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Abstract In this paper, we discuss the G-decomposition of AK, into 6-circuits with two chords.
We construct some holey G-designs using sharply 2-transitive group, and present the recursive
structure by PBD. We also give a unified method to construct (G-designs when the index equals
the edge number of the discussed graph. Finally, the existence of G-GDx(v) is given.
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1. Introduction

Let K, be a complete graph with v vertices, and G=(V(G), E(G)) be a finite simple graph.
A G-decomposition (or G-design) is a pair (X, B), where X is the vertex set of K, and B is a
collection of subgraphs of K, called blocks, such that each block is isomorphic to G and any edge
of K, occurs in exactly A blocks of B. For simplicity, such a G-design is denoted by G-G D (v).

Obviously, the necessary conditions for the existence of a G-GD(v) are
v > |V(G@)], Aw(v—1)=0 mod 2|E(G)|, M(v —1) =0 mod d, *

where d is the greatest common divisor of the degrees of the vertices in V(G).
Let Ky n,,....n, be a complete multipartite graph with vertex set Ule X;, where these X;
are disjoint and | X; |= n;, 1 < i < t. For a given graph G, a holey G-design, denoted by G-

HDjy(ning - --ny), is a pair (X, B), where X is the vertex set of Ky, n,,...n, and B is a collection

t

of subgraphs of K, n,....n, called blocks, such that each block is isomorphic to G and any edge

of Kp, ns,...n, occurs in exactly A blocks of B. When the multipartite graph has a; partite of
size g; 1 < i < r, the holey G-design is denoted by G-HDy(g1**g2%* ---¢-*"). For A = 1, the
index 1 is often omitted. A G-HDy(1°w?) is called an incomplete G-design, denoted by G-
ID)(v + w,w). Obviously, a G-GDx(v) can be regarded as a G-HDy(1"), a G-IDx(v +0,0) or
a G-IDy((v —1) +1,1).

From [2], there are 6 graphs—6-circuit with two chords, which are listed below:
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Q Q a a a Q
b f b f b f b b f b f
c C c C c e c e c e c e
d d d d d d
C 1 C! 2 C 3 C'4 C5 CG

Figure 1 Graphs—©6-circuit with two chords

For convenience, all graphs above are denoted by (a, b, c,d, e, f).

For A =1, we have solved the existence of graph designs for these graphs.

Lemma 1.1 For graph Cy,, 1 < k < 6, there exists a G-GD(v) if and only ifv = 0,1 (mod 16)
and v > 16.

The graph design C1-GDy(v) for A > 1 has been completed in [5]. In this paper, we shall
focus on the left five graphs for A > 1, i.e., C%,2 < k < 6.

By (*), we need discuss the following v and A:
A=2,v=0,1(mod8); A=4, v=0,1(mod4); A=38, v>6. (**)
Our main conclusions will be:

Theorem 1.2 The necessary conditions for the existence of C-GDy(v), 2 < k < 6, are also
sufficient.

The following definition and lemmas are important for our constructing methods in this
paper.

A pairwise balanced design B[K, 1;v] is a pair (V, B), where V is a v-set (point set) and B is a
family of subsets (blocks) of V' with block sizes from K such that every pair of distinct elements
of V occurs in exactly one block of B. When K = {k}, B[K, 1;v] = B[k, 1;v] is just a balanced

incomplete block design.

Lemma 1.38]

Let G be a simple graph, K be a set of positive integers, and m,u,v, A, u be
positive integers.

(1) If there exist a B[K,1;v] and a G-HDy(m*) for each k € K, then there exists a G-
HD,\(m”).

(2) If there exists a G-HDx(m"), then there exists a G-HDy,(m").

Lemma 1.4 Let G be a simple graph, and h,m,n, X be positive integers, w > 0.

(1) If there exist a G-HDy(m"), a G-IDy(m +w,w) and a G-GDy(m+w) (or G-GDx(w)),
then there exists a G-GDy(mh + w).

(2) If there exist a G-HDy(m"n'), a G-IDx(m + w,w) and a G-GDy(n + w), then there
exists a G-GDx(mh +n + w).

Lemma 1.5 Let m be a positive integer, ¢ = 3,4,5, w = 0,1 and i = 1,2. If there exist a
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G-HD3(m?) and a G-GD3(im + w), then there exists a G-GDz(v) for v = 0,1 (modm) and

v >m.
Note. The above lemma is just the modified version of Theorem 2.2.7 in [4].

Lemma 1.6 Let positive integer w < 8, ¢=3,4,5 and t € {1,2,6,8}. If there exist a G-H D (8%),
a G-ID)\(8 + w,w) and a G-GD) (8t + w), then there exists a G-GD)(v) for v = w (mod 8) and
v > 84+ w.

Proof Let v = 8+ w, t > 1. From [1], there exists a B[{3,4,5},1;t] for any ¢ > 3, ¢t # 6,8.
Hence, by Lemma 1.3(1), there exists a G-H D(8") for any t > 3, t # 6,8, from the existence
of G-HD)(89) for ¢ = 3,4,5. Furthermore, by Lemma 1.4(1), there exists a G-GD (8t + w) for
any t > 3, t # 6,8, from the known G-ID»(8 + w,w) and G-GDx(8 + w). Adding the given
G-GD)\ (8t + w) for t = 1,2,6,8, we obtain the conclusion. O

2. Construction of HD via sharply 2-transitive group

Let H be a transformation group acting on the n-set N. For any two ordered 2-subsets (z, y)
and (2/,y’) from N, if there exists unique £ € H satisfying (£x,y)=(2',y’), then H is called a
sharply 2-transitive group on N.

