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Abstract Let F be a real Banach space and K be a nonempty closed convex and bounded
subset of £. Let T; : K — K, i = 1,2,...,N, be N uniformly L-Lipschitzian, uniformly
asymptotically regular with sequences {553 )} and asymptotically pseudocontractive mappings
with sequences {k{}, where {k”} and {{’}, i = 1,2,..., N, satisfy certain mild conditions.
Let a sequence {x, } be generated from z1 € K by zpn := (1 — pn)Tn+ pn Ty Tn, Tnt1 := Anbnz1+
1 = An(1 4 0n)]zn + ATy 2zn for all integer n > 1, where To, = Thy(moa n), and {An}, {6n} and
{pn} are three real sequences in [0, 1] satisfying appropriate conditions. Then ||z, — Tizn|| — 0
asn — oo for each I € {1,2,..., N}. The results presented in this paper generalize and improve
the corresponding results of Chidume and Zegeyem7 Reine]rmaunn[10]7 Rhoades™™!! and Schu?!.
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1. Introduction and preliminaries

Let E be a real normed linear space and E* its dual space. Let J : E — 2" be the normalized
duality mapping defined by J(z) = {f € E* : (x, f) = ||z||%, ||z]| = ||f]|}, = € E, where (-, )
denotes the generalized duality pairing. It is well known that if E* is strictly convex, then J is
single-valved. In the sequel, we shall denote the single-valved normalized duality mapping by j.

Let E be a normed linear space, § # K C E. A mapping T : K — K is said to be
nonexpansive if for all z,y € K we have ||[Tz — Ty|| < ||z — y||- It is said to be uniformly
L-Lipschitzian if there exists L > 0 such that ||T"z — T"y|| < L||x — y|| for all integers n > 1
and all z,y € K. It is said to be asymptotically nonexpansive if there exists a sequence {k,}
with k, > 1 and lim,_,o kn, = 1 such that [|[T"x — T™y|| < knllz — y|| for all integers n > 1
and all z,y € K. Clearly, every nonexpansive mapping is asymptotically nonexpansive with
sequence k, =1, Vn > 1. There are however, asymptotically nonexpansive mappings which are

not nonexpansivel®,
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The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk[®! in
1972 and has been studied by severval authors!® 11 =13 15]

Let K be a subset of real Banach space F and T': K — E any mapping. 7' is said to be asymp-
totically pseudocontractive if there exists a sequence {k,} C [1,400) such that lim,, . kn = 1,
and there exists j(z —y) € J(z —y) such that the inequality (T"x —T"y, j(z —y)) < kn||z — y||?
holds for all integers n > 1 and all z, y € K. It is easy to know that every asymptotically
nonexpansive mapping is asymptotically pseudocontractive mapping.

The class of asymptotically pseudocontractive mappings was introduced by Schul'* and has
been studied by various authors.

The mapping 7T is called uniformly asymptotically regular if for each € > 0 there exists integer
no € N, such that |T"a — T"z|| < e for all n > ng and all x € K and it is called uniformly
asymptotically regular with sequence {e,,} if |T" 1o — T"z|| < e, for all integers n > 1 and all
z € K, where ¢, — 0 as n — o0.

A family of mappings {T;}Y, is called uniformly asymptotically regular if for each ¢ > 0
there exists integer ng € N, such that max;<; j<n |77 2 — Thz|| < e for all n > ng and all
z € K and the mapping family {T;}Y ; is called uniformly asymptotically regular with sequence
{e,} if max;<; <N {| T e — Tlz|} < e, for all integers n > 1 and all z € K, where e, — 0 as
n — oo.

Let K be a nonempty closed convex and bounded subset of a real Banach space E. A mapping

T : K — K is called pseudocontractive if there exists j(x — y) € J(z — y) such that
(Tz — Ty, j(z—y)) < llz—yll%, (1.1)
for all 2,y € K. Tt follows from a result of Katol! that the inequality (1.1) is equivalent to
e —yll < llz =y +t((I = T)x = (I = T)y)] (1.2)

for all z,y € K and all ¢t > 0, where I denotes the identity mapping.

A mapping T is called strongly pseudocontractive if for each z,y € D(T), there exists j(z —
y) € J(z —y) and k € (0,1) such that (T'z — Ty, j(z — y)) < k||z — y||>.

Any sequence {z,} satisfying that ||z, — Tjxzy| — 0 as n — oo for each | € {1,2,..., N}, is
called an approximate fixed point sequence for a family mappings {T;}Y ;.

