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Abstract Let p, v € [0,1) be normal functions and g be holomorphic function on the unit
ball. In this paper, we prove that the generalized Cesaro operator Ty : 3, — (3, is bounded and
compact.
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1. Introduction

Let B and D be the unit ball and the uint disc of C™, respectively, and 0B the boundary of
B. H(B) denotes the class of all holomorphic functions on B. A positive continuous function

w(r) on [0,1) is called normal if there is a constant b > 0 such that

. ()
A p(r) =0, lim 7=y = oo

These normal functions are more general than usual normal functions.
If p is normal, we extend it to B by u(z) = u(]z]). It is well known that a holomorphic
function f belongs to p-Bloch space 3, if and only if

£l = sup u([2)VF(2)] < oo,
zEB
and f belongs to little u-Bloch space 3,0 if and only if

im (=) V()] = 0.

Here Vf(2) = (£L,..., 2L is the complex gradient of f. Obviously, both (3, and 8, are

Oz ) Ozn

Banach spaces under the norm || f|| g, = | f(0)| + || f||. and 3,0 is a closed subspace of 3,. When

u(r) = (1 —7r?)* with a > 1, u-Bloch space is a-Bloch space, the weighted Bloch space.
Let g € H(B). The extended Cesaro operator T, on H(B) with symbol g is defined as

1
T,5¢) = [ FeaRg) S, J e H(B): € B

where Rg(z) = (Vg(z),Z) is radial derivative of f.
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For a holomorphic f(z) on D, the extended Cesaro operator acting on f was proved to
be bounded or compact on the Hardy spaces, Bergman spaces, weighted Bergman spaces and
u-Bloch spaces!! —6/.

In the unit ball, Hul"~*! obtained some necessary and sufficient conditions that 7}, is bounded
or compact on ((;_,2)a, mixed norm spaces and Bergman Spaces. Zhang!'% considered the
boundedness of Ty between B(1_,2y» and B(1_,2ya for 0 < p, ¢ < oo. The purpose of this
work is to obtain the necessary and sufficient conditions on g € H(B), such that the operator
Ty : By — B (respectively 8,0 — Bu,0) is bounded or compact, which generalizes the result in

[6]. The main results are followings:

Theorem A Let u,v be normal and g € H(B). Then
(1) Ty : By — By is bounded if and only if

Izl q
sup v(|z])|Rg(z l—l—/ ——dt) < o0,
sup r(|=DIRg(] (1+ | o t)

(2) Ty : Buo — PBuo is bounded if and only if

Izl q
g € B and sup V(|2|)|Rg(z)|(1 +/ —dt) < 0.
z€B 0 :u(

Theorem B Let pi, v be normal and g € H(B). Then
(1) The following statements are equivalent:
(i) Ty : B, — B is compact;
(ii) Ty : Buo — Pu,o Is compact;
1

|2l
(iii) MlgIL 1/(|Z|)|Rg(z)|(1+/0 mdt) =0. (1.1)

(2) Ty: By — By is compact if and only if g € 3, and for any € > 0, there exists 6 > 0, such

that

L)dt) <e (1.2)

||
DR (14 [

as v(|z|)| Rg(z)| < 6.

2. Some lemmas

In what follows c¢,cy,co will stand for positive constants not depending on the functions
being condidered, but whose values may change from line to line. The expression a ~ b means

cia < b < caa.
Lemma 2.1 Let f € H(B), z € B, y € 0B, (z,y) = 0. Define

Jyf(z) = (V[(2),7)-
If

IN

£ (2)] (2.1)
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then
c
[Ty f(2)] € ————=. (2.2)
plzDv/1 =122
Proof Fix r €(0,1) and define
h(A) = f(re1 + Xe2)
for all A € C, with |A\|> < 1 — 2. Here e; = (el,e3,...,e}), ea = (ed,e3,...,e}) are a pair of

orthogonal unit vectors which could be replaced by any pair of orthogonal unit vectors in C”.
Take z = rej + Aea, where z; = rel + \eb. By (2.1), we see

(V)] < ‘

T (VPR
Let T be the circle on which [A\|> = 1*4’”2. Applying the Cauchy formula gives
1 [ [

27 Jr A2
c

w2 V1= 2P+ AP

7'(0)] <

A <

W/ PP)VI= 2

Since
o OFE),_ OF(x) 9 Of(=) 920
w(0) = 13D =0 = ( 0z W_F'”_'— O0zn ﬁ) A=0
T ER
=(Vf(z),e),

without loss of generality, we take e; = y and obtain

[Ty f(2)l = (V£(2),9)| = [M'(0)]
¢ c
< < .
I DAVE St e P\ T VA e B
Lemma 2.2 Let p,v be normal and f € H(B). Then
(1) | € Bu e sup.epp(lz))|Rf(2)] < oo and || 5, = [f(0)] + sup.ep u(|z))| RS (2)];
(2) | € Buo & limyz - p(lz])|Rf(2)] = 0.

