™" + wy 'rmax {t — 1,0})_% for r > 0;

(ii) ¢(t) < ¢p(0)e~wrmaxtt=10} for r = 0, where wy = In =2, wy > 1.

Now, we put forward two assumptions as follows.

(A1) f(0) =0 and Yu,v € R,3ky such that |f(u) — f(v)| < ki|lu — v|(Ju[P~2 + |v|P~2) and
2<p§% (00, N < 2).
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(A2) Vs € R,36 > 0 such that sf(s) > (2 + 40)F(s), where F(s) = [ f(r)dr and Vs >
0, (26 4+ 1)M*(s) — (M(s) + 26mq)s > 0, here, M*(s) = [; M(r)dr.

3. Exponent decay estimates of the energy function

In this section, we shall discuss the decay estimates of the energy of problem (1.1)—(1.3) with
f(u) = |u[P72u. For simplicity, we only consider the situation w = 1. As for the local existence
of solution for this problem, simulating the method put forward in [9], we can easily prove it by
using the contraction mapping principle. We omit it here.

Assume that u(t) € H} (). Let

Li(t) = mo|[Vu(t)|[3 — [[u(t)|2, (3.1)
I5(t) = mo| V()3 + b Va5 — Ju(®)II2, (3:2)
_1 2 b 2v+1) _ 1 P
J(t) = gmol Vu(t)llz + D) IVu(t)|; pHu(t)Hp- (3.3)
Now we define the energy of the solution u of (1.1)—(1.3) by
1
E(t) = §Ilu(t)||§ +J(1). (34)

For simplicity, we choose mg = 1. After some simple computation, we have E'(t) =

=0
—||Vu||3 < 0. That is to say, E(t) is a non-increasing function on [0, 00). Moreover, we have

the following lemma.

Lemma 3.1 Suppose that u is the solution of (1.1)—(1.3) and (A1) holds. Ifug € H}(Q) (N H%(Q),
uy € L*(Q), I (ug) > 0 and
2p =
_pr
a= B (p L 2E(0)) <1, (3.5)
then Vt > 0, I(t) > 0.

Proof Since I1(ug) > 0, it follows from the continuity of w(t) that
Ii(t) >0, (3.6)

for some interval near ¢ = 0. Let tyax > 0 be a maximal time (possibly tmax = 1), when (3.6)
holds on [0, tmax). From (3.1) and (3.3), we have

1 1 2p 1
Jt) > 2| Vull2 = Z||lu|? > === ||Vul||2 + =11 (1). 3.7
()_2|| ull3 pIIUIlp_p_2II UH2+p1() (3.7)

By the definition of E(t), we get

2p 2p 2p
V|3 < —=J() < E(t) < E(0). 3.8
Ivall < 220 < 2 p) < 2 B(0) (38)
Then, from the Poincaré inequality and (3.5), we obtain
IVullh < BY|Vully < af|Vull3 < [IVull3, ¢ € [0, tmax)- (3.9)

Thus, I1(t) > 0, t € [0, tmax). This implies that we can take tyax = 7. But, from (3.1) and (3.2),
we see that Io(t) > I1(¢), t € [0,T]. Therefore, we have I5(t) > 0, Vt € [0,T].
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Next, we want to show that ¢ = co. Multiplying (1.1) by —2Aw, and integrating it over {2,

we get

d
S{iaal—2 [ uaude} + 201 (17ulf) | 2ul?
Q

< 2| V|3 — 2/ lulP~uAudz. (3.10)
Q
Since 2E'(t) = —2||Vu.||3, multiplying (3.10) by £,0 < € < 1 and adding them together gives
d
EE*(t) +2(1 - 5)||Vut||§ +2eM (||Vu|\§) ||Au|\% < —25/ |u|P2uAudz, (3.11)
Q

where
E*(t) =2E(t) — 25/ usAudz + 5||Au|\§ (3.12)
Q

By Young’s inequality, we get [2¢ [, usAudz| < 2e[lugl|3 + §[|Aul|3. Hence, choosing e = £, we
see that

EX(t) > = ([luel3 + [Au]3) - (3.13)