The importance of approximate fixed point sequences is that once a sequence has been con-
structed and proved to be an appropriate fixed point sequence for a continuous mapping 7',
convergence of that sequence to a fixed point of T' is then generally achieved.

For an asymptotically pseudocontractive self-mapping 7' of a nonempty closed convex and

bounded subset of a Hilbert space H, Schul'® proved the following theorem:

Theorem S['3! Let H be a Hilbert space, K C E be nonempty closed convex and bounded.
Let T be a uniformly L-Lipschitzian and asymptotically pseudocontractive self-mapping of K
with {k,} C [1,00); Y.(¢2 — 1) < oo, where q, = (2k,, — 1) for all n > 1, ay, Bn € [0,1],
e < ay < Bn < b for all integers n > 1 and some ¢ > 0; and some b € (0, L7'[(1+ L?)'/2 —1]);
pick xg € K; and define x,41 := ap,T" 2y + (1 — o) @n; 2n = BT xn + (1 — Bn)xy, for alln > 0.



866 GUF

Then lim,, oo ||@n, — Tzy|| = 0.
In 2003, Chidume and Zegeyel!l constructed an approximate fixed point sequence for the
class of asymptotically pseudocontractive mappings in Banach spaces and proved the following

theorem:

Theorem CZ!Y Let K be a nonempty closed convex and bounded subset of a real Banach
space E. Let T : K — K be a uniformly L-Lipschitzian, uniformly asymptotically regular
with sequence {e,} and asymptotically pseudocontractive with sequence {k,} such that for
A, On € (0,1), Vn > 0, and satisfying the conditions: (i) Ap(1+0,) < 1, Y07 Ay, = 00; (ii)
O — 0, 32 — 0, (%= = 1)/ A — 0, 254 — 0; (iii) k1 — kn = 0(Anb2); (iv) ko — 1 = 0(0,,).
Let a sequence {x,,} be iteratively generated from z1 € K

Tnt1 = bz + [1 = A (1 + 00)]xn + AT 2p, YR 21, n € N. (1.3)

Then ||z, — Txy| — 0 as n — co.

In this paper, we introduce a new two-step iteration process as follows:

Tnt1 = AMbnx1 + [1 — A(1 4 00)]n + AT 20, (1.4)
Zn = (1 = pn)Tp + pn Ty, 1 =1, '
where {T;}Y, : K — K, are N asymptotically pseudocontractive mappings, T}, = n(mod N)>»

{M}, {0n} and {u,} are three real sequences in [0, 1] satisfying A, (1+6,) <1 for all n > 1 and
x¢ is a given point in K.
Especially, if {\,}, {0} are two sequences in [0, 1] satisfying A, (1 +6,) < 1 for all n > 1

and xg is a given point in K, then the sequence {x,} is defined by
Tpg1 = Apbpzr + [1 = An (14 0p)]an + N T2y, Yoo > 1. (1.5)

Remark 1.1 If Ty =T =--- =Ty =T or N = 1, then (1.5) reduces to (1.3).

The purpose of this paper is to construct an approximate fixed point sequence for a finite
family of asymptotically pseudocontractive mappings {7;}Y | in Banach spaces. The results pre-
sented in this paper generalize and improve the corresponding results of Chidume and Zegeyell,
Reinermann!'®, Rhoades!'!! and Schul'3l.

In order to prove the main result of this paper, we need the following Lemmas:

Lemma 1.128

J(x +y), we have |z +y||* < |lz]* + 2(y, j(z +y)).

Let E be a real normed linear space. Then for any x,y € FE and j(x +y) €

Lemma 1.2 Let {p,}, {0,} and {a,,} be three sequences of nonnegative numbers satisfying
the conditions lim,, o oy, = 0, 92, = 00, and g—" — 0, as n — oo. Let the recursive in-
equality p2_ | < p2 — an(pnt1) + 0p, n = 1 be given, where ¢ : [0, +00) — [0, +00) is a strictly

increasing function such that it is positive on (0,+00) and ¥(0) = 0. Then p,, — 0 as n — oo.

2. Main results

Lemma 2.1 Let E be a real Banach space, and K be a nonempty closed convex and bounded
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subset of E. Let {T;}}\, : K — K be N uniformly asymptotically regular, uniformly L-
Lipschitzian and asymptotically pseudocontractive mappings with sequences {kfli)}, 1=1,2,...,N.
Then for v € K and t, € (0,1) such that t,, — 1 as n — oo, there exists a sequence {y,} C K
satisfying the following condition:

t t
U =1 -Tayn + ) (2.1)
where k,, = max{knl), k(z) ...,kslN)}, Ty = Th(mod n)- Furthermore, we have ||y, — Tnyn| — 0,

as n — oQ.