Proof (1) Suppose f € 3,. We have
u(l2DIRSf(2)] = u(l2))(Vf(2),2)] < u(l2))IVf(2)]lz]-

So
sup (| 2|)|Rf (2)| < sup u(|2])[V f(2)]]2] < sup pu([2])[V f(2)].
zeB z€B z€eB

On the other hand, suppose
sup (|2 Rf(2)] < ¢ < oo.
z€E

It is easy to see
|Rf(2)] <

p(lzl)
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Notice that all holomorphic functions are bounded in any compact subset of B. So

sup pu(|2))[Vf(2)] < 0.

|21<%
Now for |z| > £, there exist unit vectors us, ..., u, belonging to {y : y € C", (z,y) = 0} such
that ﬁ,ug, ..., Uy, is a base of C". Hence
z — —
IVf(2)]* = [(V(2), m>|2 +UVIE) @)+ + (VY f(2), am)?
Rf(2)?
B 1 oo P (2.0

By(2.2), (2.3), when y € 0B, (z,y) = 0, we obtain

|1 Rf(2)] < °

RICEONVAEER
Because J, f(z) = fol JyRf(tz)dt, with the property of p(r), we have
1

1 1
IJyf<z)|§/0 IJyf‘?f‘(’fZ)|df<C/O WDV

S S L () IR
- u(lzl)/o u(s)md R(ED (2.5)
Combining (2.3), (2.4) and (2.5), we obtain

VIEES oy

Hence
sup (| 2))[V f(2)] < o0.
zEB
Moreover, there is || f|| 5, = | f(0)| 4+ sup,cp p(|z])|Rf(2)|-
(2) The proof is similar to (1) and is omitted here.

1

Lemma 2.3['" Let u be normal, u(ry) =27% (s = 1,...), and ny = [=—], where the symbol

1—7rs
[x] means the greatest integer not exceeding x. Write
p(&) =1+ 2%¢™, £eD. (2.6)
s=1

Then

(1) (r) is increasing on [0,1) and
inf pu(r)e(r) > ¢, sup u(€)lep(E)] < c.
r€[0,1) §€D

(2)Fora]12:(z1,...,zn)EBand%<r<1, we have

’/O <P(t)dt’ < /Orsﬁ(t)dt < c{w(%) +/0T2 <p(t)dt}.

Lemma 2.41'Y Let y be normal.
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(1) If f € By, then

Izl q
< o1+ [ —sat) £l 27)
(2) If f € B0 and fol ﬁdt = oo, then
lim )l (2.8)
|z]|—1— 0‘ 2| ()dt

Lemma 2.5 Let p,v be normal and g € H(B). Then T, : 8, — (8, is compact if and only if for
any sequence {f;} in 8, which converges to 0 uniformly on any compact subset of B, we have
1Ty fills, — 0 (5 = o0).

Proof It can be proved by Montel theorem and Lemma 2.4. The details are omitted here.

Lemma 2.6 Let p,v be normal, fo ﬁ = o0 and g € H(B). If for any £ > 0, there exists
0 > 0, such that

|2]
VDR (14 [ —sdt) <o as vllDIRg()] <.
then g € By .

Proof Suppose g€f3, 0. There exist 7 > 0 and some sequence {z¥} C B such that limj_, ., [2¥| =
1, but for kK =1,2,...
v(|2"DIRg(=")| = n > 0.
Take €9 > 0. There exists 6 > 0 such that n € (0,0). By condition, when v(|z])|Rg(z)| = n < 4,
we have ”
S|
V(|Z|)|Rg(z)|(1 +/ —dt) < co.

o M)

So |
V(|zk|)|Rg(zk)|(1 —i—/ —dt) < €o.
0

On the other hand

1/(|Zk|)|Rg(2k)|(1 + /OM' ﬁdt) = n(l + /OZk ﬁdt) — 00, k— 00,

this is a contradiction. Hence g € 3, . a

Lemma 2.7 Let y be normal and fo o dt < oo. If sequence {f;}is a bounded sequence in

B, satisfying f; — 0 uniformly on any compact subset of B. Then lim;_,o sup,cp|f;(2)] = 0.

3. The boundedness of T

Proof of Theorem A (1) Sufficiency. Suppose sup. .z v(]z|)|Rg(2)|(1 + f dt) < oo. We

u(t
need to prove Ty : 8, — B, is bounded.