Lemma 2.1% Let F, be a finite field, where q is a prime power. Then, for the multiplication

of transformations, all linear transformations on Fy
fea:xr—cr+d Vo € F,
form a sharply 2-transitive group on Fy: Ly = {fca:c € F}, d € Fy}.

Lemma 2.2 Let G be a graph with 2e edges. If
(1) There exists a mapping f (i.e., vertex labeling) from its vertex set V(G) to the set Za,
such that the induced mapping on its edge set (i.e., edge labeling)

oo Azyy — 1f (@) = f)] Hz,y} € E(G)

satisfies { f*{z,y} : {z,y} € BE(G)} = {1,1,2,2,...,e — 1,e — 1} |U{0, e}, where |f(z) — f(y)| =
fly) = f(2) i 0 < f(y) = f(2) <eand |f(z) = f(y)| = f(x) = f(y) if e < fly) = f(2) <2

(2) G is g-vertex-colorable (the coloring set is Q);

(3) There exists a sharply 2-transitive group on @,
then there exists a G-H Dy((2€)?), where ¢ is a prime power.

Proof We will construct a holey-design G-H D2((2€)?) on Zs. X @, where the set of partites is
{Z2e x{i} : i € Q} and Q is just the g-vertex-coloring set. Denote the g-vertex-coloring of G by
C, and the graph is labeled according to condition (1) by B. Let Ly be the sharply 2-transitive
group on Q. Then (B,C) = {(f(z),C(z)) : + € V(G)} mod (Zs., Ly) forms the block set of
G-HD((2e)7).

In fact, since C is a g-vertex-coloring graph, the differences in the base blocks are all mixed
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differences between distinct holes (not pure difference in the same hole).

The mixed differences between two distinct holes are 0,4+1,+2,...,+(e — 1) and e. In the
block B, each edge valuation of {1,2,...,(e — 1)} appears exactly two times and each edge
valuation of {0, e} appears exactly once. Under the acting of the sharply-2 transitive group L,
each edge (z,y) of C takes each ordered pair from @ exactly once. Therefore, in the base blocks
each mixed difference in {0,e,£1,42,...,+(e — 1)} between any two distinct holes appears

exactly two times. This completes the proof. O
Lemma 2.3 For graph G € {C} : 2 < k < 6}, there exists a G-H Dy (8%) for ¢ = 3,4, 5.

Proof For each graph G(a, b, ¢, d, e, f), we will construct the desired G-H D2 (8%) on X=Z3 x Z,
with partites Zg x {z},z € F,. By Lemma 2.2, we need only to construct the corresponding

vertex labeling and vertex coloring, which are listed below.

Cy: B =(0,1,4,5,3,3), C =(0,1,2,1,0,2); C3: B = (2,4,4,0,1,3), C = (0,1,2,1,0,2);

Cy: B=1(0,1,4,6,6,2), C =(0,1,0,2,1,2); C5: B=(0,1,5,2,3,3), C = (0,1,2,1,0,2);

Cs: B=1(0,1,5,2,3,3), C =(0,1,2,1,0,2). O
3. A =2

In this section, by (xx), the scope of order v for the existence of G-GDz(v) is v = 0,1 (mod 8).
By the known holey designs and recursive constructions in Sections 1 and 2, it is enough to

construct a few GDs with index 2 for some small orders.
Lemma 3.1 For graph G € {Cy : 2 < k < 6}, there exists a G-GDy(v) for v € {8,9,16,17}.

Proof For v € {8,9}, we list vertex set and blocks below.
v=28: X=Z7J{oc}, modT.
Cy:(0,1,2,6,00,5), C5:(1,0,00,6,2,3), Cy: (1,0,6,2,00,3), Cs : (0,0,2,6,3,1),
Cs : (2,6,00,0,1,3).
v=29: X=27y, mod?9.
Cy: (0,1,2,8,3,7), C3:(1,0,4,8,2,3), Cy:(1,0,82,7,3), Cs:(6,0,2,8,3,1),
Co: (2,8,5,0,1,3).
v = 16,17: The designs can be obtained by Lemmas 1.1 and 1.3(2). O

Theorem A For graph G € {Cy, : 2 < k < 6}, there exists a G-GD3(v) <= v = 0,1 (mod 8)
and v > 8.

Proof The conclusion holds by Lemmas 1.5, 2.3 and 3.1. O

4. A =14

In this section, by (xx), the scope of order v for the existence of G-GD4(v) is v =0, 1 (mod 4)
and v > 8. By the known G-designs, holey designs and recursive constructions in Section 1-3, it

is enough to construct a few GDs and I Ds with index 4 for some small orders.
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Lemma 4.1 There exists a Co-ID2(8 + w,w). Further there exists a Ca-1Dy4(8 + w,w) for

w = 4,5, too.

Proof For w € {4,5}, we list vertex set and blocks below.
w=4: X=Zg|J{A,B,C,D}.

(67573707771))7
(77 25 A7 35 47 C)v
(6757A7 17370)7

(5,4,A4,1,0,D), (5,3,2,1,D,7), (6,4,3,C,5,0), (3,0,4,7,6,C),
(7’47372’670)7 (7’574’B’67 ]‘)’ (0725071’471))7 (3’27371’671))7
(7,3,B,5,C,1), (2,0,7,6,A,4), (4,2,1,D,3,6), (3,1,0, 4,2,5).

w=>5: X=73\J{A,B,C,D, E}.

