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1. Introduction

Varieties of commutative semigroups have been extensively studied not only because of their
natural continuation of the theory of commutative groups, but also, because of their applications
in language and automata theory. There are lots of good results on varieties of commutative
semigroups. Schwabauer [1,2] proved that the lattice of varieties of commutative semigroups,
L(Com), is non-modular. Perkins [3,4] showed that every variety of commutative semigroups
is finitely based, and so the lattice £(Com) is countable and has no infinite descending chains.
Kisielewicz [5] described varieties of commutative semigroups in terms of certain order filters,
integer parameters, and the so called remainders. But it is fairly complicated to completely
describe the lattice of varieties of commutative semigroups.

In this paper, we pay our main attention to the varieties Ay determined by the identities set
Ap = {a" = ok oy ~ ya)

for k € N. Clearly, A; C Ay C --- C A and Ay is generated by aperiodic commutative
semigroups. In particular, A; is the variety generated by semilattices. The description of
L(As) is already known [2]. The main aims of this paper are to characterize the subvarieties
of Ay (k € N) by determining sets of identities and to establish the structure of lattice of
subvarieties of Ay (k € N).

The reader is referred to [4] and [6] for all notations and terminologies not defined in this
paper.
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Let X be a countably infinite alphabet ordered by <. Elements of X are referred to as
letters. Throughout this paper, x,y, z with or without indices stand for letters and u, v, w with
or without indices stand for words over X. We write u =~ v to stand for a semigroup identity
and write v = v if u and v are identical words.

Let u be a word over X. The content of u is the set c(u) of letters occurring in u. The
multiplicity m,,(z) of z is the number of occurrences of x in u. The length of u is the number
|u| of letters in u counting multiplicity.

Let ¥ be a set of identities. The variety defined by ¥ is denoted by [X]. Two words u, v are
called ¥-equivalent if u is derivable from v by invoking the identities in ¥, in this case we write
U 2 v. If an identity o is derivable from the identities in ¥, then we write X F 0. For a variety
V., we write V F ¢ if it satisfies o.

Let U be a subvariety of a variety V. The set of all varieties W such that U C W C V
constitutes a complete lattice and is denoted by L(U, V). We write £L(V) = L(T, V), where T
is the variety of trivial semigroups. In this paper, we use the Hasse diagram to represent the
lattice of varieties, where a line joining a lower positioned variety to a higher positioned variety
indicates containment, denoted by C, and a bolded line indicates containment with covering,
denoted by <.

Recall A; is the variety generated by semilattices. It is well known that A; F v ~ v if and
only if ¢(u) = ¢(v). A variety is semilattice-free if it does not contain A;.

Let N denote the set of all positive integers and let No = N U {0}.

In this paper, maximal subvarieties of some varieties in L(Ay) (k € N) will be shown in
Section 2. In particular, the unique maximal subvariety of Ay will be determined. In Section 3,
the relations of some subvarieties lattice will be described. The main result of this paper is the
structure of L(A}) (Theorem 3.6).

2. Maximal subvarieties of some varieties in £(Ay)

A word u is said to be in canonical form if

— €1 €2 €
u=az]'wy’ - xi,
where z1,x9,...,x, are distinct letters in X with 27 < 29 < --- < z, and e1,e9,...,6, €

{1,...,k}.
Proposition 2.1 FEach word is Ax-equivalent to a unique word in canonical form.

Proof This is straightforward.

It is well known that every variety of aperiodic commutative semigroups is finitely based.
Thus all subvarieties of Ay are finitely based. It follows from Proposition 2.1 that each proper
subvariety of Ay possesses a finite basis Ax U X, where each identity in X is formed by a pair of
words in canonical form.

For the rest of this paper, whenever u ~ v is an identity that holds in a subvariety of Ay, we
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always assume that

_ ,E1,.€2 En _ 01 .02 On
u=zx{'zy’ -z, and v=axi'xy® -2,

where u, v satisfy the following conditions:

1 <X2 << Tp,
0<¢€;,0, <k (i=1,2,...,n),
er+---+ep >0,
o+ + 6, >0.

We define

m(u = v) =min{e;, 0; 1 €; # 0,0 =1,...,n}.

