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Abstract In this paper, we prove the existence of a positive solution and a negative solution for
a class of second order difference equations with dependence on the first order difference. Our
proofs are based on the Mountain Pass Lemma and iterative methods.
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1. Introduction

In this paper, we consider the following discrete boundary value problems

) { A%y(k = 1)+ f(k,y(k), Ay(k) = 0, k€ [1,7] )
y(0) =y(T'+1) =0,
where T € {1,2,...}, [1,T] is the discrete interval {1,2,...,T}, Ay(k) = y(k + 1) — y(k) is the
forward difference operator, A%y(k) = A(Ay(k)), and the function f : [1,7] x R x R — R is
locally Lipschitz continuous.
Recently, some authors have studied discrete boundary value problems by using variational

methods. In 2003, Guo and Yul¥ investigated the following second order difference equation
A%y(k —1) + f(k,y(k)) = 0, (1.2)

where f : Z x R — R is a continuous function in the second variable and f(k +m,z) = f(k, 2)
for all positive integer m and (k,z) € Z x R. They obtained some multiplicity results for the
problem (1.2). In 2004, Agarwal, Perera and O’ Regan!! discussed the singular and nonsingular

second order difference equations

{ A2y(k—1)+ f(k,y(k)) =0, ke1,T] 1.3
y(0) =y(T +1) =0, '

Received date: 2007-06-20; Accepted date: 2007-11-22

Foundation item: the National Natural Science Foundation of China (No.60574075); Innovation Program of
Shanghai Municipal Education Commissiion (No.08YZ93) and Shanghai Leading Academic Discipline Project
(No. S30501).




840 ZHANG G Q and LIU S Y

where f € C([1,T]x]0,00), R) satisfies f(k,0) > 0, for all k € [1,T]. Using the minimax principle
and Mountain Pass Lemma in critical point theory, they established the existence of multiple
positive solutions for the problem (1.3). In 2004, using Mountain Pass Lemma, Zhang and Yang!f!
proved the existence of 2™ nontrivial solutions for discrete two-point boundary value problems
which come from the steady-state temperature distribution of heat diffusion on multi-body. In

2005, Agarwal, Perera and O’ Regan!? considered the following singular boundary value problem

A(dyp (Ay( — 1)+ f(k,y(k) =0, ke[1,T],
y(T+1) = ke [1,T), (1.4)
y(0) = (T+ 1) =0,

where ¢,(s) = |s|P72s, 1 <p < oo and f € C([1,T] x [0,00), R) satisfies
bO(k) < f(kat) < bl(k)t_ea (kat) € [LT] X (OvtO)v (15)

for some nontrivial functions by, by > 0 and 0, tx > 0. It follows that f may be singular at
t = 0 and may change sign. They obtained the existence of multiple positive solutions for the
problem (1.4) by using variational methods. In 2006, Zhang and Liul discussed the second

order superlinear difference systems

A%z(k —1)) + g(k,y(k)) = 0, ke [1,T)
A%y(k —1)) + f(k,z(k)) = ke1,T] (1.6)
2(0)==z(T +1) =y(0) = (T +1)=

Using minimax principle and Linking Theorem, they proved the existence of two positive solutions
for the problem (1.6). In 2007, Zhang, Zhang and Liul® investigated a class of second order
difference equations with discontinuous nonlinearities, and obtained a new multiplicity result by
using a three critical points theorem. However, there are a few approaches to study discrete
boundary value problems with dependence on the first order difference. The obvious reason is
that, contrary to the problems (1.2), (1.3) and (1.4), Problem (P) does not have variational
structure, due to the presence of the first order difference in the nonlinear term. So the critical
point theory cannot be directly used to attack Problem (P).

In this paper, we use variational type methods to handle problem (P) under suitable assump-
tions on the date. Firstly, we “freeze” the first order difference for the function to consider a class
of second order difference equations which are independent of the first order difference associated
with Problem (P), and thus obtain the existence of a nontrivial solution by using Mountain Pass
Lemma. Secondly, using some estimates and an iterative scheme, we obtain the existence of a
positive solution and a negative solution for Problem (P).

The paper is arranged as follows. In Section 2, we recall some basic lemmas and state our

main theorem; In Section 3, we prove our main theorem.

2. Some basic lemmas and main theorem

In this section, we recall some lemmas and state our main theorem.
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Definition 2.1 Let X be a real Hilbert space, I € C*(X, R) which means that I is a continuously
Frechet differentiable functional defined on X . I is said to satisfy (PS) condition, if any sequence
(un) C X with

I(up) < ¢, (c€R), and I'(uy,) — 0 as n — oo (2.1)

possesses a convergent subsequence in X .

