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1. Introduction

Let B and D be the unit ball and the uint disc of Cn, respectively, and ∂B the boundary of

B. H(B) denotes the class of all holomorphic functions on B. A positive continuous function

µ(r) on [0, 1) is called normal if there is a constant b > 0 such that

lim
r→1−

µ(r) = 0, lim
r→1−

µ(r)

(1 − r)b
= ∞.

These normal functions are more general than usual normal functions.

If µ is normal, we extend it to B by µ(z) = µ(|z|). It is well known that a holomorphic

function f belongs to µ-Bloch space βµ if and only if

‖f‖µ = sup
z∈B

µ(|z|)|∇f(z)| < ∞,

and f belongs to little µ-Bloch space βµ,0 if and only if

lim
|z|→1−

µ(|z|)|∇f(z)| = 0.

Here ∇f(z) = ( ∂f
∂z1

, . . . , ∂f
∂zn

) is the complex gradient of f . Obviously, both βµ and βµ,0 are

Banach spaces under the norm ‖f‖βµ
= |f(0)|+ ‖f‖µ and βµ,0 is a closed subspace of βµ. When

µ(r) = (1 − r2)α with α ≥ 1, µ-Bloch space is α-Bloch space, the weighted Bloch space.

Let g ∈ H(B). The extended Cesàro operator Tg on H(B) with symbol g is defined as

Tgf(z) =

∫ 1

0

f(tz)Rg(tz)
dt

t
, f ∈ H(B), z ∈ B

where Rg(z) = 〈∇g(z), z〉 is radial derivative of f .
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For a holomorphic f(z) on D, the extended Cesàro operator acting on f was proved to

be bounded or compact on the Hardy spaces, Bergman spaces, weighted Bergman spaces and

µ-Bloch spaces[1−6].

In the unit ball, Hu[7−9] obtained some necessary and sufficient conditions that Tg is bounded

or compact on β(1−r2)α , mixed norm spaces and Bergman Spaces. Zhang[10] considered the

boundedness of Tg between β(1−r2)p and β(1−r2)q for 0 < p, q < ∞. The purpose of this

work is to obtain the necessary and sufficient conditions on g ∈ H(B), such that the operator

Tg : βµ → βν (respectively βµ,0 → βν,0) is bounded or compact, which generalizes the result in

[6]. The main results are followings:

Theorem A Let µ, ν be normal and g ∈ H(B). Then

(1) Tg : βµ → βν is bounded if and only if

sup
z∈B

ν(|z|)|Rg(z)|
(

1 +

∫ |z|

0

1

µ(t)
dt

)

< ∞,

(2) Tg : βµ,0 → βν,0 is bounded if and only if

g ∈ βν,0 and sup
z∈B

ν(|z|)|Rg(z)|
(

1 +

∫ |z|

0

1

µ(t)
dt

)

< ∞.

Theorem B Let µ, ν be normal and g ∈ H(B). Then

(1) The following statements are equivalent:

(i) Tg : βµ → βν is compact;

(ii) Tg : βµ,0 → βν,0 is compact;

(iii) lim
|z|→1−

ν(|z|)|Rg(z)|
(

1 +

∫ |z|

0

1

µ(t)
dt

)

= 0. (1.1)

(2) Tg : βµ → βν is compact if and only if g ∈ βν and for any ε > 0, there exists δ > 0, such

that

ν(|z|)|Rg(z)|
(

1 +

∫ |z|

0

1

µ(t)
dt

)

< ε (1.2)

as ν(|z|)|Rg(z)| < δ.

2. Some lemmas

In what follows c, c1, c2 will stand for positive constants not depending on the functions

being condidered, but whose values may change from line to line. The expression a ≃ b means

c1a ≤ b ≤ c2a.

Lemma 2.1 Let f ∈ H(B), z ∈ B, y ∈ ∂B, 〈z, y〉 = 0. Define

Jyf(z) = 〈∇f(z), y〉.

If

|f(z)| ≤ c

µ(|z|) , (2.1)
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then

|Jyf(z)| ≤ c

µ(|z|)
√

1 − |z|2
. (2.2)

Proof Fix r ∈(0,1) and define

h(λ) = f(re1 + λe2)

for all λ ∈ C, with |λ|2 < 1 − r2. Here e1 = (e1
1, e

2
1, . . . , e

n
1 ), e2 = (e1

2, e
2
2, . . . , e

n
2 ) are a pair of

orthogonal unit vectors which could be replaced by any pair of orthogonal unit vectors in Cn.