Proof Since T; : K — K, ¢ = 1,2,..., N, is uniformly L-Lipschitzian, there exists L; > 0,
i=1,2,...,N such that ||T/'x — T"y|| Lillz —y|| < L||jz — y|| for all n > 1 and all z,y € K,
where L = max{Ll, Lo,...,Ln}.

For each n > 1, define the mapping S, : K — K by S,(y) := Z—ZT[L‘y +(1- z—’;)u Then
S, : K — K is continuous and strongly pseudocontractive. Therefore, by Theorem 5 of Reich!",
Sp has a unique fixed point (say) y, € K. This means that the equation y,, = %T]jyn—i—( — Z—Z)u

has a unique solution for each t,, € (0,1). Moreover, since K is bounded, we have that

t t
19n = T3 ynl )t % nY
tn
= (1— k—)Hu—T,?ynH — 0 as n — oo. (2.2)

Thus

tpn tn n
Hyn - nynH = H (1 - k_>(u - Tnyn) + k_(Tn Yn — TnYn)

tn t" n n tn mn
< (1= )l = Togall + 1T = T3yl + LT — wal - (2:3)

n

In view of the uniformly asymptotic regularity of {7} ,, it follows from (2.2) and (2.3) that

lyn — Thynl|| — 0 as n — oc. O

Theorem 2.2 Let K be a nonempty closed convex and bounded subset of a real Banach space
E. Let {T;}Y., : K — K be N uniformly L-Lipschitzian, asymptotically pseudocontractive with
sequence {k,(f)}, i=1,2,...,N, and uniformly asymptotically regular with sequence {¢,}. Let
{\n}, {6} and {p,} be three real sequences in [0, 1] satisfying the following conditions:

(i) M(146,) <1, > Ay = o0;

I On—1
On
AnOn

— 07 ingé — O

(ii) 6, —0, 5= — 0, &2 —0,
(iii) |kn—1 —knl = 0()‘"9721)5
(iv) kn—1=0(6,).
Where k,, = max{k(l) A ...,kle)}. Suppose further that x; € K is any given point and
{z,} is the iterative sequence defined by (1.4). Then ||z, — Tiz,|| — 0 as n — oo for each

le{l,2,...,N}.

Proof Let {y,} denote the sequence defined as in (2.1) with ¢, = and v = x;. Then from

1
1+6,
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(1.4) and Lemma 1.1 we get the following estimates:
241 = ynll® = 20 = yn = An((@n = Ti'2n) + On(zn — 21))||?
< ln = yall® = 22 {(@n — Tizn) + On(2n — 1), j(@n41 = Yn))
= |20 = yal® = 2\n0nl|znt1 — yal*+
22 (O (@ns1 — 2n) = (@0 — Ti'2n) + On(21 — Yn), J(Tng1 — Yn))
< l#n = yall* = 20000201 — yal*+
2 (B0 —20) + B0 1= 0) — (0 = - T200) ] -
1 1
[(ﬂﬁnﬂ - ETfﬂnH) - (yn - ETf:yn)]*'
[(ﬂﬁnﬂ - iT:‘TnnLl) - (ﬂﬁn—Tﬁzn)} 23 (@t — yn)>. (2.4)

Observe that from the properties of y, and the asymptotical pseudocontractivity of T,,, we get
that

(21— yn) = (o — iT,’:yn) +(1- é)xl =0 (2.5)
and
<(33n+1 - iTgxnnLl) - (yn - iTﬁyn),j(an - yn)> = 0. (2.6)

Combining (2.5), (2.6) and (2.4) we have

lZnt1 _yn||2 < ”fEn_yn”2 =200 || Tnt1 _yn||2+

1 kn—1
2>\n<(9n 1) (@ns1 =)= = (T wn =T z) +

n n

(T3 2= 1), 5 (Bns1 =) )~

1 1 .
2>‘n< (szrl - k_T'r?‘rn*f’l) - (yn - k_Tf?yn) ) J($n+1 _yn)>

< ||33n_yn||2_2/\n9n||33n+1 _yn||2+
1 k,, —
220 [0 + Dllwnss =@all+ 1T 20 =T |+~

< ||33n_yn||2_2/\n9n||33n+1 _yn||2+

1
17520 =] - s~y

k,—1
kn
Notice the fact that p11 — Zn = Mnbn21 — A (1 + )20 + XT02, = Auy, and z, — x, =

200 [(2 + L) atms1 = ll + Lll 2 = 2l + = (T2l + 1) - fmsr =gl (27)