6,A,7,1, B,0),
6,C,7,2,D,3
5,C,3,2,E,6
0,B,3,1,D,6),

);
)

3

(
(
(
(

(5,A,1,4,E,3), (3,A,7,4,C,2), (4,A,6,3,D,1), (4,D,7,5,F,2),
(1,C,0,3,E,7), (6,D,5,0,A4,4), (1,F,6,2,A,5), (2,B,7,0,E,1),
(2,B,6,1,C,5), (2,C,4,5,D,0), (2,0,5,4,3,1), (0,F,7,5,B,4),
(3,B,4,0,D,7).

Lemma 4.2 For graph G € {Cy, : 3 < k < 6}, there exists a G-1D4(8 + w,w) for w = 4,5.

Proof For w € {4,5}, we list vertex set and blocks below.
w=4: X=Zg|J{A,B,C,D}.

031

Cy:

051

065

A,4,0,B,1,5),
0,3,6,D,4,C),
C,1,4,D,2,7),
A,4,B,0,1,5),
3,1,D,0,2,C),
C,1,7,5,D,3),
A,4,0,B,1,5),
3,C,2,0,D,1),
C,2,4,D,6,0),
4,1,A,0,B,5),
0,C,1,D,4,2),

(
(
(
(
(
(
(
(
(
(
(
(1,4,C,6,D,7),

(C,2,1,D,3,5), (A,0,6,4,2,7) mod8;
(1,3,5,C,7,D), (C,2,5,7,D,0), (0,6,1,C,3,D),
(6,4,2,D,5,C).

(C,2,D,0,3,5), (A,0,B,3,4,7) mods8;
(0,6,C,7,1,D), (C,0,6,4,D,2), (2,4,C,5,3,D),
(4,6,D,7,5,0).

(C,2,0,D,3,5), (A,0,3,B,4,7) mod8;

(
(
(
(

65077’17D70 Y (05173’D’577)’ (5705472’D’3)7

)
)
4,0,5,7,D,6).
5,2,C,7,D,3), (2,0,4,3,B,7) mods§;

5.C,3,D,2,7), (5,0,C,2,D,3), (1,C,5,D,6,3),
)

(4,C,7,D,0,6).

w =5 X=2Zs\J{A,B,C,D,E}.

Cs

Cy:

051

Cs

:(0,A4,4,FE,3,2),
(4,FE,0,7,6,5),
(1,D,7,C,5,3),
(0,4,2,3,C,1),
(0,D,1,7,C,6),
(3,C,2,0,D,1),
(4,A,1,5,B,0),
(6,C,7,1,D,0),
(3,C,2,0,D,1),

:(A,0,D,2,E, 1)

(0,D,5,2,6,3), (B,0,1,C,4,2) mod8;
(7,E,3,4,5,6), (0,D,3,C,1,6), (6,C,5,D,2,4), (3,E,7,0,1,2),
(C,0,D,7,5,2), (C,7,2,D,4,1), (0,C,4,D,6,3), (0,F,4,3,2,1).
(0,B,1,4,D,3), (0,E,2,5,1,4) mod8§;

(
(
(C,2,D,4,6,0), (2,D,3,5,C,4), (7,6,5,4,2,0), (C,3,D,5,7,1),
(4,C,5,7,D,6), (6,7,0,1,3,5), (4,3,2,1,7,5), (1,2,3,4,6,0).
(E,0,3,D,4,7), (C,0,3,E,4,7) mod8;

(C,1,3,D,5,7), (5,C,4,2,D,3), (4,C,5,7,D,6), (A,2,4,B,6,0),
( ) (

B,2,4,4,6,0), (C,2,4,D,6,0), (B,1,7,4,5,3), (A,1,7,B,5,3).

, (B,0,D,4,E,3), (C,0,3,5,6,4) mods8;
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(4705173,277)’ (55076,271’0)7 (6’3705274’ 7)7 (1,B’673,577)’ (0537374,177),
(2,B,5,4,6,0), (3,A4,6,5,7,2), (6,5,4,7,0,1), (0,A4,1,2,5,4), (6,4,3,0,5,1). a
In what follows, for a block B, B x m means m times of the block B for m > 0.

Lemma 4.3 For graph G € {C}, : 2 < k < 6}, there exists G-GD4(v) for v € {12,13,20,21, 52,
53,68, 69).

Proof For v € {12,13,20,21,52,53,68,69}, we list vertex set and blocks below.
v=12: X = Z1; | J{oo}, mod 11.
Cy:(0,3,10,8,00,9) x 2, (1,0,5,8,3,4); Cs: (10,1,00,2,0,4) x 2, (4,0,3,6,1,5);
Cy:(0,0,9,3,5,1) x 2, (5,0,4,3,9,1); C5 : (00,0,4,2,10,1) x 2, (4,0,6,10,7,1);
Cs : (10,2,00,1,0,4) x 2, (6,10,3,0,1,7).
v=13: X = Zy3, mod 13.
Cy:(0,1,5,8,2,6) x 2, (0,12,10,7,9,11); C5: (12,1,8,2,0,4) x 2, (4,0,3,6,1,5);
Cy:(7,0,11,3,5,1) x 2, (5,0,4,3,11,1); C5: (7,0,4,2,12,1) x 2, (4,0,8,12,9,1);
Cs:(12,2,8,1,0,4) x 2, (8,12,3,0,1,9).
v=20: X = Zy9J{oo}, mod19.
Cy:(4,0,2,9,16,8), (2,0,8,9,14,5) x 2, (5,2,11,00,10,9
C3:(2,0,1,9,8,4), (00,10,5,14,8,11) x 2, (4,0,7,14,6,9
Cy:(2,0,3,6,10,4), (00,10,1,8,3,11) x 2, (9,0,3,7,13,8) x 2;
Cs:(0,5,9,16,11,7), (00,10,1,7,3,11) x 2, (0,3,12,11,5,8) x 2;
Cs:(0,4,12,6,7,8), (2,10,00,11,4,1) x 2, (0,5,3,6,11,7) x 2.
v=21: X = Zy, mod21.
 (
 (

