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Abstract This paper considers the expected discounted penalty function ®(u) for the perturbed
compound Poisson risk model with stochastic return on investments. After presenting an integro-
differential equation that the expected discounted penalty function satisfies, the paper derives
the closed form solution by constructing an identical equation. The exact expression for ®'(0) is
given using the Laplace transform technique when interest rate is constant. Applications of the
results are given to the ruin probability and moments of the deficit at ruin.
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1. Introduction

We assume that the surplus process of an insurance company follows the perturbed compound
Poisson risk process of Dufresne and Gerber [1],
N(t)
Up=ct— Y Yito,W;, t>0,
i=1
where ¢ > 0 is the rate of premium; {N(¢),¢ > 0} is a Poisson process with parameter A\ > 0,
representing the total number of claims up to time ¢; o, > 0 is the dispersion parameter and
the claim size {Y;, i = 1,2,...}, independent of {N(¢),t > 0} and standard Brownian motion
{W(t),t > 0}, is a sequence of independent and identically distributed positive random variables
with distribution function F'.
Suppose that the insurer is allowed to invest in an asset or investment portfolio. The return
on investment generating process is Ry = §t + 0By, t > 0, where {B;,t > 0} is another standard
Brownian motion. For simplicity, we assume throughout the paper that the process U and R are

independent. Then the current surplus at time ¢ with an initial surplus u is

X(t) = eRt(u—l—/OteRSdUs), t>0. (1)
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Let 7 = inf {¢t > 0, X(¢) <0} be the bankruptcy time and w = w(x,y) be a non-negative
measurable function on [0,00) x [0,00). Then the expected discounted penalty function under

risk process (1) is
P(u) = Ele " w(X (7—),|X (1)) I(1 < o00) | X(0) = u], (2)

where I(A) is the indicator function of event A and p > 0 is a discount factor.

The concept of the expected discounted penalty function was first introduced by Gerber and
Shiu [2-4] and it has proven to be a powerful analytical tool to study ruin quantities. Many
important results of ruin related functions can be obtained using this tool [5-9].

Since an insurance company often invests part of its capital in a risky portfolio, it has become
an important topic for studying risk models with stochastic return. Although some elegant results
have been obtained for ®(u), the case with stochastic return still needs further investigation. For
a compound Poisson risk process, Cai [10] studied ®(u) with stochastic interest process being a
Brownian motion with drift, while Yuen and Wang [11] considered the problem when stochastic
return is a compound Poisson process with drift, and Yuen et al. [12] extended the analysis to
a risk model with stochastic return under barrier strategy.

In this paper, we shall discuss the expected discounted penalty function in the classical risk
model perturbed by diffusion with stochastic return being a Brownian motion with drift. It is
slightly more general than discussed in Cai [10] since we add a Brownian motion to perturb the
aggregate claims process. The idea and methods we use are motivated by Sundnt and Teugels
[13] and Cai [10,14]. In Section 2, we show the expected discounted penalty function ®(u)
satisfies an integro-differential equation, which generalizes results of Cai [10] and Wang and Wu
[9]. In Section 3, we derive general solutions for ®(u) in the form of an infinite series. The exact
solution for ®'(0) when interest rate is constant is found using Laplace transforms in Section 4.

Section 5 presents two examples to illustrate applications of the results.

2. Integro-differential equation

The purpose of this section is to show that the expected discounted penalty function for
risk model (1) satisfies an integro-differential equation. The result is obtained by utilizing the
regenerative property of Poisson process at claim instants and conditioning on the amount of the
first claim. In order to prove our theorem, we need the following results stated here as a lemma.
For ¢t > 0, define

t
h(t) = u(eft — 1) + c/ ef=ds
0

and
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72 2 2 A
E[r=(t)] = E[h*(t)] + oy m, (4)
! oRe— R, 3 _
Bl / dw,J* =0, (5)

h(E)([fy efeRedw,)?
lin ) et )°]

= 0. (6)