For any f € f3,, by (2.7) and the property R[T,f] = |f(2)||Rg(2)|(2)["), we obtain
v([2DIR[Ty f1(2)] = v([z)]f(2)]|Rg(2)]
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|2l

1
< cv(|z])|Rg(z 1+/ ——dt )| flls,-
(=DIRg I (1+ [ s 1l
Together with T, f(0) = 0, we obtain

ITofll, = [Tof(0)] + sup v([2DIR[T, f](2)|

|2l
< cswpulDIRg (14 [ —sdt) 1,

Hence ||Ty|| < esup,cp v(|2])|Rg(2)|(1 + f #(t dt). Sufficiency is proved.

Necessity. Suppose Ty : 3, — B, is bounded. We need to prove

jtelg V(|Z|)|Rg(z)|(1 + /Z %t)dt) < 00

It is easy to see g € B, from the fact that g(z )+ fl Bg tz) dt = g(0) + (Ty1)(2) € Bo.
Fix w € B and take the test function

(z,w)
hw(2) =1 —I—/O p(t)dt, Yw € B.

By Lemma 2.3

12D Vhe (2)] = p(lz))le((z, w)l|w] < u(|(z, w))]e((z,w))] < c. (3.1)
Hence h,, € B,. Therefore

By Lemma 2.3, when |w| > %, we have

v(jw))| Rg(w)] (1 + / " —5dt) < vl Re(w)|(1+¢

O o~
g
S
=
=
=
N———

v(w)Rg(w){1+ ¢

1
>
lw|?
< clalls, + v Ra)(1+ [ w()r)

<c< oo

and when |w| < f’ we have

utirot(1+ [ oksar) <ol (1+ [ v dt) <

Hence

sup (| g()](1-+ / : )

g( sup + sup )V(|Z|)|Rg(z)|(1—|—/0|2| ﬁdt) < 0.

1 1
lzI<zz  l2l>5
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The proof is completed. O
(2) Sufficiency. Suppose g € B0 and sup,cpv(|z|)|Rg(2)|(1 + f dt) < o0. By (1),
we know Ty, : B, — B, is bounded So for any f € B0, we need to prove Tyf € Buo. Let
A= sup.cpv(|2)|Rg(2)|(1+ o ).
Lf(2)]

i) If fo ul dt = oo, by Lemma 2.4, we have lim,__ T a
mol

= 0. That is to say for any
€ > 0, there exists § > 0 such that

/(2]

lz] 1
0 mdt

<e as 0 < |z| <1

Hence

B B
VEDIRIT ) = v(D R < DRI (1 + [ —mar) A
(6

< cAe.

Therefore Ty f € B,0.

i) If fol ﬁdt < 00, by g € By, we know for the above € > 0 there exists 2 € (0,1), such
that

v(|z])|Rg(z)| < e as d2 < |z| < L.

Hence by Lemma 2.4, we obtain

||
mmmmmmzwwmw@m+A ﬁﬁmmmﬁw

Therefore Ty f € §,.0.

Combining i) and ii) gives T, f € 8,. Sufficiency is proved.

Necessity. Suppose T} : 8,0 — Bu,0 is bounded. It is easy to obtain g € 8,0. On the other
hand, the test function h,, in Theorem A belongs to 3,0 as well. Thus, the proof is similar to

that in theorem A and is omitted here. The proof is completed. O

4. The compactness of T

Proof of Theorem B (1) (i)= (ii). It is obvious and omitted here.
(ii)=(iii). Suppose Ty : Bu,0 — B0 is compact. It is clear that g € §,0. If (1.1) did not hold,
there would exist g9 > 0 and a sequence {27} C B such that lim; . |2/| = 1, but for j=1,2,...

_ _ Bl
y(|zﬂ|)|Rg(zﬂ)|(1+/O ﬁdt) > 2¢,. (4.1)

We may assume {27} satisfies |2/ 11| > |27] and 2/ — 20 € 9B. Because lim;_,oc v(|27|)|Rg(z7)| =

0, for any j, there exists k; > j such that

|27
1/(|zkf|)|Rg(zkf)|(1+/O ﬁdt) < co. (4.2)
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Combining (4.1) and (4.2), we obtain
|2*3

1
v(|2])| Rg(=")] - Lt e (4.3)

) (a2
(2,2

Let Fi(=) = fo =7 @(Qd¢, Hyz) = fy 77 @(0d¢, G(2) = f77 o(¢)dC, where

i n 2 ) ks )
<27| |>:Zzi|_kj|7Z:(Zlu"wzn)?’zk]:(le""7zﬁj)€B'
° z.