) X 2;
) X 2;

Cy: (5,2,11,0,10,9) x 2, (2,0,8,9,14,5) x 2, (4,0,2,9,16,8);
Cy: (0,10,5,14,8,11) x 2, (4,0,7,14,6,9) x 2, (2,0,1,9,8,4);
Cy:(0,10,1,8,3,11) x 2, (9,0,3,7,13,8) x 2, (2,0,3,6,10,4);
Cs:(0,10,1,7,3,11) x 2, (0,3,12,11,5,8) x 2, (0,5,9,16,11,7);
Cs: (2,10,0,11,4,1) x 2, (0,5,3,6,11,7) x 2, (0,4,12,6,7,8).
v=>52: X = Z5; | J{oo}, mod 51.

Oy : (7,19,27, 00,26,8) x 2, (25,0,6,7,20,13) x 2, (14,0,21,6,9,4) x 2,
9,0,24,14,5,23) x 2, (22,0,17,6,23,3) x 2, (2,0,25,9,3,24) x 2,
8,0,4,20,18,16);
23,0,16,2,7,13) x 2, (20,0,18,1,13,22) x 2, (00, 26,17,41,16,27) x 2,
97,6,26,7,28,9) x 2, (17,14,7,30,6,0) x 2, (12,0,15,30,5, 16) x 2,
2,0,1,9,8,4);
0,26,1,13,2,27) x 2, (10,0,15,23,17,24) x 2, (24,0,16,21,9,22) x 2,
4,0,19,20,5,21) x 2, (23,0,9,22,4,18) x 2, (17,0,7,19,9,20) x 2,
2,0,3,6,10, 4);
3,27,4,16,1,13)
0,21,1,22,9,19)
0,5,11,18,13,7);

03:
041

Cs (00,26,15,24,2,27) x 2, (0,9,5,24,1,25) x 2,

X 2,
x 2, (22,0,16,19,33,15) x 2, (11,08,7,25,5) x 2,

AN N N N N N /N N /N N N/
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Cs

Cy

Cs

Cs

v = 68
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2,26,00,27,3,1) x 2, (0,23,4,22,1,15) x 2, (0,20,7,18,1,16) x 2,
0,17,4,6,26,7) x 2, (0,5,17,7,30,14) x 2, (0,12,33,11,6,3) x 2,
(0,4,12,6,7,8).

(
(

v=1>53: X = Z53, mod53.

1 (7,19,27,0,26,8) x 2, (25,0,6,7,20,13) x 2, (14,0,21,6,9,4) x 2,
(9,0,24,14,5,23) x 2, (22,0,17,6,23,3) x 2, (2,0,25,9,3,24) x 2,
(8,0,4,20,18,16);

£ (0,26,17,41,16,27) x 2, (23,0,16,2,7,13) x 2, (20,0,18,1,13,22) x 2,
(27,6,26,7,28,9) x 2, (17,14,7,30,6,0) x 2, (12,0,15,30,5,16) x 2,
(2,0,1,9,8,4);

£ (0,26,1,13,2,27) x 2, (10,0,15,23,17,24) x 2, (24,0,16,21,9,22) x 2,
(17,0,7,19,9,20) x 2, (4,0,19,20,5,21) x 2, (23,0,9,22,4,18) x 2,
(2,0,3,6,10,4);

: (0,26,15,24,2,27) x 2, (3,27,4,16,1,13) x 2, (22,0,16,19,33,15) x 2,
(0,21,1,22,9,19) x 2, (0,9,5,24,1,25) x 2, (11,08,7,25,5) x 2,
(0,5,11,18,13,7);

£ (2,26,0,27,3,1) x 2, (0,23,4,22,1,15) x 2, (0,20,7,18,1,16) x 2,
(0,17,4,6,26,7) x 2, (0,5,17,7,30,14) x 2, (0,12,33,11,6,3) x 2,

,4,12,6,7,8).

Cs

031

Cy:

051

Cs

Cs

C3

(0
: X = Zg7r | J{oo}, mod 67.

9,2,35,00,34,19) x 2, (7,1,31,1,29,32) x 2, (11,6,38,7,6,34) x 2,
0,12,21,7,15,29) x 2, (13,11,29,2,9,0) x 2, (20,19,42,13,26,0) x 2,
24,22,12,17,20,0) x 2, (21,25,6,17,18,0) x 2, (16,0,8,40, 46, 32);
00,35,16,6,2,34) x 2, (31,0,18,7,30,8) x 2, (35,6,15,33,0,11) x 2,
38,10,23,7,0,17) x 2, (

26,0,27,2,25,20) x 2, (16,0,32,4,30,19) x 2, (2,0,1,9,8,4);
00,34,1,32,2,35) x 2, (

14,0,12,24,3,25) x 2, (8,0,5,28,14,7,) x 2, (5,0,11,26,2,32) x 2,
17,0,16,31,2,21) x 2, (13,0,9,22,6,23) x 2, (2,0,3,6,10,4);
00,34,15,20,2,35) x 2, (3,35,17,23,0,14) x 2, (20,0,31,3,2,30) x 2,

)

30,0,29,6,32,22) x 2, (31,0,15,1,26,19) x 2, (0,5,11,18,13,7);
2,34,00,35,9,7) x 2, (31,0,29,2,34,1) x 2, (0,28,5,24,49,25) x 2,
0,22,1,19,6,18) x 2, (7,0,10,21,6,23) x 2, (0,12,38,10,1,21) x 2,
(0,15,28,6,37,7) x 2, (20,0,16,5,3,17) x 2, (0,4,12,6,7,8).