Proof Tt is easy to check that equation (3) holds.
By Ito isometry, we have

t t e2(6+a2)t -1
E[/ efrmRaq,)? = E[/ 2R qg) = ———

Therefore,

t t
E[Rh*(t)] = E[h*(t) + op( / e~ qW,)? 4 2h(t)o,, / e Raq,]
0 0
e(5+02)t -1

= E[h*(t)] + o3 - EETSR

which implies that equation (4) holds.
Let MY = (f(;5 efe—Req,)?, v\ = 3R+ and Z fo e~ f«dW,. By Ito’s formula, we

obtain
3
th(l) = 32\4;1)[(6 + 502)dt + odB:] + 3Yt(1)(2t(1))26_R‘th + 3Yt(1)2t(1)e_2Rfdt.

Integrating the above equation and noting that

t t u
/My)adBu, /Y;”(Z;l))?e*mdwu, Y;UZ;l)e*QRu:eRu/ e~ f=aw,
0 0 0

are martingales with zero-expectation, we get
EMY) - MV = / E[M (5 + 0 2))du
Denoting E [Mt(l)] = ¢g(t), the above equation can be re-expressed as
o)~ M =36+ 307 [ gt

with solution g(t) = C1eB35+357") . Since g(0) = C; = Mél) = 0, we get g(¢t) = 0, which implies
that equation (5) holds.
Let Y\ = h(t)e?Rr, 2 = (fote’RSdVVS)2 and M» =v® 7z By Ito’s formula, we have

t
aM® =y, (2 / e B Reqw)aw, + VP e 2Redt + 212 2R g [2h(t) + ue™)dB,+
0

ZP2h(1)5 + 2h(t)o? + eFe (5u + gu02 + ¢))dt.

Integrating the above equation and taking expectations on both sides, we have

t t
E[M®] = /O E[Y®e?R:]ds + E{ /0 ZP[2N(s)8 4 2h(s)a? + e (6u + gu02 +¢)]ds}.
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Hence, from L’Hospital rule, we get

CCEMP) @) 2R, @) ) R, 5
lim % = lim {E[Y;"e ] + B[2,7h(t)(20 + 20%)] + B[, " (6u + EUUQ +0)]}
£ lim [11(8) + Lo (1) + I5(8)]. (7)
From equation (3), we get
. . 54152 c
%1_1}(1)[1(t):%£1(13[e(+2 )t—l](u+5+d_2)20. (8)

By Ito’s formula again, we have
1 t
A[ZzPht) =2 eB (Su+ iwﬁ +o)+h(t)e 2P dt + Z P eBruod By + 2h(t) / e~ Be=Reqy, ) dW,.
0

Integrating the above equation and taking expectations on both sides one more time, we can

write

t
1
E[Zt@)h(tﬂ = /0 E[ZgQ)eRS (ou + 5u02 +¢) + h(s)e *F]ds.

Notice that the integrand on the right-hand side of the above equation is continuous and bounded

in (0, ¢], which implies that the integral is also continuous. Therefore,

lim Ip(t) = lim £ (2P h(t)(26 + 20%)] = 0. (9)
Similarly, we can obtain
. T (2) _R: § 2 o
lim 75(t) = }%E[Zt e (6u + Suo + o] =o. (10)

Hence, equation (6) follows from (7)—(10).
We can now give equations satisfied by ®(u).

Theorem 1 Consider risk process (1) and the expected discounted penalty function ®(u) defined
in (2). If F is a continuous distribution and w(z,y) is bounded for x > 0, y > 0, then ®(u)

satisfies the integro-differential equation

l(0172—1—02112)@)”(11) + (6u + %U2u +0)®' (u) — (XA + p)®(u)+

2
)\/Oufb(u—y)dF(y)—i—)\/oo w(u,y —u)dF(y) =0 (11)
and the following boundary conditions: '
P(00) =0, (12)
®(0) = w(0,0). (13)

Proof Using similar arguments to Gerber and Shiu [3] and Willmot and Dickson [15], we
condition on the amount, y, of the first claim in a very short interval (0, At]. We note that if
there is no claim in (0, At], then X (At) = h(At) + u; if there is one claim in (0, At], then ruin
occurs when y > h(At) 4 u. Thus,