Take z = re1 + λe2, where zi = rei
1 + λei

2. By (2.1), we see

|h(λ)| ≤ c

µ(
√

r2 + |λ|2)
.

Let Γ be the circle on which |λ|2 = 1−r2

4 . Applying the Cauchy formula gives

|h′(0)| ≤ 1

2π

∫

Γ

|h(λ)|
|λ2| |dλ| ≤ c

µ(
√

r2 + |λ|2)
√

1 − r2

=
c

µ(|z|)
√

1 − |z|2 + |λ|2
.

Since

h′(0) =
∂f(z)

∂λ
|λ=0 = (

∂f(z)

∂z1

∂z1

∂λ
+ · · · + ∂f(z)

∂zn

∂zn

∂λ
)
∣

∣

∣

λ=0

=
∂f(z)

∂z1
e1
2 + · · · + ∂f(z)

∂zn

en
2

= 〈∇f(z), e2〉,

without loss of generality, we take e2 = y and obtain

|Jyf(z)| = |〈∇f(z), y〉| = |h′(0)|
≤ c

µ(|z|)
√

1 − |z|2 + |λ|2
≤ c

µ(|z|)
√

1 − |z|2
.

Lemma 2.2 Let µ, ν be normal and f ∈ H(B). Then

(1) f ∈ βµ ⇔ supz∈B µ(|z|)|Rf(z)| < ∞ and ‖f‖βµ
≈ |f(0)| + supz∈B µ(|z|)|Rf(z)|;

(2) f ∈ βµ,0 ⇔ lim|z|→1− µ(|z|)|Rf(z)| = 0.

Proof (1) Suppose f ∈ βµ. We have

µ(|z|)|Rf(z)| = µ(|z|)|〈∇f(z), z〉| ≤ µ(|z|)|∇f(z)||z|.

So

sup
z∈B

µ(|z|)|Rf(z)| ≤ sup
z∈B

µ(|z|)|∇f(z)||z| ≤ sup
z∈B

µ(|z|)|∇f(z)|.

On the other hand, suppose

sup
z∈B

µ(|z|)|Rf(z)| ≤ c < ∞.

It is easy to see

|Rf(z)| ≤ c

µ(|z|) . (2.3)



916 XU N

Notice that all holomorphic functions are bounded in any compact subset of B. So

sup
|z|≤ 1

2

µ(|z|)|∇f(z)| < ∞.

Now for |z| > 1
2 , there exist unit vectors u2, . . . , un belonging to {y : y ∈ Cn, 〈z, y〉 = 0} such

that z
|z| , u2, . . . , un is a base of Cn. Hence

|∇f(z)|2 = |〈∇f(z),
z

|z| 〉|
2 + |〈∇f(z), u2〉|2 + · · · + |〈∇f(z), un〉|2

=
|Rf(z)|2

|z|2 + |Ju2f(z)|2 + · · · + |Jun
f(z)|2. (2.4)

By(2.2), (2.3), when y ∈ ∂B, 〈z, y〉 = 0, we obtain

|JyRf(z)| ≤ c

µ(|z|)
√

1 − |z|2
.

Because Jyf(z) =
∫ 1

0
JyRf(tz)dt, with the property of µ(r), we have

|Jyf(z)| ≤
∫ 1

0

|JyRf(tz)|dt < c

∫ 1

0

1

µ(|tz|)
√

1 − |tz|2
dt

= c
1

µ(|z|)

∫ |z|

0

µ(|z|)
µ(s)

√
1 − s2

ds <
c

µ(|z|) . (2.5)

Combining (2.3), (2.4) and (2.5), we obtain

|∇f(z)|2 ≤ c

µ2(|z|) .

Hence

sup
z∈B

µ(|z|)|∇f(z)| < ∞.

Moreover, there is ‖f‖βµ
≈ |f(0)| + supz∈B µ(|z|)|Rf(z)|.

(2) The proof is similar to (1) and is omitted here.