AN N N N N N N N N N N /N /N

v =69: X = Zgg, mod 69.

£ (9,2,35,0,34,19) x 2, (7,1,31,1,29,32) x 2, (11,6,38,7,6,34) x 2,
(0,12,21,7,15,29) x 2, (13,11,29,2,9,0) x 2, (20,19,42,13,26,0) x 2,
(24,22,12,17,20,0) x 2, (21,25,6,17,18,0) x 2, (16,0,8, 40, 46, 32);

: (0,35,16,6,2,34) x 2, (31,0,18,7,30,8) x 2, (35,6,15,33,0,11) x 2,

9,0,21,45,14,12) x 2, (15,27,12,34,14,0) x 2,

32,0,28,18,38,29) x 2, (19,0, 26,20,2,27) x 2,

27,0,22,18,31,15) x 2, (5,3,30,13,38,29) x 2, (24,0,32,16,36,3) x 2,

YUAN L D
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15,27,12,34,14,0) x 2,
2,0,1,9,8,4);

3

38,10,23,7,0,17) x 2, (9,0,21,45, 14,12
26,0,27,2,25,20) x 2, (16,0,32,4,30,19

)% 2, (

)% 2, (
0,34,1,32,2,35) x 2, (32,0,28,18,38,29) x

X 2

X 2

3

( 2
( 2

Cy:( 2, (19,0,26,20,2,27) x 2,

(14,0,12,24,3,25) x 2, (8,0,5,28,14,7,) x 2, (5,0,11,26,2,32) x 2,
(17,0,16,31,2,21) x 2, (13,0,9,22,6,23) x 2, (2,0,3,6,10,4);

Cs : (0,34,15,20,2,35) x 2, (3,35,17,23,0,14) x 2, (20,0,31,3,2,30) x 2,
(27,0,22,18,31,15) x 2, (5,3,30,13,38,29) x 2, (24,0,32,16,36,3) x 2,
(30,0,29,6,32,22) x 2, (31,0,15,1,26,19) x 2, (0,5,11,18,13,7);
(2,34,0,35,9,7) x 2, (31,0,29,2,34,1) x 2, (0,28,5,24,49,25) x 2,
(0,22,1,19,6,18) x 2, (7,0,10,21,6,23) x 2, (0,12,38,10,1,21) x 2,

(

0,15,28,6,37,7) x 2, (20,0,16,5,3,17) x 2, (0,4,12,6,7,8). O

Cﬁi

Theorem B For graph G € {C}, : 2 < k < 6}, there exists a G-GD4(v) <= v = 0,1 (mod 4)
and v > 8.

Proof The conclusion holds by Lemmas 1.6, 2.3 and 4.1-4.3. O
5. A=38
5.1 A constructing method for A = |E(G)|

Let G be a connected graph, |V(G)| = m and |E(G)| = e. Consider the graph design G-
GD.(v) = (X,B). Let n = 2[5] — 1, which is odd. The vertex set X is denoted by Z, for odd

v or Z, U {oo} for even v. The block set consists of n - 251 or n - 24 blocks. Let us construct

2
21 (for odd v) or 2#L (for even v) base blocks as follows.

Step 1. Define a mapping from Z, to {1,2,...,251}: a — (2a), where (t) = ¢ (if t < 251) or
n—t(ift> "T_l) Then, the integers 1,2, ..., "T_l are partitioned into equivalent classes, each
of which forms a cycle. The cycle contains the integer a (1 < a < "T’l) and its length is denoted
by (a) and I(a) respectively, where the length s = I(a) is the minimal positive integer satisfying
a-2% = +a (modn). Obviously, I(a) < (1) for 1 < a < 271, All the cycles form a graph H,,

which is 2-regular.

Step 2. For any a € [1,25] and I(a) > 3, take an injection f from V(G) to M = {ma :
—n-l < m < 221} such that for any edge {z,y} € E(G), the integer (f(z) — f(y)) is in the
cycle (a). Note that f is an injection if and ounly if f(z) # f(y) for any x # y € V(G). When
|[V(G)| < 7, the set M may be restricted to the 7-set: {—2a,—a,0,a,2a}|JT, where T' = {3a,4a}
or {—3a,—4a}, or {3a,—3a}, or {4a,—4a}. Then, for  # y € V(G), the equation f(z) = f(y)
holds only for the following cases:

1° 0=43a, £a==4a, +a=F2a, *+2a = F4a, 3a = —3a,

= n =3a, l(a) =1 and (a) is the unique 1-cycle;
2° +a=F4a, *+2a=F3a,
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= n =5a, l(a) =2 and (a,2a) is the unique 2-cycle.
Furthermore, there is another related case
3° n = 15a, there is a unique 1-cycle (5a) and a unique 2-cycle (3a, 6a).