(S

Moreover, we note that

2‘/ |u|p_2uAud:v‘ §2(p—1)/ |ulP~2|Vu|?dz
Q Q

<2(p = Dllul?2,, [ Vul,. (3.14)

where 01 + 03 = 61605. So we put 1 =1 and 6 =00, if N=1;0; =1+¢e1,Ve; >0,if N =2;
and 91 = %,6‘2 = %, lfNZ 3.
Then, by the Poincaré inequality, (3.8) and (3.12), we have

2| [ ulr~2usuda| < 2B (p — 1) Vudlb 1 Aul} < e B (1), (3.15)
Q

p—2

2

where ¢; = 10BY(p — 1) (%E(O)
Substituting (3.15) into (3.11), and then integrating it over (0,¢), we obtain
4 t t
E*(t)+ 5/ | Au(s)||3ds < E*(0) +/ a1 E*(s)ds. (3.16)
0 0

By Gronwall’s Lemma, we deduce E*(t) < E*(0)exp(cit), V& > 0. Therefore by continuity
principle, we have T = oo.
Taking 7 = 1 — a in (3.9), we have [[u(t)[[} < (1 —n)||Vu3, Vt € [0, 00).

Next, we declare the exponent decay estimates of the energy function as follows.
Theorem 3.2 Assume that I;(ug) > 0 and (3.5) holds. Then we have
E(t) < E(0)e” ™, (3.17)
where 7, is a constant.
Proof By integrating E’(t) = —||Vu||3 over [t,t + 1], we get

E(t) — E(t+1) = D(t)?, (3.18)
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where D(t)? = ft+1 [Vue||3dt. Thus, there exist 1 € [t,¢ + 1], t2 € [t + 3, ¢ + 1] such that

t

IVur(ta)ll3 = 4D(8)?, i =1,2.

Next, Multiplying (1.1) by u and then integrating it over Q X [t1, t2], we get

ta

2 1
{IVal + [Vl 30 — ||z}t

t1
t2 t2

= —/ / ugrudadt —/ / Vuy - Vudzdt.
tl Q tl Q

Then, by Holder inequality and Young’s inequality, from (3.2), we obtain

to ta
/ /Vut-Vud:z:dt’ g/ V||| Vel |t
t1 Q t1

By Holder inequality and Poincaré inequality, integrating (3.21) by parts, we have

to 2 t+1
[ [ wdote] < B2 Y (9wt e Vutella + B [ 9w
t1 Q i=1 t

So, we deduce

2

to
/ L()dt <BY Y [[Vu(ts) ||| Vu(t:) |2+
ty

i=1

t41 t2
A A T
t

t1

Furthermore, by (3.19) and (3.8), we have

Ve (t:) |2 Vulti)ll2 < c2D(t) sup  E(s)%,

t1<s<ts
and

ta
| IVl vulade < 200 s B,
ty

t1<s<ta

where ¢y = 2(%)1/2. Thus, we get

ta
/ L(t)dt < esD(t) sup E(s)* + B2D(t)?,

t1 t1<s<ts

where 3 = (2Bf + 3)c2. On the other hand, by the definition of E(t), we have

1
E(t) < 5llull3 + ea Vull3 + esa(t),

where ¢; = § — %, cy = % + ﬁ Integrating (3.27) over (t1,t2), we get
to 1 to to
[ Ewa <y [CulBatre [ R
t1 2 tl tl
and

to

/QE(t)dt < %%D(t)Q—i—%/ Ly(t)dt.

t1 t1

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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Next, Multiplying (1.1) (take f(u) = |u|P~2u) by u; and then integrating it over [t,t2] X Q,

we have "
E(t) = E(t2) +/t | Vu(t)]|3dt. (3.30)
Since ty —t; > 3, we get E(tg) <2 f t)dt. Thus, we have
2 t+1 ts
B(t) < 2/t B(t)at +/ IVu(t)|2dt = 2/ E(t)dt + D(t)?. (3.31)
1 t t1
So,
E(t) < cD(t)> + czD(t) sup E(s)?, (3.32)
t1<s<ta
where cg = (2¢5 + 1)Bf + 1, ¢7 = 2¢5¢3.
By Young’s inequality, we have
E(t) < cgD(t)?, (3.33)

where cg is a positive constant. Thus, Vt > 0, E(t) < ¢g[E(t) — E(t + 1)], here, ¢cg = max{cs,1}.
Then, by Lemma 2.4, we obtain

E(t) < E(0)" ™ te][0,00), (3.34)

where 7 = =2 The proof is completed. O

4. Blow-up of solutions and the life-span

In this section, we shall discuss the blow-up phenomena of problem (1.1)—(1.3). For simplicity,

we only consider the situation mg = 1,0 = 1.