- uth(At)
D(u) =(1 — AAt)e P2 E[@(h(AL) + u)] + AAte P2 E]| /0 (h(At) +u —y)dF(y)]+
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)AtefPAtE[/m~ w(h(At) +u,y — h(At) — u)dF(y)] + o(At). (14)
u+h(At)

By Taylor’s expansion, we have
~ ~ 1 1

E@(h(t) + )] = D(u) + & (@) E[(t)] + 50" () RO + cE@" @ (1)),

where u < @ < u+ h(t).
In view of equations (3), (4) and (5), we can write

T / L, 2 262(6+02)t —1
E[®(h(t) + u)] =®(u) + &' (u)E[h(t)] + 5<I> (w)E[R*(t) + apmh
%@"/(H)E[iﬁ(t) + 3h(t)a§(/0t eR‘_RSdWS)Q].

Substituting the above equation into (14) gives

e2(6+a2)At -1

[ V)

B (u) =D(u) + @' (u) E[h(AL)] + %@”(wE[h?(M T Gy T

Lo (@) B (1 () + 3h(At)o2( / ” el dW,)?] — (A + p) At - @ (u)+
0

6
AAte P2 E| w(u+ h(At),y — u — h(At))dF (y)]+
u-+h(At)
uth(At) _
Mte PALE [/ ®(u + h(At) — y)dF (y)] + o(At). (15)
0
Results in the appendix of [10] have shown that
2 2 3
lim Elr(t)] =u(d+ U—) +e¢, lim Bl ®)] =co%u?, lim ElR ()] =0.
t—0 t 2 t—0 t t—0 t

Thus, by dividing At on both sides of equation (15), letting At — 0, and using the above results,
we obtain equation (11).
The boundary condition (12) holds from the boundedness of w, and the second boundary
condition (13) follows from the fact that zero initial surplus corresponds to the bankruptcy state.
We remark that Theorem 4.1 in [10] is a special case of above results with o, = 0 and o > 0.
And our results coincide with the results of combination of Theorems 2.3 and 2.6 of Wang and
Wu [9] when o, > 0 and o = 0.

3. General solutions for ®(u)

In this section, we give general solutions for ®(u). We first give an identical equation of

equation (11). Based on this, the closed form expression for ®(u) is obtained.

Theorem 2 The integro-differential equation

%(Up2+a2u2)fl)"(u) + (du + %(72’[1, +0)®' (u) — (XA + p)®(u)+

oo

)\/Ou D (u—y)dF(y) + )\/u w(u,y —u)dF(y) =0 (16)
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is identical to the Volterra equation

B) = [ PR gy + o), (1)
0
where
1 2 28/ “ Y >
g(u) = m [qu)(()) +0,® (0)u + 29(0)cu — 2/\/0 /0 /x w(z,z — a:)dF(z)dxdy],
K(u,y) = ﬁ[—y(—?oQ—i—Q&—k)\—i—p) —u(%o2 5= A=) —c—A/OuyF(t)dt]

Furthermore, the solution of equation (16) is unique if F' is a continuous distribution.

Proof Integrating equation (16) over u twice, integrating by parts and interchanging the order

of integration, we have

%(ag + 02u?)d(u) — %ag [@(0) + & (0)u] — D(0)cu + /u B(y)[y(—20° + 26 + A+ p)+
0

1 2_ 3 3 : u u—y
w(zo” = —A—p)+ ]dy—i—)\/o q)(y)/ F(t)dtdy+

2 0
u  py oo
A / / w(x,z —z)dF(z)dzdy = 0,
0 0 x

which implies that equation (17) holds.