Therefore, we only need to discuss the four cases:

Case 1 ged(n,15) = 1, and the length I(a) > 3 for any cycle (a) in H,,. The injection f here
gives a base block B,. But the base blocks B, (1 < a < "T_l) will cover all differences in Z,, e
times. In fact, let the cycle (a) be (a,2a,4a, . ..,2° ta) and each 27a, as edge-value (f(x)— f(y)),
appear i; times in the base block B, where 0 < j < s—1 and Zj;é i; = e. Then, all the edges

in By, Bag, ..., Bys—1, will take edge-values as follows.
a 2¢ 2%a --- 2572 257 1g
B, 9 11 2 v lg_2 151
Bay |51 G0 1 o 1s3 g2
Bgs-1, i1 19 i3 - Ts_1 ig

Table 1 Difference distribution

Thus, the base blocks By, Bag, . .., Bys—1, corresponding a,2a, . ..,2° la in the cycle (a) cover

the differences a,2a,...,2° 'a e times.

Case 2 n =3band b # 0 (mod5), there is a unique 1-cycle (b).

Case 3 n =5band b # 0 (mod 3), there is a unique 2-cycle (b, 2b).

Case 4 n = 15b, there are a unique 1-cycle (5b) and a unique 2-cycle (3b, 6b).

Step 3. For the Cases 2, 3 and 4, the method stated in step 2 cannot be used for 1-cycle or
2-cycle because, replacing a by b, 2b, 3b, 5b or 6b, the number of the available integers in the
set M is less than six. We may change a few base blocks in A corresponding to cycle (1) (or b
when n = 15b) and add some base blocks relating to the elements b, 2b, 3b, 5b, 6b. Note that
the edges in these changed and added base blocks belong not yet to one cycle (but two or three
cycles).

Step 4. For odd order v, the graph design G-G D, (v) will be obtained after Steps 2 and 3. For
even order v = n + 1, we need to add one vertex co to the vertex set Z,, to change some base

blocks in A corresponding to cycle (1), and to add some base blocks containing oo.
Lemma 5.1 There exists a Ci-GDg(v) for v > 6, k = 4,5,6.

Proof Using the method mentioned above, we list the following table. First, the base block B,
for odd v and I(a) > 3, i.e., case 1 (odd), is given in the first row. The vertex sets are obviously
in {0, +a,+2a} JT pointed in Step 2. We denote A = {B, : 1 < a < 251} for the B, listed in
the first row, then the base blocks for other cases will be uniformly denoted as (A\C)JC' UD,
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where C is a few base blocks in A like By, Bo, B4 or By, By, . . ., which is changed to C’ (denoted
by —), and D is a few added base blocks.

Cy Cs Cs
odd v A (a,0, 2a, 4a, 3a, —a) (—a,a,3a,4a,2a,0) (—2a,0,a, —a, 3a, 2a)
Case 1
odd v C B, B, B
Case 2 D’ (=b,0,2,1,b+1,b) (2b,b,b+2,2b+2,2,0) (=2,2,b4+2,b—2,0,0)
n = 3b (=b,0,2,4,b+4,b) (2,1,b+1,b+2,b,0) (0,2b,2b+1,1,b+1,b)
oddv | C Bi, Bs Bi, Bs By, Bs
Case3 | D | (3ib,0,2i,44,ib+4i,ib) | (=2,0,b,b+1,b+2,2) x2 | (ib, 3ib, 3ib + i, ib + 4, 4, 0)
n = 5b (3ib, 0, 2i, i, ib + 4, ib) (2b,0,4,2b + i, 4b +i,4b) | (24, —2i,ib — 2i, ib + 24, b, 0)
i=1,2 i=24 i=1,2
odd v ¢ By By By
Case4 | D | (2b,—b, —3b, —5b,0, 5b) (3b, 6b, 11b, 8b, 5b, 0) (3b, b, 13b, 7b, 12b, 0) x 2
n = 15b (6b, 0, 9b, 3b, b, —3b) (2b, 3b, 8b, 7b, 5b, 0) (—5b, —6b, 4b, b, 6b, 0)
(9,0, —5b, 5b, 2b, 3b) (2b, 5b, 11b, 8b, 6b, 0) (—5b, —3b, 7b, b, 6b, 0)
(6b, 0, —5b, 5b, 4b, 3b) (—b, 5b, 11b, 12b, 6b, 0, )
Table 2 Some blocks of Cy-GDsg(v),k = 4,5,6, for odd v
04 05 CG
even v c’ B;:0— o0 B;:(i=1, 2) By :—1— o0
Case 1 0 — o By :2 —
D 0,00,2,3,—-1,1) (00,-1,0,4,2,1) (0,2, -2,00,3,4)
even v C B, B1 By
Case 2 D (=b,00,2,4,0,b) X 2 (2b,b,00,3,1,0) x 2 (=b,b,b+2,00,4,0) x 2
n=3b (=b,0,2,1,b+1,b) (1,2,b+2,00,b,0) (1,0,b,b+ 1, 00,2)
even v D (b, 0, 3b,4b, 0, 2b) x 2 (3b,4b,2b,b,0,00) x 2 (o0, 4b, 2b,3b, b,0) x 2
Case 3 (0, 00, 3b, b, 4b, 2b) (00, b, 3b, 2b, 0, 4b) (0, 3b, b, 4b, o, 2b)
n = 5b
even v D (00, 0, 9b, 3b, 8b, 5b) x 4 (o0, 8b, 5b, —5b, 0, 3b) X 2 (—5b, 5b, 00, —2b, 3b,0) x 2
Case 4 (00, 12b, 9, 3b, 0, 6b) (0, 9b, 12b, 6b, 00, 3b) x 2
n = 15b

Table 3 Some blocks of Cy-GDs(v),k = 4,5,6, for even v

In what follows, we point out some facts:

1) Obviously, the necessary condition for the existence of a Cy-GDg(v), k = 4,5,6, is v > 6.
In addition, let n = 2[ ] — 1. Then we have n > 7, n > 9, n > 25 or n > 15 for odd v or even v
in Case 1, 2, 3, 4, in which n = 2[5] — 1> 5 for even v in Case 3.