Lemma 2.2 Let u = v be an identity such that Ay ¥ u ~ v (k > 2) and Ay F u ~ v. Then
k,k—1

Ay U{u =~ v} Faky? ~ 2by
Proof Since A; F u = v, we have c(u) = ¢(v). In this case, we may assume that ¢;,9; €
{1,...,k} for i = 1,2,...,n and there exists a letter x; € c(u) = c(v) with my(x;) # my(z;).
Suppose that my(z;) = h > m,(x;) = I. Denote by p the substitution ¢ — 2* for all ¢ # x; and
t — y for t = ;. Then

k—1-1 k—1-1 k,k—1

aFyF & 2 p(u)y ~ a*p(v)y ~ aty

Hence Ay, U {u =~ v} F 2¥y* ~ zFy*~1. O

Lemma 2.3 Let u ~ v be an identity such that Ay ¥ u =~ v (k € N) and Ay ¥ u ~ v. Then

Ay U{u~ v} Fabyt ~ b - aby =~ ok,

Proof Without loss of generality, we may assume y € c(u) \ ¢(v). Denote by p the substitution

t — 2F for all t # y and t — y* for t = y. Then V satisfies

Ap k

A
oF X 2P p(v)xa k k VLI

A
~ rhyf ~ 2k, O

k. k
and so Ay U {z" =~ 2Fy*} F aby TR xFyky
Theorem 2.4 The identity z*y* ~ x¥y*~1 is satisfied by every proper subvariety of A, (k € N).

k k,k—1

In particular, the unique maximal subvariety of Ay, is defined within A}, by zFy* ~ 2*y

L'is derivable within A} from any identity not

Proof It suffices to show that zFy* ~ xFyk—
satisfied by Ag. Let u &~ v be an identity with Ay ¥ u ~ v. Suppose that £ = 1. Then by
Lemma 2.3, Ay U {u ~ v} F 2¥y* ~ 2¥Fy*~1. Suppose that k > 2. If ¢(u) # c(v), then u ~ v is

not satisfied by any semilattice, and so by Lemma 2.3,

ApU{u=~ v} Faf ~ by aFyh 1t = ahytk
Therefore assume that c¢(u) = c¢(v). By Lemma 2.2, 2%y* ~ 2Fy*~! is derivable within A} from
any identity not satisfied by Ay. Hence Ay U {u ~ v}  2Fy* ~ 2Fy*~! and so the variety

defined by Ay U {z*y* ~ 2¥y*~1} is the unique maximal subvariety of Ay.
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Let
Apm = A U {:Ekyk ~ xkym}

for m € No,k € N and 0 < m < k — 1 and let A, be the variety defined by A ,,. It is
obvious that Ay ;_; is the unique maximal subvariety of A, and Ay is the unique maximal

semilattice-free subvariety of Ay.
Theorem 2.5 Ay ,,—1 is a maximal subvariety of Ay, for1 <m <k —1 and k > 2.

Proof Let V be a proper subvariety of Ay ,,. Then V satisfies some identity v ~ v which is
not satisfied by Ay .. Suppose that 2 < m < k — 1. There are two cases.

Case 1 c¢(u) = ¢(v). In this case, we may assume that ¢;,6; € {1,...,k}.
(1.1) m(u =~ v) < m. Without loss of generality, we may assume that m(u ~ v) = &; and
g; < &; for some i = 1,...,n. Denote by p the substitution ¢ — z* for all t # z; and t — y for
t = x;. Then 2¥y% ~ zFp(u) ~ 2¥p(v) ~ 2¥y%. Hence
Ao U{u = v} F aby® = aby

k}é‘i k

- xkym—l ~ ,Tkyk.

Ak,wn
(1.2) m(u=~v)>m. fmax{e; :i=1,...,n} =max{d; :i=1,...,n} =k, then u =
and so we may assume that max{e; : ¢ = 1,...,n} < k—1and g; < §; for some i = 1,...,n.
Thus
:L'lfil e x§71 e :L'Z—l ~ uxlfilisl e xfilisi e x:’_l_gn

~ /lelcilisl e xfilisi e x’l’iilisn
~ k—1—e1+61 k—1—e;+6; k—1—e,+6n
le ...Ii K '”...In
@ k k

%Il...xi...x’,“

where (a) holds by: if j =4, thenk—1—¢;+9;, > k;if j #iand 6; > ¢;, thenk—1—¢;+§; >
k—1>m;if j #¢and J; < ¢y, then

k—1—¢c;j+6;>k—1—-(k—1)4+mu~v)=m(uxv)>m

k

by §; > m(u~v) and e; <k — 1. Hence Ay, U{u~ v} ot .ghb-txgh. .. gk

Case 2 c(u) # c(v). By Lemma 2.3, V C [Agm, 2*y* ~ 2*]. Clearly, Ay, U {zFy* ~ 2F}

k,m—1 ~ .k, k, m—1 ..k, k

Ty = TTYy =TTy,

k=1 k—
1

It is obvious that [A m, 2¥y* ~ 2Fy™~1 and [Agm, 2t - 2k ~ 2 -2k=1] are incompa-

rable. Hence Ay p,—1 is a maximal subvariety of Ay, p,.
Suppose that m = 1. If A; C V, then m(u ~ v) > 1. By subcase (1.2), Ax1 U{u = v}
b gkt gk gkl TF Ay € V) then V C [Ay 1, 2%yF ~ 2¥] by Lemma 2.3. Clearly,

