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Abstract This paper deals with the asymptotic behavior of global classical solutions to quasi-
linear hyperbolic systems of diagonal form with weakly linearly degenerate characteristic fields.
On the basis of global existence and uniqueness of C'! solution, we prove that the solution to the
Cauchy problem approaches a combination of C' traveling wave solutions when ¢ tends to the
infinity.
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1. Introduction and main result

In this paper, we consider the following Cauchy problem for quasilinear hyperbolic systems

of diagonal form:

6ui . 8ul _ s

I +)\Z(u)8:v =0, i=1,...,n, 1)
t=0:u= f(x),

where u = (u1,...,u,)T is the unknown vector-valued function of (¢,), A\j(u) (i = 1,...,n) are

supposed to be suitably smooth and f(z) = (fi(),..., fo(z))T € (CLR) N WHYR))", CL(R)

is the space of C! functions with bounded C*(R) norm. We suppose that system (1) is strictly

hyperbolic such that
)\i+1(u)—)\i(v)>50, iZl,...,TL—l (2)

for any given v and v on the domain under consideration, where &y is a positive constant. We
suppose furthermore that for each ¢ = 1,...,n, the i-th characteristic A;(u) is weakly linearly

degenerate, i.e.,

)\i(O,...,O,ui,O,...,O):/\i(O). (3)
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We say that system (1) is rich, if there exist n positive functions N;(u) > 0 (i = 1,...,n)
such that on the domain under consideration we have

(0= 2 ) TG = ) 5L,

The notion of rich system was introduced by Serre [1]. If system (1) possesses a form of
conservation laws, then it must be rich. There are many results about the existence of global
classical solutions to the Cauchy problem for quasilinear hyperbolic systems [2-6]. Based on
these results, the asymptotic behavior of global classical solutions was studied in [7]-[9].

On the basis of [5], we prove the following theorem.

Theorem 1 Let f(z) € (C{(R)NWL(R))". Assume that \;(u) (i = 1,...,n) are C? functions,
system (1) is weakly linearly degenerate and (2) holds. Then there exists a constant § > 0
depending only on || f||cor) and ||f'|| L1 (w), such that if

1 oyl fllzrmy <6, (4)

then Cauchy problem (1) admits a unique global classical solution uw = u(t,x) for all t € R.
Moreover, there is a unique C! vector-valued function ¢(x) = (¢1(x),...,dn(x))T, such that
u(t, ) converges uniformly to > i, ¢i(x—\;(0)t)e; ast — oo, where e; = (0, ...,0, i, 0,...,0)T.
¢(x) is global Lipschitz continuous, i.e., there exists a positive constant K depending only on

| fllcr () and || f|lwr1(m) such that
|p(a) — d(8)| < K| — 8], Va,B € R.

Furthermore, if system (1) is rich, lim|, 4o f'(z) = 0 and f'(x) is global p-Hélder continuous
(0<p<,ie,
/() = J'(B)] < kla = BIP, Va,B R, (5)

where k is a positive constant, then ¢'(x) satisfies
¢ (@) — ¢'(B)] < Kila — B + Kala — 3],

where K, Ko are positive constants depending on &, || f|lci(r) and || f|lw1.1(r)-

2. Uniform a priori estimate

In the following sections, we consider the global C* solutions for ¢ > 0. The result for ¢ < 0

follows easily by changing the variable from ¢ to —t in system (1). For convenience, we introduce
M = sup [f'(z)| = If'(@)com): Mo = sup |f(x)| = |f(@)[com),
reR z€R

—+o0

+oo
le/ [f(@)|dz = [[f (@)l 22 m)» sz/ @) =1 @)l )

— 00 — 00

For any fixed T' > 0, we introduce

dui(t +°o
=2 Gt WD) = s [ e,

w;(t, x
i(t, @) . S )
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Wi (T) = max sup/ lw;(t, x)|dt, Uy(T) = max sup/ |u; (¢, z)|dt,
#j z€R i#j zeRJ &,

Wi (T) maxsup/ |w; (t,z)|dt, U(T) = maxsup/ |u; (¢, z)|dt,
i#j zeR i#j 2eRJL,

WoolT) = sup_sup [w(t, )], Use(T) = sup sup |u(t, )],
0<t<T z€R 0<t<T z€R

where C'j stands for any given j-th characteristic in the domain [0, 7] x R and L; stands for the

segment of any given straight line with the slope A;(0) in the domain [0,7] x R.