It is easy to see F;(0) = H;(0) = G(0) = 0 and the sequences {Fj}, {H;} converge to G(z)
uniformly on any compact subset of B.
Fix j. Then

p(lzDIVE;(2)] = n(l2))

o(ie || 2

I#7]
|| == < wll=D)
z

ot 50|~
as |z| — 1—.

It is easy to check that p(|z|)|VH;(z)| — 0 as |z| — 1—. Hence for any j, F}, H; € 8,0, and
{F;} and {H,} are bounded sequences on 3, 9. Because T : 8,0 — fu,0 is compact, {T,F;}
and {T,H,} have convergent subsequences. We may assume {T,F;} and {T,H;} converge to ®
and V¥ respectively. Then ®, ¥ € 3, .

For any z € B, we have

TsFa)(e) = / R / / - dCRg(tz)Ci‘t

0
tz,2%) dt
= [ [ eodcrgenT = @6,
0 0

Hence ® = T,G. It is easy to check that ¥ = T,G. Therefore

ITo s = ToHjllp, < | TyF; — @llg, + 1Ty H; — Plls, — 0, j — o0 (4.4)
On the other hand, by (4.3) we obtain
ITo 5 = ToH;lla, = sup v(|z)[Rg(2)IIFj(2) - H;(2)]
> v(|2% )[Ry ()| B (2%) — Hj (M)

.
J
=591 4

kj 2k ey

> ceg.

This is a contradiction to (4.4). Hence

T w(lzD)IRe(2)I(1 + /()'Z| ﬁ)dt) 0.

ili)= 1). Suppose (1.1) holds. For any € > 0, ther exists d; > 0 such that

ADimgN(1+ [ k) <o
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as 01 < |z| < 1. For any f € B,

||
v(|2)[RIT, f)(2)] < ev(|2])|Rg(2)] (1 + / ﬁdt)llfllm <ee.

Hence T, f € (0. Especially, g € 3,0 when f = 1.

Next we need to prove T, : 5, — (.0 is compact. Let {f;} be a bounded sequence in 3,
say ||fllg, <1 and f;(z) — 0 uniformly on any compact subset of B.

For the above € > 0, there exists d2 > 0. Take § = max{d1,d2} such that

Izl q
V(|2 |RIT, f51(2)] < ev(|z]) [ Rg(=)| (1 + / )il < ee (4.5)
as |z| > 0.
Moreover, when |z| < 4,
v(IZDIRIT, f51(2)] < llglls, 1f5(2)] < ce. (4.6)
Combining (4.5) and (4.6) yields
1T fillp, — 0, J — oo

By Lemma 2.5, we know T : 3, — B, is compact. The proof is completed. O
(2) Sufficiency.
i) If fo 1 dt 00, by Lemma 2.6 and the condition we know g € (3, 9. So for the ¢ of the

condition, there exists 8’ such that

v(|z|)|Rg(2)| <4 as & <|z| < 1.

Hence limy;|_; v(]z|)|Rg(2)|(1 + f dt) = 0. By result of (1) we know T, : 8, — Buo0 C By
is compact.
i) If fol ﬁ < o0, by g € 8, we know sup,cpv(|z])|Rg(2)|(1 + f dt) < o0o. Hence

by the result of (1) of Theorem A, we obtain that for any f € ﬁﬂ, T,f E ﬁ,, Let {f;} be a
bounded sequence in ,, say || f;[lg, <1 and f;(z) — 0 uniformly on any compact subset of B.

By Lemma 2.7 we obtain
lim sup |f;(2)| = 0.

J—7X zeB
Hence
1Tg fillp, < supv(|z])|Rg(z)|sup |f;i(2)] — 0, j— oo.
z€B z€B

Therefore Ty : 3, — (3, is compact.
Necessity. Suppose Ty, : 3, — [, is compact. It is easy to check that g € 5,. If (1.2) did not
hold, there would exist €9 > 0 and {27} C B such that

W[5 )| Rg(=)] < % (4.7)
but

) ) =7
1/(|zj|)|Rg(z])|(1 —l—/o ﬁdt) > 2gg. (4.8)
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By (4.7) and (4.8) we know 1 + fO‘Z” ﬁdt > 2jeg, so limj_ |27] = 1. We may assume

|71 > |27] and 27 — 2% € OB. By(4.7) we know for any j, there exists k; > j such that

|27 1
k; k(1 / —dt . 4.
v DRI+ [ osdr) <o (4.9)
Combining (4.8) and (4.9) gives
G pirg) [
v(|2"])|Rg(z" —dt > .
|24 u(t) 0

Take functions Fj(z), H;(z) and G;(z). The details of the rest are similar to those in the proof
of (1) of Theorem B and omitted here.
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