2) For Case 2 (n = 3b,0dd b, b > 3, b £ 0 mod5). Consider the blocks containing b.

We know that the vertex-values are obviously distinct each other for odd v or even v with the
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exception (b,Cy) = (3,C5) and even v. Here is C5-GDg(10) = (X, B), where X = Zy|J{oo},
B: (4,2,6,1,3,00) x 2, (1,0,3,7,6,2) x 2, (c0,0,1,2,4,6) mod 9.

3) For Case 3 (n = 5b, odd b, b # 0 mod 3) and Case 4 (n = 5b, odd b), the vertex-values
are obviously distinct each other for odd v or even v. O

5.2 Graphs Cy, 2< k<3

Lemma 5.2 There exists a Cy-1Dg(8 + w,w) for w=2,3,6,7.

Proof Let X=Zg|J{oo1,...,00u}.
w=2: (2,21, 4,72,3,0), (1, 1,2,4,3,0), (1,0,4,5,7,3), (3, 72,4, 21, 2,0), (4, 22, 7, 6,3,0) mod 8;
(7,3,5,4,0,1), (0,4,6,5,1,2), (1,5,7,6,2,3), (2,6,0,7,3,4).
w=3: (2,21,5,22,4,0), (3,21,0,1,4,7), (1,23,3,21,2,0), (3,22, 4,23,1,0), (4,22,6,5,3,0),
(6,75,1,0,2,5) mod8; (7,3,5,4,0,1), (0,4,6,5,1,2), (1,5,7,6,2,3), (2,6,0,7,3,4).
w=6: (1,0,21,2,4,z2), (3,0,22,1,4,x3), (1,0,23,2,4,24), (1,24,0,2,21,4), (3,25,0,1,29,06),
(1,26,0,4,23,3), (3,21,0,1,24,7), (3,26,0,2,25,7), (1,25,0,5,x6,3) mod8;
(7,3,5,4,0,1), (0,4,6,5,1,2), (1,5,7,6,2,3), (2,6,0,7,3,4).
w=T7:(5,2,22,0,3,23), (4,2,23,0,1,24), (4,24,3,0,27,6), (4,25,3,0,x6,6), (4,26,3,0,z5,06),
(
(

g

S

27$771707$474)7 (3,1}1,1,0,.’[]3,6), (77$774707$275)7 (3,1}6,1,0,.’[]1,6) m0d87
4,0,21,1,5,25) + 4, (4,0,22,5,1,25) + 4, (4,0,21,5,1,22) +% mod8,i=0,1,2,3.0

Lemma 5.3 There exists a C3-1Dg(8 + w, w) for w=2,3,6,7.

Proof It suffices to give the following constructions. X=Zg|J{z1,..., 2w}

C3-IDs(8 + 2,2): (001,0,4,009,3,1) mod8; (1,0,7,5,6,3), (7,1,2,5,4,6), (7,2,0,5,3,4).

C3-IDs(8 + 3,3): (21,0,4,22,3,1) mod8; (7,0,5,4,1,23), (5,2,1,6,3,23), (5,6,0,2,4,x3),
(6,7,5,3,1,23), (0,25,2,7,4,3).

C5-ID4(8 + 6,6): (0,25,1,23,6,3), (0,22,2,4,5,1), (4,21,6,5,2,0), (0,x6,2,24,3,1) modS8;
(0,23,4,4,6,3), (0,24,3,23,1,6), (6,23,5,24,2,4), (x3,0,24,7,5,2),
(1,24,7,23,5,3), (x3,7,2,24,4,1).

Cs-ID4(8+7,7): (0,21,3,23,2,1), (0,22,1,24,4,2), (0,26,1,25,6,3), (4,27,5,7,3,0) mod 8;
(0,23,4,24,6,3), (0,24,3,23,1,6), (6,23,5,24,2,4), (0,25,4,3,2,1),
(3,0,24,7,5,2), (23,7,2,24,4,1), (1,24,7,25,5,3), (4,25,0,7,6,5),
(7,25,3,4,5,6), (3,25,7,0,1,2). 0

Lemma 5.4 (1) There exists a Co-GDg(v) for all v > 6 except for (v,15) = 3 or (v,15) =5

when v is odd and v = 1 (mod 15) when v is even;

(2) There exists a C3-GDg(v) for all v > 6 except for (v,15) = 3 when v is odd and

v =1 (mod 15) when v Is even.