Lemma 1 Under the assumptions of Theorem 1, there exists a positive constant C' depending

only on My and §, such that the following estimates hold:

Wi(T), Wi(T), Wi(T) < CNa, U\(T),U,(T) < CNyeCN2,
Wao(T) < CMeN2 U (T) < C.

Proof For any fixed o € R and any ¢ = 1,...,n, u;(t,2;(t,«)) is a constant f;(«) along the
i-th characteristic. So we can get
Uso(T) < sup [f(e)| = Mo < C. (6)
acR
Differentiating system (1) with respect to z, we get
6’[1}1' 8()\z(u)wl)
— + ———==0. 7
ot + ox (™)
Multiplying (7) by sgn(w;), we have
d(|w; (¢, z)|(dx — A;(w)dt)) = 0. (8)

For any fixed o € R, let C'j :x = x;(t, @) stand for any given j-th characteristic passing through
any point A : (0, «) on the initial axis ¢ = 0 and intersecting ¢ = T" at point P. We draw an i-th
characteristic C; : = z;(t, §) from P downwards to the point B : (0,3) on t = 0. Without loss
of generality, we assume « < 3 and integrate (8) in the region APB to get

B
[ st 00y = M)t = [ o, (9)
Cj «

Noting (2), we get

I
/~ |w; (¢, x)|dt < 5—/ |f(z)|dz < CNa. (10)
j 0 J—00
Then
Wi(T) < CNs. (11)
Similarly, we can get
W1(T) < CNo. (12)

To estimate W1(T'), we need only to estimate fil |w(t, z)|dx for any given ! > 0 and then let

I — +o00. From point M : (¢,1), we draw an i-th characteristic downwards to the point P : (0, 1)



32 Q. ZHENG

on t = 0; From point N : (¢, —1), we draw an i-th characteristic downwards to the point @ : (0, 1)
on t = 0. Integrating (8) in the region MNQP, we easily get

l
/ lw(t, 2)]dz < CNs.
1

Thus
Wi(T) < CNa. (13)

The estimates of W, (T) and U (T) have been given by Li and Peng in [5]. We recite them
as follows for consistency.

We rewrite equation (7) and the corresponding initial data to get

_ 8)\1 (u) ’LU2 _ 8/\1 (u)

%I% + )\i(u)%% = ~"ou, Wi ; ~Duy Wi, (14)
t=0:w; = fl(z).
By Hadamard’s formula, we get:
8/\Z(U) 78/\1(11,) _ 8)\1(0, ey O, Uq, O, ey O)
ou; - ou; Ou;
1 2
OANZ(SUL, -+ vy SUG—_1, Uy SUjg 1y - - -, SUp
:Z(/ o aul du; = )dS)“l
£ 0 1%
défz bil(’u,)Ul,
I#i

where b;;(u) (I # i) are continuous functions of u. Along the i-th characteristic x = x;(s, 3), w;

can be expressed as

TG

i(t,@i(t, B) = 7 , 15
willnih0) = 1 JE(S 20 b (W) (5, w5, B))e—A ) ds (15)
where . Oi(u)
Ai(s, ) = /0 (g )i, )
Noting (11) and \;(u) € C?, we have
|4i(s, B)| < CNa. (16)

For any given [ # i, the I-th characteristic passing through point (¢, z;(¢, 8)) on the i-th charac-
teristic must intersect ¢ = 0 at a point denoted by (0,y; (¢, 5)). Let & = x;(¢, yu (¢, 8)) be this
I-th characteristic. We have z;(t, 8) = x;(t, yu(t, 8)). Differentiating it with respect to ¢, we get
Az (t, yu(t, B)) Oya(t, B)

Oyl ot
From (2), we know that dy; (¢, 5)/0t is always different from zero for all [ # 4, so t — vy (¢, 5) is