Lemma 2.2 (Mountain Pass Lemma)l®! Let X be a real Hilbert space with norm || ||x , the
functional I € C1(X, R) satisfies (PS) condition I(0) = 0 and Assume

i) There exist p > 0, o > 0 and ||ul|x = p, such that I(u) > «;

ii) There exists u1 € X and ||u1||x > p, such that I(u;) < a.

Define

— inf T(~y(t
¢ = Inf max (v(1)),

where I' = {y € C([0,1]; X)|7(0) = 0,7(1) = u1}. Then the functional I has a positive critical
value ¢ > a > 0.
Now, we define the class H of the functions y : [0,7 + 1] — R with y(0) =y(T'+1)=0. H

is a T-dimensional Hilbert space with inner product

T
(ow) = 3 (ykyw(k), Vy,we H. (2.2)
k=1

We denote the induced norm by

1

T =
loll = (Y w?(h)", wyen. (2.3)
k=1

It is obvious that (H, ( , )) is linearly homeomorphic to R”.

Consider the following linear eigenvalue problem
A?y(k—1)+ X y(k) =0, y€ H. (2.4)

Define the functional ® on H as follows,

T+1

1 1
®(y) = 5 > (Ay(k—1)* = MyTy = 5¥ Ay = 'y,
k=1

where y = (y(1),y(2),...,y(T))", and

2 -1 0 0 0
-1 2 -1 0 0

a0 - 2 0 0 2.5)
0 0 0 2 -1
0 0 0 -1 2/,

It is obvious that the functional ® € C'(H, R) and

T+1

T
(@'(y),2) = Y [Ay(k = D)Az(k = 1) = My(k)z(k)] = = Y [A%y(k — 1) + Ay(k)]=(k), Vz € H.
k=1 k=1
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So the solutions of the problem (3.4) are precisely the critical points of ®. The nontrivial solutions
of the problem (3.4) can only be found when \ is one of the eigenvalues!”!
km
N =4sin® ——— k=1,2,...,T 2.6
k s1n 2(T ¥ 1)7 ) 4y P ( )

of the positive definite matrix A, and the corresponding eigenvector is

2 k 2% Thr \T
T T ' ”)) Ck=1.2,....T

k_ . .
&¥ = (T—|—1)(Sm(T—|—1)’Sm(T—|—1)"”78m7(T—|—1

Let Amin = min{A1, Ao, ..., A7}, Amax = max{A1, A, ..., Ar}, whereA;, \a,..., Ap are defined
by (2.6).

Now, we state our main theorem. Assume

(H1) limg_o M = 0, uniformly with respect to k € [1,T], £ € R;

(H2) There exist R > 0 and 3 > 2 such that

0 < BF(k,t,€) < tf(k,t,€), V| > R,&€R,

where F(k,t,¢ fo , 0, &)dw;
(H3) There exist a; > 0 and ag > 0 such that

F(k,t,6) > aift|” — az;
(H4) There exist p > 1 and as > 0 such that
f(k,t,8) <as(L+t");
(H5) The function f satisfies the following local Lipschitz conditions
[f (@, &) = fla,t", O < Lalt' —t"|, VEk e [L Tt t" € [0,p],[¢] < po,
[f(@,t,€') = f2,t,8")] < Laf" = "], VE € [LT]t€[0,m],[¢'] < p2, [€"] < po,
where p1, p2 > 0.

Theorem 2.3 Assume (H1)-(H5) hold. Then Problem (P) has a positive solution and a negative
solution, provided

Lo Lo
_)\max L —) < /\min-
5 + (L1 + 5 )

3. Proof of Theorem 2.3

For each w € H, we consider the following problem

{ A%y(k —1) + f(k,y(k), Aw(k)) =0, ke [1,T] 51)
y(0)=y(T +1)=0.
Now the problem (3.1) is variational, and we can treat it by using variational methods.
Define the functional
1 T4 T
Lo(y) =5 > (Bylk=1))* = > F(k,y, Aw(k)), (32)
k=1 k=1
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for each w € H. From (H1) and (H3), we obtain that the functional I € C'(H, R), and by a
simple computation we have
0L (y)
dy(k)

=2y(k) —y(k+ 1) —y(k = 1) = f(k, y(F), Aw(k))
—(A%y(k = 1) + f(k, y(k), Aw(k))).
Therefore, a solution of the problem (3.1) is obtained as a critical point of the functional I, (y).

