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1. Introduction and definitions

The g¢-shifted factorial is defined by
n—1

(a; Q)O =1, (a; q)n = H(l - aqk)

k=0
with n € N4. For |g| < 1, the infinite product expression is defined by

oo

(a; @)oo = [ (1 — agh).

k=0

In this paper, we shall make use of the following compact notations:
(a1,a2,. .. am; Qn = (15Q)n(a2; Qn - - - (@m3; Dn,
(a1,a2, ., Gm; Qoo = (a159)00 (a2 @)oo - - - (Am3 @)oo

The basic hypergeometric series is defined by

T@S

bl,bg,...,bs n—0 (qablvan"'abS;q)n

For the convergence conditions of the basic hypergeometric series, we refer to [3,p 5].

o0
a1, az,...,0r HLZ] :Z (a1,a2,...,ar;qQ)n [(—1)"q(g)]l+s_%".
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Bivariate basic hypergeometric function is defined by

pABC | QA bp;cc -
D:E;F y Wy Ly -
dp :eg; fr

i ( (@45 Qmtn (03 Om(cci @n

dp; Qm+n (@ €E;Om (e [F;@)n

m,n=0
miny1D—A iy 11+E-B 11+F—C
(=g [ (—1yme®)] (=g Ty,
We refer to [3, 10.2.10] for more details.

Concerning bivariate basic hypergeometric series, by means of formal power series method
and series rearrangement technique, some authors have established many reduction and trans-

formation formulae.

For more details, the reader is referred to Chu and Srivastaval?!, Jia and Wang[!, Srivastava

and Karlsson!l.

The main purpose of this paper is to establish several transformation formulae for bivariate
basic hypergeometric series by means of series rearrangement technique. From these transfor-

mations, some interesting summation formulae are derived.
2. Main results
Proposition 2.1 Let {Q(n)}52, be an arbitrary complex sequence. Then we have

n

" (4 ) (@0 Dm (6% ¢)m (1/62 g @)n (@/0?Q)™ 2
m;oﬂ( o (a;¢*)m(aq/b; Q)m (G Dm (GD)n

_ a/b q7 ) —ag” /b (1/bg;@)n
Z 1—a/b?q (aq/b;q)n

provided that both series in (1) are absolutely convergent.

Proof By means of the series rearrangement, we may rewrite the left-hand side of (1) as

> — (a3 ¢)m aq q2) (b D (1/ VG Dnm nmy 2 \m
2,90 2 S Gl Fna]5 D Do D)

- 1/b2q, N (a,qva,—q\a, b, " q)m
Q n ? m
;, Izoq,\/a—\/ﬁaq/bb“") !

72 1/b q; 9 ) n_p a, q\/av _Q\/au b, qg "
oo Va,  —va, aq/b, V¢

(@D

4,4

And then making use of the following summation formula

5Dy a, Q\/av _q\/av ba qin . ‘| _ (a/b27 Q)n—l(l/bq7 Q)n(l — aq2n—l/b2)

va, —va, aq/b, b2¢ " (aq/b; q)n(1/0%q; q)n
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(see [8, 3.4.1.7]), we get

o0

Qn) , (a/b*qQ)n1(1/bg; Q)n(1 — ag® " /b?)
Z < (¢:0)n v (aq/b;q)n

a/b q7 )n(1/bg; )n(1 — ag® 1 /0?)
B Z i ¢ q)n(aq/b; q)n(1 — a/b?q) o

which completes the proof.

Theorem 2.2 For (|z|,|z/b%q|) < 1, we have
o a/b’q, q\/a/b?q, —q\/a/b%q, 1/bq
o Va/b?q,  —+/a/b%q, aq/b

2/b%¢; @)oo a, a, —gva,
NG, a, —qva aa/bq|
(75 9)oo Va, —va, aq/b
Proof Taking 2(n) =1 in Proposition 2.1 and making use of the ¢-binomial theorem

a az;q) o
1(1)0 34,2 = &7
- (25 @)oo

we obtain

Z CL/b q7 1 - ann 1/b2 (1/bq7 ) n

_ 2
n=0 1 a/b (aq/b7 Q)’ﬂ
(a,b; Q) m(aq%; ¢*)m 9 1/b q Qn
x b°q z",
=0 (@ @) m(aq/b; @)m(a; ¢*)m / Z

i.e.