Ai(u(t, zi(t, B))) = Mi(u(t, zi(t, 5))) +

(17)

a strictly monotone function. Therefore, (17) can be rewritten as

1 oz (t,ya(t, B)) Oya(t, B)
(A = A)(ult, zi(t, B))) il ot

=1. (18)
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Since u; is a constant along the [-th characteristic, we have

wit, zi(t, 9)) = wi(t, 21t ya(t, §))) = filya(t, B)). (19)
According to (18)—(19), we have

11 (t,5) def/ lui (s, xi(s, B))|ds

_ (s 1 0x1(s,yi(s, B)),, 0va(s, ) 5
= [t DMty 1 et oD, (o

Differentiating u;(t, z; (¢, 8)) = fi(8) with respect to 3 gives

wilt, zilt, ﬁ))axl(; P)

= fi(B). (21)

Comparing with (15), we get

Ox;(t, CA(s
|““’a(ﬁm| A 4 71(5 /Ozbd )(s,2:(5, B))e~ 4D ds)
1#1

CeCN2 1 +MZ/ |Ul s, xz )|d8) (22)

1#1
Therefore, for any given 8 € R and i,l =1,...,n (I # 1), we get

0. ) <Ce [l 5)
1+ u Y [ st pats, ) fan) 242D

J#l

|ds

on +o0 g (y,8)
<Ce 2/ |fuly 1+MZ/ |uj (7, 21(7, ))|d7)dy

J#l

+
gCeCNZ/ |fi(y 1+MZ/ luj (7, x1(7,y))|d7)dy

J#l
< CN1eCN2 4 C(n — 1) M N1e“N20,(T),

where s = g;1(y, 8) is the inverse function of y = y; (s, 3). Thus
UL(T) < CN1eN2 4 C(n — 1) M N1eN2U(T).
Taking § > 0 so small that 2C(n — 1)M N1e“N2 < 1, we get
Ui(T) < 20NNz, (23)

We can estimate Up(T) in a similar way.

For any given | # i, the [-th characteristic passing through point (¢,Z;(t,3)) on the line
Z;(t,8) = Xi(0)t + [ must intersect ¢ = 0 at a point denoted by (0, a;(t,5)). So we have
Z;(t, B) = z1(t, au(t, 8)). Differentiating it with respect to ¢, we get

am(t, oy (t, ﬁ)) dayy (t, ﬁ) .

Xi(0) = N (ult, z4(t, 8))) + Dorn ot

(24)
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Noting (2), da;(t, 8)/0t is always different from zero for any given [ # 4. Therefore, t — (¢, 5)
is a strict monotone function and equation (24) can be rewritten as

1 8Il(t, Otil(t, 6)) 8041'1(15, 5)
X (0) — N (ult, 73, B))) dau ot

=1. (25)
Similarly to the estimate of U;(T)), substituting (25) for (18), we easily get
Ui (T) < 20NNz, (26)

On the other hand, taking § > 0 so small that 2C5e“™> < 1, we get

1
1+ f/(B / szl (s,zi(s,8))e” AP ds > 1 — CM N N2 > 5
0
So, for any given 0 < ¢t < T and z € R, we get
Wao (T) < 2MeCN2, (27)

The proof of Lemma 1 is completed. O
We can get the existence and uniqueness of global classical solutions of system (1) according

to Lemma 1.

Lemma 2 Suppose that system (1) is rich. Then under the assumptions of Theorem 1, there

exists a constant C depending only on My and § such that there holds
U(T) < CNy, Ui(T) < CNy, Woo(T) < CM.

Proof Since system (1) is rich, we introduce the Lax transformation

Ou; .
v; =N ()81; i=1,...,n.
From the boundness of u, we have C; < N;(u) < C2. Moreover, (14) can be rewritten as

Gt () = 5 N e,

ot Oz — " Ou; (28)
t=0:vi = N7 (f(2)fi().
Integrating v; along the ¢-th characteristic, we get
v;i(0, B)
(3 t,xi t,ﬁ .
( ( )) 1+Uz 0 ﬁ fO El?ﬁz zl( ) )(vaz(svﬁ))ds
So
N( (t zi(t, ﬁ))) GG
wilt, zi(t, B)) = . 29
( ( ﬁ)) 1+Ni f() El;ﬁz ( ) )(val(svﬁ))ds ( )
Noting (21), (29) and the boundness of N(u) we get
8x1(t 3,  Ni(f(B B) Joy (Ni(w) 0, 4 bia (wyw) (s, i(s, 8))dls)