(TR Ty — Tp) = pnVpn, where u, = 021 — (14 0,)xn + T2y, v = T2, — @,. Since K is
bounded, which implies that {z,}, {yn}, {zn}, {T0z,} and {T}z,} are all bounded, there exists
My > 0 such that

max{(|zn 41 = ynll, lunll; [[onll, 1T5 20l + 2]} < M, (2.8)

and so
[Zn+1 — 2l = Anllunll < MMy, 20 — 2al| = pnllvnll < pn . (2.9)

Substituting (2.8) and (2.9) into (2.7), we have

”fEnJrl - yn||2 §||513n - yn||2 - 2>‘n9n||33n+1 - yn||2+
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Ep—1
2(2 4+ L)N2 M7 + 2\, L, M7 + 2)\nk—M12. (2.10)

Moreover, observe that T := ;2T is pseudocontractive. Thus it follows from (1.2) that

1 — _
Yn—1 = Yn + 9_[(1 = T)yn—1— (I =T)yn]

0 1 _ 1 1 1
\(Gn (@1 =yn1) 4 g (L =T ) + - (= )Tt =2
n—1 1 |kn_kn71|

9,1,1 [
2ty e — (175m- ). 2.11
] B e (G R )
Because {zy}, {yn}, {T7xn}, {Thyn} and {T)*y,—1} are bounded, there exists My > 0 such that

max{2([|lzn = yn-1ll + [Iyn—1 = ynlD), [21] + [gn-1ll, 177 yn-1ll + lz2[]} < M. Notice that

Yn—1 — ynll <

<

”fEn_yn”2 < (||l’n—yn71||+||yn71—yn||)2 < ”fpn_ynleQ"'”ynfl_ynH - M. (2.12)
Combining (2.11), (2.12) and (2.10), we get

Zn+1 — yn||2 <z — yn71||2 = 2X\0n | Tng1 — yn||2 + 2/\nL.UnM12+
onfl

2(2 4+ D)N2M?E +2)\, (kp — 1)M? + 7 1| M3+
En—1 1 |kn - kn—1| 2
My + —— M. 2.13
enknfl 2+ on knknfl 2 ( )

Thus by Lemma 1.2 and the conditions (i)-(iv) on {A\,}, {0}, {pn}, {kn} and {e,} we get
|Zn+1 — ynl|| — 0 as n — oco. Consequently, ||z, — yn| — 0 as n — .

Next we prove that ||z, — Tix,|| — 0 asn — oo for each | € {1,2,..., N}. Indeed, by Lemma
2.1 we have that ||y, — Thyn|| — 0 as n — co. Thus

||xn - Tnxn” < ”xn - yn” + ”yn - TnynH + ”Tnyn - Tnxn”
<L+ D)||zn — ynll + lyn — Toynll — 0 as n — oc. (2.14)

From the condition A\, — 0 as n — oo and (2.9) we have ||@,+1 — Zn| < A\aM1 — 0 as n — oo,
and so ||z, — Zp4i]| — 0 as n — oo for each | € {1,2,...,N}. Thus, for each | € {1,2,..., N},
from (2.14) we have

||33n - n+l33n|| ||33n - $n+l|| + ||33n+l - Tn+l$n+l” + ||Tn+lfl3n+l - Tn+l33n||

<
< L+ D)l|zn — 2ol + 1 2ngs — TnviTngall — 0 as n — oo,

which implies that the sequence Uf\il{Hxn — Thyiznl|}o2; — 0 as n — oo. For each | €
{1,2,..., N}, observe that

{lzn=Tiznll}520 = {llzn —Trrmyzall} i

N
= {llzn—Tns, 0l }nzy C U{Hxn_Tn-i-lan}zozla
=1

where [ —n = [,,(mod N), I, € {1,2,...,N}. Therefore, we have ||z, — Tz, || — 0 as n — occ.

This completes the proof of Theorem 2.2. O
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Remark 2.1 If g, = 0 in Theorem 2.2, then z, = x,, hence we can obtain corresponding

results of the iterative process (1.5), which is omitted here.

Remark 2.2 If 7y =15, = --- =Ty =T or N = 1 in Theorem 2.2, then we can obtain

corresponding results, which is omitted here.

Remark 2.3 Theorem 2.2 is a generalization of Theorem CZ, that is, if yu, =0 and Ty =15 =
-+ =Ty =T or N =1, then Theorem 2.2 will reduce to Theorem CZ.

Remark 2.4 Theorem 2.2 also improves and extends the corresponding results of Reinermann%!|

Rhoades*!l and Schul3l.
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