4P3

Va/b?q, —+/a/b%q, aq/b

_ (@69 a, qva, —qva, b e
(5 0)oe va,  —va, ag/b’
Theorem 2.3 For (|a/b3cd|, |ag/bcd|) < 1, we have

a/b®q, q\/a/b?q, —q\/a/b%q, 1/bq ]

4P3

d: b:1 b2
c, a, Q\/_ \/au ) / q g, a/bgcd7 aq/bcd
a/b’c,a/b?d : \/a,—\/a,aq/b; -
_ (a/b27 GQ/bC, aq/bd, a/b2cd; q)oo
~ (aq/b, a/b%c, a/b%d, aq/bed; q) o
Proof Taking Q(n) = (¢, di@)n

2:4;1
(I) 2:3;0

= @caiap. T = aq/bed in Proposition 2.1 and using the nontermi-

nating ¢®5 summation formula

a, Q\/au _Q\/E, b7 c, d
;q,aq/bed
\/au _\/67 GQ/ba GQ/Ca aq/d
_ (aq,aq/bc,aq/bd, aq/cd; q) s
(aq/b,aq/c,aq/d,aq/bcd; q)

6Ps
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yields the conclusion (see [3, 2.7.1]). O

When ¢ = ¢~ in (3), we obtain the following terminating form.

Theorem 2.4 We have

_N 2
q ,d:a,q\/—,—q\/ﬁ,b;lbq
a2} MV gy ag® Vg™ fbd

an/b2,a/b2d: \/a, _\/67 aq/b; —
_ (a/b% aq/bd; q)n (5)
~ (ag/b,a/b2d;q) N

Theorem 2.5 We have

" d “Na,b - :1/b?
q)iégl,é ¢ a, e q a, 7Q\/—7 q\/57 / q ;q,aqu/b5cde,a2q1+N/b3cde
' a/b*c,a/b%d,a/b%e,aq™ /b* : \Ja,—+/a,aq/b; —
~ (a/b? a/b?de; q) N ® o, d, e, ag/be
" (a/b?d,a/b?e;q)y *° aq/b, a/bc, b*deq'~N/a )
. . C €,q 0/2 +N :
Proof The proof is completed by taking Q(n) = /i a(/bfd a/b2e(111)q73\’/b2,q)n = & —— in

Proposition 2.1 and using Watson’s transformation formula for a terminating very-well-poised

gD series

- b d -
8(1)7 CL, Q\/av Q\/av ) Cv I 67 q : q, a2q2+"/bcde
\/aa _\/aa G/Q/ba GQ/Q (LQ/d, GQ/67 aq1+n

_ (ag.aq/de;q)n o 1 a7, d e agfbe
(ag/d,aq/e;q)n aq/b, aq/e, deq "/a

Proposition 2.6 Let {Q(n)}52, be an arbitrary complex sequence. Then we have

- (aq"?/¢; Q)2min (4,6 Qm (@ %/ c;q)n (¢ ag®/2)™ a2
mzn;OQ(m ) (aq; @)2m+n (ag/c;@)m (G Dm (GO
1+\/— aql/Q/c Vs a7/ ¢, q\/a/c; q)n "

B Z (¢, aq/c, q\/a, \/ag; Q)n

1_\/_ aq1/2/c\/_ —\aq/c, —qv/a/c;q)n 2
Z (¢, aq/c, —qv/a, —\/ag; q)n ’ v

provided that all the series involved are absolutely convergent.

Proof By the series rearrangement, we reformulate the left-hand side in (6) as follows
oo 1/2 n n+1/2 1/2 /.
aq S Dn_n (a,c,aq G q Cq)n—m , _ m
Z (ag”2/c;q)n Z /¢ @m (@ 77/ Qnm (13729

(aq; @)n (¢,aq/c,aq" 5 Q)m (G QDnem

= m=0

+1 —
—Z aq1/2/cq1/2/cq nz": (a,c,a9" % /¢4 "5 D om

(¢,a9;9)n = (¢,aq/c, g™, cq> "1 q)m
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Then, by means of the following summation formula
au Ca an+1/2/Cv q_N 2
4®s3 1/2-N Ny D4
ag/c,  cq , aq
_ 1+ Va(eg,v4, yag/e,gva/cgn 11— alaq, /3, —\/ag/c, —ava/c g)n
2\/6 (GQ/C, \/a/cu \/G—Q7 Q\/a, q)N 2\/a (G’Q/Ca \/a/ca_\/a—a _Q\/av q)N
(see [6]), we have
1+\FZ aql/z/c\f\/—/cqx/—/cq) .
(¢, aq/c,qv/a, \/ag; q)n
aqm/c V@ =4/ —av/a/ an
_ Q7 aq/cv _q\/_7 \/_7 Q)n ’
as desired. O