Proof Similarly to the proof of Lemma 5.1, we can list the following table.
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C Cs
odd v A (0, a, 2a, —2a, —3a, —a) (a,0, —a, —3a, —2a, 2a)
Case 1
odd v C B, B2
Case 3 D (26,0,1,b+41,b,3b) x 2
v = 5b (=1,,0,b,0+2,2,-2) x 2
odd v C By By
Case 4 D | (3b,0,6b,b,4b,9b) x 2 (b, 0, 3b, 8, 5b, —5b)
v =15b (0, 5b, —5b, —3b, —2b,3b) | (—b,0, —6b, —4b, 2b, —2b)
(3b,0,b, b, —2b, —b) (3,0, —3b, 2b, 5b, 6b)
(3b,0, —5b, b, 6b, 9b)
even v c! B1,B> : 0 — o B;:0— o0
Case 1 D (2,0,4,00,—1,1) (0,00,2,3,-1,1)
even v C B1 Bq
Case 2 D | (b,—b,c0,b+1,1,0) x 2 (00,0,1,b+1,b,—b) X 2
v=3b+1 (2,0,1,—1, 00, —2) (2, 00, —4, —2,0,4)
even v D (2b, b, 00, 4b, 3b,0) X 2 (3b,0,b, 00, 2b,4b) X 2
Case 3 (0, 2b, 4b, o0, b, 3b) (0, 00, 2b, 4b, 3b, b)
v=>5b+1

Table 4 Some blocks of Cix-GDg(v), k= 2,3

Lemma 5.5 There exist a Ci-GDg(v) for k = 2,3, v =6,10,51, and a Co-GDg(55).

Proof For each case, we list vertex set and blocks below.
v=6: X=2Z5J{oc}, mod5.

02:

(0,0,4,1,3,2) x 2, (1,0,4,3,00,2); C5 : (4,0,3,1,2,00) x 2, (00,0,4,3,1,2).

v=10: X=Z9|J{oo}, mod?9.

Cy:
03:

(3,0,8,1,4,5) x 2, (00,3,2,0,4,1) x 2, (4,0,3,6,00,8);
(4,0,3,1,2,8) x 2, (4,2,7,0,3,00) x 2, (4,3,6,00,8,0).

v=>51: X=Z75;, mod51.

Cy:

Cs:

4,0,17,36,18,15
7,0,12,35,21, 10
20,0,17,5, 10,19
7,0,13, 19,20, 12
1,0,24,11,6,22), (6,0,15,29,17,14), (6,0,22,4,19,21), (2,0,24,1,19,23),

( 2,0,23,48, 25,24

(

(

(

(

(8,0,14,6,23,13), (4,0,14,34,25,13), (1,0,25,3,2,26), (5,0,18,31,27,16),
(

(

(

(

4,0,24,48, 44,23
7,0,18,39,34, 15
7,0,18,11,36,17

3,0,20,41,21,19), (6,0,10,17,23,8),
5,0,14,30,15,12), (23,0,1,11,5,21),
3,0,20,42,29,19), (8,0,9,26,50,25),
2,0,20,8,10,19), (4,0,15,7,21,14),

)

)

)

3 )

—_ — O

(
) (
(
(

~ o~ o~ o~

) )

9,0,12,23,3,25),

19,0,24,50,21,22), (23,0,22,1,15,20), (19,0,2,1,18,16), (18,0,17,2,24, 25),
12,0,23,48,24,25), (23,0,25,6,22,19), (14,0,23,3,8,10), (16,0,13,1,12,11),
20,0, 14, 10,13, 15), (20,0,8,21,9,15), (24,0,9,21,10,22), (21,0,9,3,8, 14),

785
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(19,0, 18,36,20,11), (11,0,14,3,13,23), (17,0,24,2,25,9, (20,0,17,37,18,5),
(16,0,32,34,17,7), (10,0,3,8,4,18), (24,0,8,17,7,18), (21,0,19,1,16, 14)
(15,0,16,2,17,21), (23,0,21,1,22,13), (23,0,7,3,9,16), (1,0,25,1,4,2),
(11,0,1,4,25,8).
Cy-GDs(55): X=Zs5, mod 55.
(1,0,27,47,11,25), (2,0,23,1,12,22), (3,0,19,1,10,18), (11,0,26,2,1,24),
(4,0,17,20,27,14), (5,0,12,23,32,11), (8,0,9,26,3,27), (13,0,27,2,29,25),
(5,0,15,40,21,14), (3,0,22,45,29,21), (4,0,20,2,22,17), (9,0,14,1,27,10),
(12,0,23,1,17,22), (14,0,20,16,8,19), (5,0,21,1,11,20), (7,0,20,47,23,17),
(2,0,26,4,19,25), (6,0,12,26,28,11), (8,0,7,10,11,2), (4,0,23,11,3,22),
(3,0,27,1,13,26), (4,0,25,51,24,22), (3,0,17,1,7,18), (9,0,21,3,24,7),
(8,0,16,1,11,15), (9,0,12,16,14,11), (1,0,27,2,9,25). O

Theorem C For graph G € {C, : 2 < k < 6}, there exists a G-GDg(v) for v > 6.

Proof From the following table, the existence of G-GDg(v) for v = 2,3 (mod4) can be gotten,
where w = 2,3,6,7.

Graph G Cs,Cs C4,C5,Cs
G-GDs(v) v =6,7,10,11, 14, 15, 18, 19,
22,23, 50, 51, 54, 55, 66, 67,
70,71 (Lemma 5.4, 5.5)
G-IDg(8r + w, w) r =1 (Lemma 5.2, 5.3)

G-HD3(—) (87):¢=3,4,5
= G-HD4(—) (Lemma 2.3)
Conclusion by Lemma 1.6 by Lemma 5.1

Table 5 Proof of Theorem C
Furthermore, by Theorem B, the conclusion follows. |

6. Conclusion

Proof of Theorem 1.2 Summarizing Lemma 1.1, Theorems A, B and C, we obtain the

conclusion. O
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