Lemma 3.1 Assume (H1)—(H4) hold. Then the problem (3.1) has at least one solution y,, for
any w € H, and there exist ¢; > 0 and co > 0 such that

c1 < |[ywll < c2

Moreover, under the above hypotheses, the problem (3.1) has a positive solution and a negative

solution.

Proof Firstly, we prove the problem (3.1) has at least one nontrivial solution by using Lemma

2 (Mountain Pass Lemma).

Claim 1 The functional I, (y) satisfies (PS) condition. Indeed, let the sequence {y,,} C H
satisty

Ly(ym) < ¢, I, (ym) — 0 as m — oo. (3.3)

Since H is finite dimensional, it suffice to show that the sequence {y,,} is bounded. By (3.3), we
have

Bc + 0(1)HymH > Bl (ym) - (II (ym) ym)
ﬁ T+1

:%Z(Aym - 1) +Z (b, ym (k) Aw(k))ym (k) — BE (k, ym (k), Aw(k)))

k=1

> 222 g +Z £k Y (8, Aw(k) )y (k) — BE (kg (k), Ao ()))

> (Flkym(k ),Aw( )ym (k) = BF (k, ym (k), Aw(k))), (3-4)

N2

where N1 = {k|k € [1,T],y(k) > R}, N2 = [1,T]\N1. By (H2), we have

> (ks ym(k), Aw(k))ym (k) = BF (k, o (k), Aw(k))) > 0.

Ny

Therefore, we have
Be+o(1) |lym|l = —HymH +Z F(k,ym (k), Aw(k))ym (k) — BF (k, ym (k), Aw(k))). (3.5)

By (H4), Ny = [1,T]\ N7 and the function f : [1,7] x R x R is locally Lipschitz continuous. We
obtain that the last term of (3.5) is finite, and hence the sequence {y,,} is bounded.

Claim 2 The functional I,,(y) has the geometry of Mountain Pass Lemma (i.e., i), ii) of Lemma
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2.2). Indeed by (H1) we have

lim L(k’t’f) =0.
t—0 t2
Let e = i/\min > 0. There exists p > 0, such that for ¢ with [¢t| = p,
( f) mth-
Therefore, we obtain
| T+l T
Lu(y) =5 > (Ay( 2= F(k,y, Aw(k))
k=1 k=1
1 1 1
> _)\min — _)\min = _)\min .
> D 1% = P 912 = P 9]

Let o = %)\minp? Then we have

Io(y) 2 o, Yyl =p.

On the other hand, we fix yo € H with ||yo|| = 1, and by (H3), we have

T+1 T
1
Iw(SyO) = 582 Z (Ayo(k - 1))2 - Z F(kv Yo, Aw(k))
k=1 k=1
1 T
< S hmaxs” lyoll® = ax [s1” Y lyol” — aa(T = 1)

A

1
< 3Amaxs” = arlsl” oll - ao(T = 1),

where the norm || ||g is defined by ||y|lz = (Zle |y|5)% forall y € H, § > 2. By Lemma 2.1
in [4], we obtain that the norm || ||g and the norm || || are equivalent. Hence, we choose the

constant S independent of yg and w, such that
I,(syo) <0, forall s>S65.

Combining Claims 1 and 2, we prove that all conditions of Lemma 2.2 are satisfied, and the
problem (3.1) has at least one solution y,, which can be obtained as a critical point of I,, at an

inf max level. Namely,

I' (Y) = 0, Iy(yw) = inf I, , .
w(Ww) =0, Ly(Yw) érérfé}%)i (v(t)) (3.6)

where I' = {y € C([0,1]; H)|v(0) = 0,~(1) = Syo}. From now on, we fix such a S and yo.

Secondly, we prove that the solution y,, # 0 obtained above satisfies

1 < gl < 2,

where ¢1, ¢ > 0 are independent of w. Indeed, since y,, is a solution of the problem (3.1), we

have
T+1

> (Ayu(k = 1)) =k, yu(k), Aw(k))y. (k).
k=1

k=1
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By (2.6), we have
T+1

> (Agu(k = 1)) = Anin 9l (3.7)
k=1
By (H1) and (H4), we can deduce that there exists c. > 0 such that

T
> F ks (k) Aw(k))yu (k) < & llywll® + ez lywl25] - (3.8)
k=1

Combining (3.7) and (3.8), we have

2 2 1
Amin [[Yw||” < € lywll” + ce Hyngil :

Choosing € < Apmin, we have ||y,|| = ¢1 since p+1 > 2.
On the other hand, by (3.6), we obtain