n
k k k k=1 k=1 k

[Ag1, 2%y ~ 2F] and [Aq, 28 2k ~ of k=1] are incomparable. Hence [A,z*y" ~

2¥] = Ay o is a maximal subvariety of Ay 1.
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Corollary 2.6 Let u =~ v be an identity such that Ay, ¥ u = v and max{m,(z;) : z; € c(u)} =
max{m,(z;) : x; € c(v)} = k. Then [Ag m,u = v] = Ay 1 (unw)-

Proof It follows from subcase (1.1) of Theorem 2.5 that Ay 1 U {u ~ v} F aFy™ =) ~ ghyk,
It is easy to show that Ay ; U {zFy™>) ~ zFyF) -y ~ v, and so [Agm,u ~ v] = Al () -

Corollary 2.7 Let u ~ v be an identity such that Ay -1 ¥ u~wv. Then [Ag m—1,u ~v] is a

maximal subvariety of [Ag m,u = v].

Proof It is similar to the arguments of Theorem 2.5.

3. The structure of lattice £L(Ay)

In order to explore the structure of lattice £L(Ay), we first define the following identities

oo ok k=1 k=1 o k=1 k-1 k—1
(ksm) cafas =~ --ap " may Txy o -eex

for k,n € N and k > 2. Let
Ak,m,n - Ak,m U {(ka n)}
and Ay ., be the variety defined by Ay ;. Then by Corollary 2.7,

Apm =Apt1im1, Ar=Art1k1,
Ak,m,l c Ak,m,? c..-C Ak,m,n c--- )

Apon <Apin < <Apin < <Api_1n
fork>2,0<m<k—1andn€ N.

Lemma 3.1 Let V be a variety in the lattice L(Ak—1,m,Akm) for k>2and 0 <m <k —1.
Then V is defined within Ay, ,, by finitely many identities of the form either

o1 abas? o oatn = o lagr gt

with €9,...,en €{1,...,k—1} or

"

01 .. .0
1 n

oyt at =

with max{e; :i=1,...,n} =max{d; :i=1,...,n} =k —1 and m(o2) > m.

Proof Since every subvariety of Ay is finitely based, V is defined within Ay ,,, by a finite set ¥
of identities. It is easy to see that Ag_1.m, F {01,02} and Ay, ¥ {o1,02}. It remains to show
that any identity v ~ v € X in 'V which satisfies Ay_1.,m F v = v and Ay, ¥ u = v can be
transformed into the form either o or os.
First we note that m(u a v) > m by the proof of Theorem 2.5. Let
e=max{g;:i=1,...,n}, d=max{d;:i=1,...,n}.

Without loss of generality, we may assume that ¢ > 4.

Case 1 m > 1. In this case Ay C Ap_1,m and so c(u) = c(v).
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(1.1) e =46 = k. This subcase is impossible since Ay, F u = v.
(1.2) e<k—1.1f6 =k —1, then u = v is of the form 0. If § < k — 1, then it is impossible
since Ap_1 m Fu~ .
(13) e=kand 0 <k—1.Ifo<k—1,then Ay_1 p, Fu~v. fd=k—1. Let§; =d =k—1
for some ¢ = 1,...,n. Then
Apm U{u=v} o =,

Ak,m
where v/ R u, may (x;) = k and my (z;) = my(x;) for i # j. Clearly, Agm U{v/ v} Furwv

and so [Ag,m,u ~ v] = [Agm,u ~ v], where v’ ~ v is of the form 0.

Case 2 m = 0. If ¢(u) = ¢(v), then by Case 1, u ~ v is of the form either o1 or oo. If
c(u) # c(v), say {y1,...,y1} € c(u)\ c(v) and {z1,...,2m} € c(v) \ c(u), then, by using the

; ; kok ~ .k ok E o
identity z"y" ~ z", we have u ~ uzy -z, =

u' and v & vyt - yF =o' with c(u’) = c(v') and
SO [Ak,m,u = v] = [Ak,m,u’ = v']. Hence by Case 1, any identity u ~ v € ¥ can be transformed

into the form either oq or os.