N( (f zi(t, 5)))
c@ —i—MZ/ |ui (s, x(s, 8))|ds). (30)

l#1
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Similarly to the estimate of U (T) in Lemma 1, we get
Ui(T) < 2CNy, Uy(T) < CNy. (31)

So, taking § > 0 so small that 2C9 < 1, we get the following estimate on the denominator in
(29)

t
1+Nfl(f(5))f{(ﬁ)/ (Ni(u)Zbil(u)ul)(saxi(saﬁ))ds >21-CMN; > % (32)
0 1#i
Thus, it is easy to get that
We(T) < CM. (33)

This ends the proof of Lemma 2. O
The i-th characteristic passing through point (¢, + A;(0)¢) must intersect t=0 at a point
denoted by (0, 0,(t, @)).

Lemma 3 Under the assumptions of Theorem 1, for any fixed «, there exists a unique 9¥;(«)
such that
0;(t,a) — ¥;(ar), ast — +o0.
Moveover, ¥;(a) is global Lipschitz continuous with respect to a, i.e., for any given «, 8 € R, we
have
[9:() — ] < N1, [9;(a) — 05(8)] < N2 HV]a — ).
Proof First we prove 6;(t,«) converges uniformly when ¢ — +oo. Noting that the i-th charac-

teristic passes through (¢, 4+ \;(0)t), we get

a+ X (0)t =wzi(t,0,(t, ) = 0;(t, ) + /0 Ai(u(s, zi(s, 0;(t,c))))ds.

Therefore
t
0;(t,a) —a = / (Ai(0) — A (u(s, zi(s,0;(t, @)))))ds
0
t
_ —/ S A (5,405, 0(1, 0)))ds, (34)
O i
where .
Aij(u) d:cf / 6/\i(7u1, . ,Tui_(;,zfi,Tui_H, N ,T’un)dT' (35)
0 Uj

By Lemma 1, we get
t t
| / Z Aijuj(sa Ii(sa 91(t7 a)))ds| < / | Z Aijuj(sa Ii(sv oz(tv a)))|ds
O j#i 0 i
t
< c/ S oy (5, 1 (5, 6u(t, 0)))|ds < CT (£) < CNyeCNe, (36)
0 j#i
This implies that fot > jzi Nijuj(s,@i(s, 0i(t, a)))ds converges uniformly for any given o € R

when ¢ — 4o00. Therefore, there exists a unique ¥;(«) such that

tligrnoo 0;(t, ) = V(). (37)
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Noting (34)—(37), we get

|9 () — a] < ONpefNz, (38)
In what follows, we prove that ¥;(«) is Lipschitz continuous. For any given «, 5 € R, we have

t——+oo

There exists an o* such that

10:(t, ) — 0;(t, B)| < |

By the definition of characteristic, we have

dxi(s, 0
% = Ni(u(s, 2(s,0:))),

90:(t, %)

2o — . (40)

Differentiating it with respect to 6;, we get

Bmi 870»;
d éei - . Za)\i(u(s,xi(s,ﬁi))) Ouy(s,x;i(s,0;)) Ox;(s, 6;)
ds - ouy ox a20;
s=0, gz; =

Then

81:1 (s,0;) p{/ Z ONi( Tazll 7,0;:))) Ouy (T, ;;( T, 0; ))d’?’}

Differentiating ;(t, 0;(t, @) = \;(0)t + o with respect to o, we get 22:9% — 1 Then

90, da
(99i(t, ) 8:101 1 / ONi(u(s,z;(s,0;))) Oui(s, x;(s,6;))
80& ( 1‘ o exp{ Z 8’(1,[ 817 dS}

When [ # i, we have

t . .
/ |aul(87xz(sa6‘l(tva))) |d8 < CNo;
0 Ox

while, when [ = i, it follows from Hadamard’s formula

u) Ou;(s, (s, 0;(t, @))) t
ds = baugw;|d
/| Ju; Ox |S /O|Z vuwilds

1#£i

< CWoo(T)UL(T) < C.