Lemma 2.3[11] Let µ be normal, µ(rs) = 2−s (s = 1, . . .), and ns = [ 1
1−rs

], where the symbol

[x] means the greatest integer not exceeding x. Write

ϕ(ξ) = 1 +

∞
∑

s=1

2sξns , ξ ∈ D. (2.6)

Then

(1) ϕ(r) is increasing on [0, 1) and

inf
r∈[0,1)

µ(r)ϕ(r) ≥ c, sup
ξ∈D

µ(|ξ|)|ϕ(ξ)| ≤ c.

(2) For all z = (z1, . . . , zn) ∈ B and 1√
2

< r < 1, we have

∣

∣

∣

∫ rz1

0

ϕ(t)dt
∣

∣

∣
≤

∫ r

0

ϕ(t)dt ≤ c
{

ϕ(
1

2
) +

∫ r2

0

ϕ(t)dt
}

.

Lemma 2.4[11] Let µ be normal.
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(1) If f ∈ βµ, then

|f(z)| ≤ c
(

1 +

∫ |z|

0

1

µ(t)
dt

)

‖f‖βµ
, (2.7)

(2) If f ∈ βµ,0 and
∫ 1

0
1

µ(t)dt = ∞, then

lim
|z|→1−

|f(z)|
∫ |z|
0

1
µ(t)dt

= 0. (2.8)

Lemma 2.5 Let µ, ν be normal and g ∈ H(B). Then Tg : βµ → βν is compact if and only if for

any sequence {fj} in βµ which converges to 0 uniformly on any compact subset of B, we have

‖Tgfj‖βν
→ 0 (j → ∞).

Proof It can be proved by Montel theorem and Lemma 2.4. The details are omitted here.

Lemma 2.6 Let µ, ν be normal,
∫ 1

0
1

µ(t) = ∞ and g ∈ H(B). If for any ε > 0, there exists

δ > 0, such that

ν(|z|)|Rg(z)|
(

1 +

∫ |z|

0

1

µ(t)
dt

)

< ε, as ν(|z|)|Rg(z)| < δ,

then g ∈ βν,0.

Proof Suppose g∈βν,0. There exist η > 0 and some sequence {zk} ⊂ B such that limk→∞ |zk| =

1, but for k = 1, 2, . . .

ν(|zk|)|Rg(zk)| = η > 0.

Take ε0 > 0. There exists δ > 0 such that η ∈ (0, δ). By condition, when ν(|z|)|Rg(z)| = η < δ,

we have

ν(|z|)|Rg(z)|
(

1 +

∫ |z|

0

1

µ(t)
dt

)

< ε0.

So

ν(|zk|)|Rg(zk)|
(

1 +

∫ |zk|

0

1

µ(t)
dt

)

< ε0.

On the other hand

ν(|zk|)|Rg(zk)|
(

1 +

∫ |zk|

0

1

µ(t)
dt

)

= η
(

1 +

∫ |zk|

0

1

µ(t)
dt

)

→ ∞, k → ∞,

this is a contradiction. Hence g ∈ βν,0. 2

Lemma 2.7[11] Let µ be normal and
∫ 1

0
1

µ(t)dt < ∞. If sequence {fj}is a bounded sequence in

βµ satisfying fj → 0 uniformly on any compact subset of B. Then limj→∞ supz∈B |fj(z)| = 0.

3. The boundedness of Tg

Proof of Theorem A (1) Sufficiency. Suppose supz∈B ν(|z|)|Rg(z)|(1 +
∫ |z|
0

1
µ(t)dt) < ∞. We

need to prove Tg : βµ → βν is bounded.

For any f ∈ βµ, by (2.7) and the property R[Tgf ] = |f(z)||Rg(z)|(z)[7], we obtain

ν(|z|)|R[Tgf ](z)| = ν(|z|)|f(z)||Rg(z)|
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≤ cν(|z|)|Rg(z)|
(

1 +

∫ |z|

0

1

µ(t)
dt

)

‖f‖βµ
.

Together with Tgf(0) = 0, we obtain

‖Tgf‖βν
= |Tgf(0)| + sup

z∈B

ν(|z|)|R[Tgf ](z)|

≤ c sup
z∈B

ν(|z|)|Rg(z)|
(

1 +

∫ |z|

0

1

µ(t)
dt

)

‖f‖βµ
.