Corollary 3.2 Let V be a variety in the lattice L(Akm 1, Akm,i+1) for k>2,0<m<k—-1
andl € N. Then V is defined within Ay, ,, 11 by finitely many identities of the form either

with e1,...,en—1 € {1,2,...,k—2} or
o4t air = 3:‘151~ xi"
with max{e; :i=1,...,n} =max{§;:i=1,...,n} =k —1,m(og) >mand |{e; =k —-1:i=

Proof It is obvious that £(Ak i, Akm,i+1) is a sublattice of L(Ak_1,m, Ak m). Assume that
V is defined within Ay, ,, ;41 by a finite set ¥ of identities, where any identity u ~ v € X satisfies
Agmi Fu~wvand Ay 41 Fu~wv. Then u ~ v is of the form either oy or oo by Lemma 3.1.
Suppose that u =~ v is of the form ;. It is easy to show that u ~ v can be reduced to the identity
of the form o5. Suppose that u & v is of the form o3. Let [{e; =k —1:i=1,...,n}| = a and
Hoi=k—1:i=1,...,n} =b.

If a <l orb <, then this case is impossible since Ay 1 F u ~ v.

Ifa=10,b>1ora>1[0b=1 By symmetry, it suffices to assume a =1,b > [. Then

Apmiri U{u~ v} Fus,

Ageom,
where v/ &' v and max(m, (z)) =k for x € ¢(v'). Clearly, Ak m U{u~v'} Fu~wvandso

A, u~v] =[Ap.,, v, where u ~ ' is of the form o3.
USR] L) I

If a =0=1, then u ~ v is just the identity of the form oy4.

Theorem 3.3 For k > 2 and 0 < j < i <k — 1, the lattice L(Ak_1,;,Ak,;) can be embedded
into the lattice L(Ak_1 5, Akj).
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Proof By Lemma 3.1, any variety V € L(Ak_14, Ay ;) can be defined by [Af;, ], where any
identity u ~ v € X is of the form either o7 or os. Let V' = [A ;, X]. Then it is easy to see that
V' e L(Ak_1j,A;) and V' forms a sublattice £ of L(Ak_1,;, Ak,j).

We define the mapping o from L(Ak_1, Ak;) to L by
[Ak77:7 E] — [Ak)], E].

If [Ag,i, 1] = [Ak,i, 22|, then A ; UXq F Xo. Since Ay ; B Ay i, we have Ay ; U - 3y and so
[Ak,j,%1] C [Ag,j, X2]. Similarly, we may show that [Ay ;, X2] C [Ak;, X1]. Hence [Ag ;,X1] =
[Ak,j,32] and the definition of « is reasonable. If [Ag ;,¥1] = [Ak,j, X2, then Ay ; UX; F 3o
and Ay ; B Ag;. For any identity u ~ v € o, if m,(z) # m,(z) for some z € c(u) = ¢(v), then
min{m,,(z), m,(z)} > m(u = v) > i and so 3y can be derived only by identities set Ay ; U X1.
Hence [Ag,i,21] C [Ak,i, Xo]. Similarly, we may show that [Ay;,¥2] C [Aki, 1] Hence « is
injective. It is trivial that « is surjective.

Clearly, [Ak i, X1] C [Ak,i, 22 if and only if [Ag ;, X1] C [Ag,j, 2] Hence « is an embedding
of the lattice L(Ag_1,;, Ak,;) into the lattice L(Ag_1,;,Ak;). O

Corollary 3.4 Fork > 2 and0 < j <i < k—1, the lattice L(Ak,in, Ak,in+1) can be embedded
into the lattice L(Ak jn, Ak jnt1)-

Proof The conclusion follows from Corollary 3.2 and Theorem 3.3.

Theorem 3.5 For k > 2 and 0 < m < k — 1, the lattice L(Ak—_1,m,Ak,m) can be embedded
into the lattice L{ Ak m, Ak+1,m)-

Proof By Lemma 3.1 any variety V. € L(Ag_1.m,Akm) can be defined by [Ak m, 2], where
any identity u &~ v € ¥ is of the form either o1 or o3. Then c(u) = c(v), say c(u) = c(v) =
{z1,...,2n}. Let v/ =uzy -+ -z, and v/ =vz1 - 2, and v/ =o' € ¥/. Let V/ = [Apy1m, 2. It
is easy to see that V' € L(Agm, Akt1,m) and V' forms a sublattice £ of L(Akm, Akt+1,m)-

We define the mapping 3 from L(Ak—1m,Akm) to L by
[Ak,ma E] = [Ak-‘rl,mu E/]

By an argument similar to that of Theorem 3.3, we may show that § is an embedding of the
lattice L{Ak_1,m, Ak m) into the lattice L(Akm,Akt+1,m). O

Now we have the required results for a description of the structure of L(Ay).
Theorem 3.6 The structure of lattice L(Ay) is as shown in the following Figure 1.

Proof This is a consequence of Theorems 2.4, 2.5, 3.3 and 3.5 and Corollaries 2.7 and 3.4. O
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