Thus, we get
| ( | = exp{— / Z gil M + Zbilulwi)ds} < eCWNzHl), (41)
1#i
According to (39)—(41), we have
[0i() = 9:(B)] < e“P2V]a — ). (42)

3. Asymptotic behaviour of global classical solutions
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Theorem 2 The limit
Qi ug(t, 2) = gi(e) = ¢i(z — Ai(0)F)
exists and satisfies the following estimates
¢i()] < C, [pi(a) — ¢i(B)] < CMe“N2 | — ).

Proof We have

D o 0% = a0 Mg
8’[1,1'
= ((0) = M) G = = D (M),

J#i
Integrating it along x = o + \;(0)¢ gives
wilt, ) = wi(t, &+ A(0)t /ZAquwz (5,0 + X (0)s)ds (43)
O i
where

|/ Z (Ajjujw;) (s, a + Xi(0)s)ds| < / Z| (Ajjujw;) (s, + A (0)s)|ds

0 JF JFi

/ > (ujwi) (s, o+ Xi(0)s)|ds < CWeo () Us (t) < C. (44)

O j#i

Hence, fo i (Nijujwi)(s, a + Ai(0)s)ds converges uniformly for any given o € R when ¢ —
~+o0. Noting (43)—(44), we get

tli}rgo ui(t, ) = @i (). (45)

According to (26) and (43)—(45), we have

|¢i()] < |fia)] + CMN N2 < C, (46)
[6i() = ¢i(B)] = lim |(uit, @ + Xi(0)) — wi(t, 5+ Ai(0)1))]
= lim |w;(t,a” + X (0)t)[|a — B] < OMe“™[a — 5. (47)

This completes the proof of Theorem 2. O
Theorem 3 Under the assumptions of Theorem 1, for any given i € {1,...,n} and a € R, the
limit
thm w;(t, 2 (t, @) = i)
exists. 1;(«) is continuous with respect to o € R and satisfies
[i(a)] < CMeCN:.

Moreover, denoting W}, 5(c0) def MAaX;=1,....n SUPse(o,1o00) (Wit Ti(t, @) — wi(t, x(t, B))], we have

W}, 3(00) < Ckla— BIP + CM?* (N3 + 1)|a — B.
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Proof First we prove that w;(t, z;(t, &) converges uniformly with respect to o when ¢ — +o0.

dc{/ szl (s, zi(s, B))e" A=A ds.

0 gz

Denote

According to (15), we have

[wi(t1, zi(t1, B)) — wilte, zi(t2, B))]
F(B) (e AitB) — e=Ailt2B)) 4 f1(5)2h(ty, B) (e~ 4il1F) — = Aill2))
(L+ f(B)h(te, B)(1 + f{(B)h(t2, B))
| JU(B)2e= 420 (h(ty, B) — h(ty, B))
(1+ fi(B)h(t1, B))(1 + f{(B)h(t2, B))

Since f € (CHR)NW1I(R))™ and | |lim f(x) = 0, there exists an M7 such that
x| —+4o00

<

|+

E (48)

sup |f(@) <& sup |f(@)] < /| L El<e / L else

|| =M, || =My >
The [-th characteristic passing through point (¢1,;(t1,/3)) intersects ¢ = 0 at a point denoted
by a1, and the I-th characteristic passing through point (t2, ;(t2, 5)) intersects t = 0 at a point
denoted by as. Without loss of generality, we assume | < i (the case | > i can be proved
similarly). When 3 > —M;, taking T > —01 and to > t1 > T, we get M1 < a1 < . Similarly

o (9)—(10), we get

to
/ lw (1, 24(7, B))|dT < —/ |fi (z)]dz < / |f/(x)|dx < Ce
t1 || =M,

Therefore, we can make estimates as follows

lexp(~Ai(ts, B) — exp(~Ai(ts, B)]
— Jexp(—Astz, B))|| exp( / (3 2D ) o, s, Bar) — 1
1 1#£1
< eON2)eC% 1| < 0Nz, : (49)
W2, 8) = h(t1,8)| = | / (3 bulwyur) (s, (s, B))e= D
t g
< CeCNe /:2 lua(s, 24(s, B)|ds <ceCN2/II>M | fu(@)]dz < CeCVec. (50)