Hence ‖Tg‖ ≤ c supz∈B ν(|z|)|Rg(z)|(1 +
∫ |z|
0

1
µ(t)dt). Sufficiency is proved.

Necessity. Suppose Tg : βµ → βν is bounded. We need to prove

sup
z∈B

ν(|z|)|Rg(z)|
(

1 +

∫ |z|

0

1

µ(t)
dt

)

< ∞.

It is easy to see g ∈ βν from the fact that g(z) = g(0) +
∫ 1

0
Rg(tz)

t
dt = g(0) + (Tg1)(z) ∈ βν .

Fix w ∈ B and take the test function

hw(z) = 1 +

∫ 〈z,w〉

0

ϕ(t)dt, ∀w ∈ B.

By Lemma 2.3

µ(|z|)|∇hw(z)| = µ(|z|)|ϕ(〈z, w〉)||w| ≤ µ(|〈z, w〉|)|ϕ(〈z, w〉)| ≤ c. (3.1)

Hence hw ∈ βµ. Therefore

c‖Tg‖ ≥ ‖Tghw‖βµ
≥ ν(|w|)|Rg(w)||hw(w)| = ν(|w|)|Rg(w)|

(

1 +

∫ |w|2

0

ϕ(t)dt
)

.

By Lemma 2.3, when |w| > 1√
2
, we have

ν(|w|)|Rg(w)|
(

1 +

∫ |w|

0

1

µ(t)
dt

)

≤ ν(|w|)|Rg(w)|
(

1 + c

∫ |w|

0

ϕ(t)dt
)

≤ ν(|w|)|Rg(w)|
{

1 + c
(

ϕ(
1

2
) +

∫ |w|2

0

ϕ(t)dt
)}

≤ c‖g‖βν
+ cν(|w|)|Rg(w)|

(

1 +

∫ |w|2

0

ϕ(t)dt
)

≤ c < ∞

and when |w| ≤ 1√
2
, we have

ν(|w|)|Rg(w)|
(

1 +

∫ |w|

0

1

µ(t)
dt

)

≤ ‖g‖βν

(

1 +

∫ 1√
2

0

1

µ(t)
dt

)

< ∞.

Hence

sup
z∈B

ν(|z|)|Rg(z)|
(

1 +

∫ |z|

0

1

µ(t)
dt

)

≤
(

sup
|z|≤ 1√

2

+ sup
|z|> 1√

2

)

ν(|z|)|Rg(z)|
(

1 +

∫ |z|

0

1

µ(t)
dt

)

< ∞.
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The proof is completed. 2

(2) Sufficiency. Suppose g ∈ βν,0 and supz∈B ν(|z|)|Rg(z)|(1 +
∫ |z|
0

1
µ(t)dt) < ∞. By (1),

we know Tg : βµ → βν is bounded. So for any f ∈ βµ,0, we need to prove Tgf ∈ βν,0. Let

A = supz∈B ν(|z|)|Rg(z)|(1 +
∫ |z|
0

1
µ(t)dt).

i) If
∫ 1

0
1

µ(t)dt = ∞, by Lemma 2.4, we have lim|z|→1−
|f(z)|

∫ |z|
0

1
µ(t)

dt
= 0. That is to say for any

ε > 0, there exists δ > 0 such that

|f(z)|
∫ |z|
0

1
µ(t)dt

< ε as δ1 < |z| < 1.

Hence

ν(|z|)|R[Tgf ](z)| = ν(|z|)|Rg(z)||f(z)| < cν(|z|)|Rg(z)|
(

1 +

∫ |z|

0

1

µ(t)
dt

) |f(z)|
∫ |z|
0

1
µ(t)dt

≤ cAε.

Therefore Tgf ∈ βν,0.

ii) If
∫ 1

0
1

µ(t)dt < ∞, by g ∈ βν,0, we know for the above ε > 0 there exists δ2 ∈ (0, 1), such

that

ν(|z|)|Rg(z)| < ε as δ2 < |z| < 1.

Hence by Lemma 2.4, we obtain

ν(|z|)|R[Tgf ](z)| ≤ cν(|z|)|Rg(z)|
(

1 +

∫ |z|

0

1

µ(t)
dt

)

‖f‖βµ
≤ cε.