Definition w is called the blow up solution of (1.1)-(1.3), if 3T* < oo such that

lim (/ |Vul|?dz)~! =0
t—=T*= Jqo

We define the energy function of the solution u of (1.1)—(1.3) by

1 1
B() = gl + 530" (IVu(®]) - [ Fa(®)de. ¢>0. (1)
Then we have .
- [ 19z 42)
Now, let u be a solution of (1.1)—(1.3) and define
a(t) = / u?dz +/ / |Vu|*dxdt, t > 0. (4.3)
Q Q
Then we have
a'(t) = 2/ uupdz + || Vull3. (4.4)
Q

0" (t) = 2|usl3 — 2M (|Vul3) [Vl +2 /Q f(wyuda. (4.5)
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By using Holder inequality and Young’s inequality, we easily obtain the following lemma.

Lemma 4.1 Suppose that (A1)—(A2) hold. Then we have

a’(t) —4(5 + 1)/

t
uidr > (—4 — 80)E(0) + (4 + 86)/ | Vg ||3dt. (4.6)
Q 0

Next, we consider three different cases on the sign of the initial energy E(0).
(i) If E(0) < 0, then by Lemma 4.1, we have a/(t) > a’(0) — 4(1 4+ 20)E(0)t, t > 0. Thus
Vt > t*, we have a'(t) > ||Vuo||3, where

._ a'(0) — [[Vuoll3
t —Inax{4(1+2—6)E(00)2, o}. (4.7)

(ii) If £(0) = 0, then V¢t > 0, we have a”(t) > 0. Moreover, if a’(0) > ||Vuo||3, then V¢ > 0,
we have a’(t) > ||[Vuol|3.
(iii) For the case that E(0) > 0, we first note that

Q/Ot/QVu-Vutdxdt_ Vu(t)]3 — || Vuol|3. (4.8)
By using Holder inequality and Young’s inequality, we have
IVu®)l3 < ||vu0|§+/0t IIVU(t)IgdtﬂL/Ot [V (t)[3dt. (4.9)
By using Holder inequality and Young’s inequality in (4.4) and by (4.9), we obtain
a'(t) < alt) + [ Vuoll + [luel3 + /Ot Ve (2)][3d2. (4.10)

Thus, we have a” (t)—4(5+1)a’ (t)+4(5+1)a(t)+ K1 > 0, here, K1 = (4+83)E(0)+4(5+1) || Vuol|3.
Let

Ky
b(t) = alt t . 4.11
(0 =alt) + 15 >0 (a.11)
Then b(t) satisfies (2.1). By (2.2), we see that if
/ K, 2
a’'(0) > r2|a(0) + G+D + | Vuol3, (4.12)

then a'(t) > ||[Vuo|3, t > 0.

Consequently, we have

Lemma 4.2 Assume that (Al)-(A2) hold and that either one of the following conditions is
satisfied:

(i) E(©) <0,

(i) E(0) =0 and a'(0) > | Vuo 3,

(iii) E(0) > 0 and (4.12) holds.
Then a'(t) > ||[Vugl|3, Vt > to. where tg = t* is given by (4.7) in case (i) and to = 0 in cases (ii)
and (iii).