According to (48)—(50), we have

lwi(t1, zi(t1, B)) — wi(tz, zi(t2, B))| < Ce. (51)
When § < —Mj, noting (15), we have |w; (¢, 2;(t, )] < C|fI(8)| < Ce. So, for any given 3 € R,

we get
|wi(t1, zi(t1, B)) — wi(te, xi(t2, B))| < Ce. (52)

So, we conclude that w;(t, z;(t, a)) converges uniformly, i.e.,

lim w; (¢, 2;(t, @) = ¥ (). (53)

t—o0
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In what follows, we estimate @}, 5(c0).

If the system is rich, we apply Lax transformation and get (28)—(29). Denote
91 (8,8) = Ni(ult,2i(t, )N (£(9)),
ga(t,8) S N F(B) S / u) " bu(uu) (s, 2:(5, 6))ds.

l#i
By Lemma 2, we get

1 agl(taﬁ)

[\

Thus

l91(t, B)£1(8) — g1(t, ) fi ()] < |ga(t, B)(fi(B) = fi(a))| + |91 (t, B) = ga(t, )| fi(ev)]
891(t a*)

< CIfB) = fi(@)] + | =% =—Ifi(a)|la = 5]
<le-’(ﬁ)—f{(a)|+CM2|a—6l,

|91(t, B)g2(t, @) £ (B) — 91(t, a)ga(t, B) fi ()]
< lgr(t, a)g2(t, B)(£i(B) = file))] + lgr (¢, ) |1£ (B)llg2(t, @) — ga(t, B)|+

t, )
lg2(t, B)IIfi (B)]1g1(t, @) — g1(t, B)]
< CIf{(B) = fila)| + CM?(N2 + 1)|a — ).

Therefore

[wi(t, zi(t, B)) — wilt, zi(t, @)
_ |91(t, B F1(B) = g1(t, @) fl(a) + gi(t, B)ga(t, @) f{(B) — g1 (t, @) ga(t, B) fi (a)
(1 +g2(t, ) (1 + g2(t, 3))
< CO|fi(a) = fi(B)] + CM*(Ny + 1)|a — 3.

So, we conclude that
Wy, 5(00) < Clfi(@) = fi(B)] + CM?* (N2 + 1)|a — BI.
When the initial data satisfies (5), we get
@}, 3 < Ckla— BIP + CM?(Ny + 1)|a — 8. (54)

Moreover, we can get the continuity of ;(«) from the continuity of w; with respect to o and the

following estimate

(@) = Jim g (t, (¢, 0))] < MO (55)
This completes the proof of Theorem 3. O
Theorem 4 The limit

Jim w; (¢, a 4+ X (0)t) = ¥ (@) = ¢j(a)

exists and ¢} («) Is continuous with respect to o € R. Moreover, for any given a, 8 € R, we have
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the following estimate

[i(e) = ¢i(A)] < Cre M2 Da — Bl + CMP(Np + 1)e“M D] — 5.
Proof By Theorem 3, we have

tli)rgo w;(t, a4+ A (0)t) = lim w; (¢, xi (¢, 0;(¢, ) = lim w;(t, z;(¢, 9 (a))) = ¥i(Ha)).

t—o00 500
Therefore
dgi(e) _ | ¢ila+Da) — dila)
= lim
da Aa=0 Ao
C ol i et A0+ Aa) —ui(t, e+ Ai(0)2)
NAa—0t—o0 Ao

= lim w;(t, a+ Ai(0)t) = (9 (),

We obtain the continuity of t;(¥;(«)) from the continuity of v¥;(z) and ¥;(a) as well as the

following estimate

|i(a) — ¢5(B)] = | (Vs(e)) — i(9:(B))]
=l Jw;(t, (¢, 9i(a))) — wi(t, zi(t, 9:(0)))]
Clfi(Wi(a)) = fi(9:(8)) + CM* (N2 + 1)|9i() — 05(5)]

<
< CreCPWNet o — 1P 4 CM?(Ny + 1)t — 3.

Finally, according to Theorems 24, we get Theorem 1. O
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