Therefore Tgf ∈ βν,0.

Combining i) and ii) gives Tgf ∈ βν,0. Sufficiency is proved.

Necessity. Suppose Tg : βµ,0 → βν,0 is bounded. It is easy to obtain g ∈ βν,0. On the other

hand, the test function hw in Theorem A belongs to βµ,0 as well. Thus, the proof is similar to

that in theorem A and is omitted here. The proof is completed. 2

4. The compactness of Tg

Proof of Theorem B (1) (i)⇒ (ii). It is obvious and omitted here.

(ii)⇒(iii). Suppose Tg : βµ,0 → βν,0 is compact. It is clear that g ∈ βν,0. If (1.1) did not hold,

there would exist ε0 > 0 and a sequence {zj} ⊂ B such that limj→∞ |zj| = 1, but for j=1,2,. . .

ν(|zj |)|Rg(zj)|
(

1 +

∫ |zj |

0

1

µ(t)
dt

)

≥ 2ε0. (4.1)

We may assume {zj} satisfies |zj+1| ≥ |zj| and zj → z0 ∈ ∂B. Because limj→∞ ν(|zj |)|Rg(zj)| =

0, for any j, there exists kj > j such that

ν(|zkj |)|Rg(zkj )|
(

1 +

∫ |zj |

0

1

µ(t)
dt

)

< ε0. (4.2)
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Combining (4.1) and (4.2), we obtain

ν(|zkj |)|Rg(zkj )|
∫ |zkj |

|zj |

1

µ(t)
dt > ε0. (4.3)

Let Fj(z) =
∫

〈z,
|zj |

z
kj

〉
0 ϕ(ζ)dζ, Hj(z) =

∫

〈z,
|zkj |

z
kj

〉
0 ϕ(ζ)dζ, G(z) =

∫ 〈z,z0〉
0 ϕ(ζ)dζ, where

〈

z,
|zj|
zkj

〉

=
n

∑

i=1

zi

|zj |
z

kj

i

, z = (z1, . . . , zn), zkj = (z
kj

1 , . . . , zkj
n ) ∈ B.

It is easy to see Fj(0) = Hj(0) = G(0) = 0 and the sequences {Fj}, {Hj} converge to G(z)

uniformly on any compact subset of B.

Fix j. Then

µ(|z|)|∇Fj(z)| = µ(|z|)
∣

∣

∣
ϕ
(

〈z,
|zj|
zkj

〉)
∣

∣

∣

∣

∣

∣

|zj |
zkj

∣

∣

∣
≤ µ(|z|)

∣

∣

∣
ϕ
(

〈z,
|zj|
zkj

〉
)
∣

∣

∣
→ 0

as |z| → 1−.

It is easy to check that µ(|z|)|∇Hj(z)| → 0 as |z| → 1−. Hence for any j, Fj , Hj ∈ βµ,0, and

{Fj} and {Hj} are bounded sequences on βµ,0. Because Tg : βµ,0 → βν,0 is compact, {TgFj}
and {TgHj} have convergent subsequences. We may assume {TgFj} and {TgHj} converge to Φ

and Ψ respectively. Then Φ, Ψ ∈ βν,0.

For any z ∈ B, we have

(TgFj)(z) =

∫ 1

0

Fj(tz)Rg(tz)
dt

t
=

∫ 1

0

∫ 〈tz,
|zj |

z
kj

〉

0

ϕ(ζ)dζRg(tz)
dt

t

→
∫ 1

0

∫ 〈tz,z0〉

0

ϕ(ζ)dζRg(tz)
dt

t
= (TgG)(z).

Hence Φ = TgG. It is easy to check that Ψ = TgG. Therefore

‖TgFj − TgHj‖βν
≤ ‖TgFj − Φ‖βν

+ ‖TgHj − Ψ‖βν
→ 0, j → ∞. (4.4)

On the other hand, by (4.3) we obtain

‖TgFj − TgHj‖βν
= sup

z∈B

ν(|z|)|Rg(z)||Fj(z) − Hj(z)|

≥ ν(|zkj |)|Rg(zkj)||Fj(z
kj ) − Hj(z

kj )|

≥ cν(|zkj |)|Rg(zkj)|
∫ |zkj |

|zj |

1

µ(t)
dt

> cε0.