< .
Ly (yw) < rn>aé( Ly (syo)

=

For fixed yo with ||yo|| = 1, we use (H3) to get the following estimates:

T
1
Ly (syo) < 5Amax32 ||y0H2 —a |S|ﬁ Z |y0|ﬁ —az(T —1)
k=1
1
< Ehuwes® = ansf® 30l = aa(T = 1) =: h(s)

whose maximum is achieved at some 5y > 0, and the value h(3p) can be taken as ¢ . So we have
[ywll < c2.
Thirdly, we prove the existence of a positive solution of the problem (3.1) (of course the proof

of the existence of a negative solution is analogous). Define the function

f(k,t,6), t20,

f(k’t’f)_{ 0, t<0.

Of course f satisfies (H3) and (H4) only for ¢ > 0. Applying Lemma 2.2 (Mountain Pass Lemma),

we obtain a nontrivial solution ¥,, # 0 of the following problem

{ A2y(k — 1)+ f(k,y(k), Aw(k)) =0, k€ [1,T] 59)
y(0) = y(T +1) = 0. '

Multiplying the problem (3.9) by y.,, where y., = min{0, y,,}, we have

T+1 T
0=">" (A%u(k =1+ Y flk,y.(k), Aw(k))yz (k)
-
= (Ayw(k — DAy, (k= 1) + f(k,0, Aw(k))y, (k)
> = (Ayulk — 1) Ay, (k — 1)) = Anin [y |-
k=1

Therefore, we have y,, = 0. If y,,(k) = 0, we have
Yk +1) +yu(k — 1) = A%y, (k — 1) = —f(k,0, Aw(k)) = 0.
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So yu(k +1) = 0. It follows that y,, vanishes identically. Hence y,, is positive.

Now, we prove our main theorem by using iterative technique.

Proof of Theorem 2.3 Construct a sequence {y,(k)} C H as solutions of
APy (k = 1) + f(k,yn(k), Ayn-1(k)) =0, k€ [1,T],
yn(0) = yn(T + 1) = 0.

Using (3.10),, and (3.10),,+1, we have

T+1

Z [Ayn-l-l (k - 1)(Ayn+l(k - 1) - Ayn(k - 1))]
k=1

f Ry yni1(F), Ayn (k) (Ynt1 (k) — yn(k)),

Il
[M]=

el
Il
—

T

> [Aya(k = 1) (Ayngr (k — 1) — Ay, (k — 1))]
k=

+
—

—

f(k, yn(k)v Ayn—l(k))(yn-i-l(k) - yn(k))

Il
B

=
Il
—

Subtracting (3.12) from (3.11) gives

T+1
S (Agiia(k — 1) = Ay, (k — 1)

k=1

(f(ku Yn+1 (k)v Ayn(k)) - f(ku yn(k)v Ayn(k)))(yn-‘rl (k) - yn(k))+

- [

(f (k, yn(k), Ayn (k) = f(k, yn(k), Ayn—1(F))) Ynt1 (k) = yn (k).

>
Il
—

Thus, by (H5), we have

T+1

> (Aynsa(k —1) = Ay, (k - 1))

k=1

T T
<L) Wnrr(B) = 9n (k) D (Aya(k) = Ayn1 (k) yns1 (k) = yu(k)).

k=1 k=1

By Cauchy-Schwarz inequality, we have

DN =

(Ayn (k) = Byn-1(F))(Yn+1(k) —yn(k)) <

Hence, we have

T+1

Amin [[Yns1 — ynH2 < Z (Ayps1(k = 1) = Aya(k — 1))
k=1

L L
2 2 2 2 2
< L lYns1 = Ynll” + 5 Amax |Yn — yn—all” + o5 lyne1 —ynll” -

2

(3.10)

(3.11)

(3.12)

(B (k) = A1 (1) + 5 (o1 (F) — ()2
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From which it follows that

L L
Amin [[Yns1 — yn||2 < (Ly+ 72) lyns1 — yn||2 =+ 72)‘max lyn — yn71||2 .

Therefore, we have

[V

||yn - yn71|| = CHyn - yn71|| .

%)\max
g1 = yall < ( ;)

Amin - (Ll + %

Since the coefficient ¢ is less than 1 and H is a finite dimensional space, it follows that the

sequence {y,} strongly converges to some function y € H.

Since ||yn|| = ¢1 for all n, it follows that y # 0. In this way, we obtain that Problem (P) has

a nontrivial solution. Proceeding as in Lemma 3.1, we conclude that Problem (P) has a positive

solution and a negative solution.
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