Theorem 2.7 We have

i (@**Va/e,—¢**\/a/¢; Q)min (ag?/c; Domn (@, D (@' 2/ @)n ™ (cq” /)"
wio @4/ aje, =\ a/c; @) min (045 @)2min (ag/c; q)m (G Dm (G Dn
1+ va (ag*?/e, Va9 1=y (ag?? /e, —\/a, ¢ q)o
2Va (GQ/c,q\/E,C/\/G;q)oo 2V (agq/c,—qv/a,c/\/3; )
a/c,— 5/4 aj/c;
Proof Putting Q(n) = @ aje—atyajcdn o172

(g 1/4\/‘1_/07—‘11/4@@)”’ = ¢ Y2¢ in (6) and making use of the non-
terminating ¢®5 summation formula (4) gives the desired result.

O
Theorem 2.8 We have

oo

Z (q5/4 /C _q5/4\/ /C d q 7q m+n

m,n=0 (q1/4 G/C, _q1/4 /Cv aq3/2/cd, aq3/2+N/C7 Q)m-i-n

X
(ag'’?/¢; Q)amn (@, ¢ Q)m (a2 /¢ @)n (ac™rd1gNT5/2)™ (agN+1/d)™
(aq; @)2m+n (aq/c; q)m (@ Dm (@ Q)n

:1+\/5(aq3/2/07\/@;Q)N o g, Va Jagle,  Jagld
2va (aq/c.aain  ° a??fcd, Jag, q“* N/\/—7 79

1 —/a (ag®? /e, —\/ag; q)n e g, NGB —/aq/c, —/aq/d 00
2va  (aq/c,—q\/a;q)n a??jed, —yag, —q>Nyya T
/4 a/c,— /4 a/e,d,q N,
Proof Taking Q(n) = (¢*y/a/e—a* M a/c.d g i)

— o N+1/7: :
(@ aler—at /" aleaq®  cdaq >+ o) z =aq" ' /d in (6) and using
Watson’s g-Whipple transformation formula gives the desired result O
Proposition 2.9 Let Q(n)ZO:O be an arbitrary complex sequence. Then we have

o0

oy (@b (@b (wg2) o
mzn;og( " )(abq%;q)m (abq?; Q)n (G Dm (G Dn
i (a, b, Vab, —vab; ¢"/?)n .

z". 7
= (q"/2, ab, g Vab, —qi Vab; ¢'/?),, "
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Proof By the summation formula

N, a b, gV 0| = (ab;q)n (a, b, — /G 4N
Lgl=No Lg=No gpgr T (ab; ¢*/2) n (a, b; q) N

(see [1]), we may reformulate the left-hand side of (7):

iQ :1:" Z a b; q ) (@,b;liJ)nfm q%m

— (¢,abq%; Q) (¢, abq%: q)r—m
e e] n —n 1_n
Z TN (@.0;0)m (" 207 5 Dm o,
= (¢,abq?;q)n 2= (q.abq?;q)m (507" 5415 )
S

X .
— (¢'/2, ab, q4\/_ q4\/_ q‘/?),
This completes the proof. O

Theorem 2.10 We have

(1)7:4;4 q_N/27 \/a_7 _\/a_7 c, aba q1/4\/%7 _q1/4\/%:

T VA, —va, ag' /b, \Jaglb, —Jag/b, ag?/c, agtN/2;

\/av_\/aa \/57_\/53 \/E,—\/E, \/E,—\/E . 1/2 aq%Jr% aq¥

—\/E,ql/‘l\/%,—q1/4\/%;—\/§,q1/4\/%,—q1/4\/% i e ' b2
(aq"?, ~q*/b:q"*)n o | ag3/be, Vab,  —Vab, g N IRVERRYE
4¥3 ) )
(Vaq/b, —/aq/b; ¢"/?) N ag? /b, aq?/c, —bg~N/?

_ —N/2,.1/2 1/4 _1/4 L 1/2
Proof It suffices to take Q(n) = (a7, Vad.e.a /7 Pnlaba TVab—aVabia e png g =
(Va,—va,aq'/?/b,\/aq/b,—+/aq/b,aq'/?/c,aq1+N)/2;q1/2),
(24+N)/2 | . .
—*—— in (7) and then to make use of Watson’s ¢-Whipple transformation formula. O
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