This is a contradiction to (4.4). Hence

lim
|z|→1−

ν(|z|)|Rg(z)|
(

1 +

∫ |z|

0

1

µ(t)
dt

)

= 0.

iii)⇒ i). Suppose (1.1) holds. For any ε > 0, ther exists δ1 > 0 such that

ν(|z|)|Rg(z)|
(

1 +

∫ |z|

0

1

µ(t)
dt

)

< ε
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as δ1 < |z| < 1. For any f ∈ βµ,

ν(|z|)|R[Tgf ](z)| ≤ cν(|z|)|Rg(z)|
(

1 +

∫ |z|

0

1

µ(t)
dt

)

‖f‖βµ
< cε.

Hence Tgf ∈ βν,0. Especially, g ∈ βν,0 when f ≡ 1.

Next we need to prove Tg : βµ → βν,0 is compact. Let {fj} be a bounded sequence in βµ,

say ‖f‖βµ
≤ 1 and fj(z) → 0 uniformly on any compact subset of B.

For the above ε > 0, there exists δ2 > 0. Take δ = max{δ1, δ2} such that

ν(|z|)|R[Tgfj ](z)| ≤ cν(|z|)|Rg(z)|
(

1 +

∫ |z|

0

1

µ(t)
dt

)

‖fj‖βµ
< cε (4.5)

as |z| > δ.

Moreover, when |z| ≤ δ,

ν(|z|)|R[Tgfj ](z)| ≤ ‖g‖βν
|fj(z)| < cε. (4.6)

Combining (4.5) and (4.6) yields

‖Tgfj‖βν
→ 0, j → ∞.

By Lemma 2.5, we know Tg : βµ → βν,0 is compact. The proof is completed. 2

(2) Sufficiency.

i) If
∫ 1

0
1

µ(t)dt = ∞, by Lemma 2.6 and the condition we know g ∈ βν,0. So for the δ of the

condition, there exists δ′ such that

ν(|z|)|Rg(z)| < δ as δ′ < |z| < 1.

Hence lim|z|→1 ν(|z|)|Rg(z)|(1 +
∫ |z|
0

1
µ(t)dt) = 0. By result of (1) we know Tg : βµ → βν,0 ⊂ βν

is compact.

ii) If
∫ 1

0
1

µ(t) < ∞, by g ∈ βν we know supz∈B ν(|z|)|Rg(z)|(1 +
∫ |z|
0

1
µ(t)dt) < ∞. Hence

by the result of (1) of Theorem A, we obtain that for any f ∈ βµ, Tgf ∈ βν . Let {fj} be a

bounded sequence in βµ, say ‖fj‖βµ
≤ 1 and fj(z) → 0 uniformly on any compact subset of B.

By Lemma 2.7 we obtain

lim
j→∞

sup
z∈B

|fj(z)| = 0.

Hence

‖Tgfj‖βν
≤ sup

z∈B

ν(|z|)|Rg(z)| sup
z∈B

|fj(z)| → 0, j → ∞.

Therefore Tg : βµ → βν is compact.

Necessity. Suppose Tg : βµ → βν is compact. It is easy to check that g ∈ βν . If (1.2) did not

hold, there would exist ε0 > 0 and {zj} ⊂ B such that

ν(|zj |)|Rg(zj)| <
1

j
, (4.7)

but

ν(|zj |)|Rg(zj)|
(

1 +

∫ |zj |

0

1

µ(t)
dt

)

≥ 2ε0. (4.8)



922 XU N

By (4.7) and (4.8) we know 1 +
∫ |zj |
0

1
µ(t)dt ≥ 2jε0, so limj→∞ |zj | = 1. We may assume

|zj+1| ≥ |zj| and zj → z0 ∈ ∂B. By(4.7) we know for any j, there exists kj > j such that

ν(|zkj |)|Rg(zkj )|
(

1 +

∫ |zj |

0

1

µ(t)
dt

)

< ε0. (4.9)

Combining (4.8) and (4.9) gives

ν(|zkj |)|Rg(zkj )|
∫ |zkj |

|zj |

1

µ(t)
dt > ε0.

Take functions Fj(z), Hj(z) and Gj(z). The details of the rest are similar to those in the proof

of (1) of Theorem B and omitted here.
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