Now, we find the estimate for the life span of a(t). Let

J(t) = (a(t) + (Ty — )| Vuol2) ™, te 0,71, (4.13)
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where T7 > 0 is a certain constant which will be specified later.
Then we have J'(t) = —8.J(t)'*3 (a/(t) — | Vuo|)3) and

J'(t) = —5J(®)TEV (). (4.14)

where
V() = a"(t) (alt) + (T — )| Vuol|3) — (1 +6) (a/(t) — | Vuol3)”. (4.15)

For simplicity of calculation, we denote that P = [, u*dz, Q = fot [Vu(t)|3dt, R = [, uidz and
S = f(f |V (t)]|3dt. Thus, we get

d'(t) <2 (VRP +V/Q5) + || Vuol3. (4.16)
By Lemma 4.1, we have
a’(t) > (-4 —8H)E(0) +4(1 +6)(R+ S). (4.17)

Then, we obtain
V(t) > [(—4 =89 E(0) + 4(1 + 6)(R + 9)] (a(t) + (Ty — 1)|[Vuoll3) —
41+ 6) (VRP + \/@)2.
By (4.13), we have
V(t) (=4 —88)E(0)J(£)5 +4(1 4 6)(R + S)(T1 — t)||Vuol|2+
401 +6)[((R+S)(P+Q) - (\/ﬁ+ \/@)2}
By Schwarz inequality, we get

V(t) > (=4 —85)E(0)J(t)"3, t> t. (4.18)

Y%

Therefore, we get
J"(t) < 5(4+88)E(0)J ()5, t >t (4.19)

Note that by Lemma 4.2, J'(t) < 0, t > to. Multiplying (4.19) by J'(¢) and integrating it from
to to t, we have J'(£)2 > a4 BJ ()25, t > to. Where
o = 821 (t0)*" [ (@ (to) — | Vuoll3)* — 8E(0) I (to) ¥, (4.20)

B = 852E(0). (4.21)

(' (to)=[IVuol3)*
alto)+(Ti—to)[[Vuo 3]
Then by Lemma 2.3, there exists a finite time T* such that lim;_, .- J(¢) = 0 and the upper

We observe that o > 0 if and only if E(0) < g

bounds of T* are estimated respectively according to the sign of E(0). This will imply that
limy 7 { [, u?dz + f(f [Vu|[3dt}~1 = 0. Thus by Poincaré inequality, we deduce

lim (/Q|Vu|2dx>7120. (4.21)

t—T*—

So, we have our results as follows.
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Theorem 4.3 Assume that (A1)-(A2) hold and that either one of the following conditions is
satisfied:

(i) E(©) <0,

(ii) E(0) =0, and a’(0) > ||[Vuogl|3,

(o (to) =V uol3)*
(iif) 0 < E(0) < sy m—w)l vaola]

Then the solution u blows up at finite time T*. And in case (i), we have T* < ty —

and (4.12) holds.

J(to)
J'(to) *

. . — T e N
Furthermore, if J(to) < min{l,,/-%3}, then we have T* <ty + /=5 In 7= ) In case (ii),
« . 3541 s,
T*gto—%orT*gtm—%. In case (iii), T §J\(/t£) or T* < to + 2°% \‘j—a{l—[1+

cJ(to)] % }, where ¢ = (ﬁ)%é, here o and [ are in (4.20) and (4.21), respectively.

[e3%

Remark The choice of T in (4.13) is possible under some conditions.

2
(i) In the case E(0) = 0, we can choose T} > %. In particular, we choose T} =
1 2

lluoli2 . lluo 12
—2 . then we get T* < —ogti2 .
B2 ui]Z’ & S B3

(ii) In the case E(0) < 0, we can choose Ty as in (i) if [, upurdz > 0 or Ty > ¢* — j,((tt**)) if
fQ uourdr < 0.
(ili) For the case E(0) > 0. Under the condition E(0) < min {k1, k2}, here
(1 +0)[a’(0) = r2a(0) — (r2 + D)||Vuoll3] , _ [4(Jguowadz)* —1][0 — [Vuo|3]

k= k
! r2(1 + 26) r2 86| Vuo| 2 ’

if || Vugl|3 < 8, T is chosen to satisfy k3 < T < Ty, here

[|uoll hy — 4( [q uourdz)® — 8E(0)[luol3 — 1

T 5 [Vuol3’ 8E(0)[[Vuol

Therefore we have T'< T* < k3 .
V/4(J, wourdz)?—8E(0)ks

k3
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