Since equation (16) is identical to (17), we just need to show the uniqueness of the solution
to equation (17). And, according to the theory of Volterra equation, this statement holds since
g(u) is absolutely integrable and K (u, y) is bounded integrable, which comes from the continuity
of F' and the boundedness of w. O

From Theorem 4 and the theory of Volterra equation [16], we can get the closed-form solution

of equation (16)
Bu) = g0) + [ 3 Kafutigle)r
n=1
where
K, (u,t) = /u K(u,y)Kn-1(y,t)dy, u>t, n=23,...
Ki(u,t) = Kt'(u,t).
Furthermore, ®(u) can be approximated recursively by Picard’s sequence defined by
Po(u) = g(u),
D, (u) =g(u) + /0“ ®,_1(s)g(s)ds, n=1,2,3,....

4. The exact solution for ®'(0) under constant interest

Section 3 gives the expression and recursive formula for ®(u). But, in order to apply these

results, we need to know the solution for ®(0). This section will devote to find ®'(0) when
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R; = dt, § > 0, by using the Laplace transform technique of Sundt and Teugels [13] and Cai and
Dickson [14] and conditions given by Theorem 2.

We define an auxiliary function of ®(z) as Z(z) = ®(0) — ®(z). Then Z(0) = 0. If the
claim size distribution F is sufficiently regular and w is bounded, we have ®(z) — 0 as © — oo
according to the monotone convergence theorenl7 which implies that lim,_,., Z(z) = ®(0). In
this case, we can define Z(s = [, e*"dZ(z), with Z(0) = ®(0) = w(0,0) < oo

By substituting ®(x) = <I)(O) — Z(x) into equation (11), we have that

; 27" (2)— (c+02) Z' () + (A + p) Z(z) — )\/OIZ(:C —y)dF(y) +I(z) = 0, (18)

where
oo

IM(xz) = —(p + \)®(0) + AP(0)F(z) + )\/ w(z,y — x)dF(y).

Taking the Laplace transform of equation (18) yields

~87/() + Z(s)(1(s) - £) = 5052'(0) +Ti(s),

where

When § > 0, we note that

d = . 1 1 -
e Z(s)s%eleO L(t)dt] =57 =[5 Lt B o> Z'(0) + II(s)

and by monotone convergence theorem we have that
Z(s)s® = /OO e s8dZ(x) — 0, s — o0,
0
which implies
Z(s)s5 e Jo LDt = %/OO e Jo Lim)dmy g [%aﬁZ’(o) + TI() | dt.
Put s = 0 in the above equation to obtain

L2 700) / oI Lmydmy 8 gy _ / ¢ TS Limdmy 5T (1),
0 0

or, equivalently,
—2 [ e Jo LOmdmy STT(¢)dt
0'12) fooo eiTlf(; L(m)dmtgdt '

7'(0) =

From the fact that ®'(0) = —Z’(0), we obtain

2 [ e m)dmtaH( )dt
o2f Lim)dmy &gy

'(0) =
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Example Under conditions of Theorem 2, if F' is an exponential distribution with F(y) =

1 —ePY, B> 0, equation (11) is re-expressed as

%(Uﬁ + 02u?)®" (u) + (du + %0211 +¢)®'(u) — (A + p)®(u)+

AA(u) + A\Be P /“ d(y)evdy = 0, (21)
0

where A(u) = [ w(u,y — u)dF(y).
Taking the derivative with respect to u on both sides of equation (21), we get
1

5(0p2+02u2)<1)/”(u) + @ (w)o*u + " (u)(du + %0’2’& +c¢)+ D' (u)(0 + %(72)—

A+ p)®(u) + ANA'(u) — )\626_6”/ D (y)e’Vdy + \G®(u) = 0. (22)
0
Multiplying equation (21) by § and adding to equation (22), we can get the differential equation
satisfied by ®(u)
Lo 2, 2 9vam L L 5 9 3 5 "
E(O'p + o u®)® (u)+(§apﬂ+ 30U 6—|—5u+§a u+ )" (u)+
1 1
(Bou + 560'211, +cf+0+ 502 —A—p)®'(u)—
(A + p)B®(u) + A\BA(u) + A (u) + A\3®(u) = 0.
From equation (19) we get II(s) = —2. Thus according to equation (20), we have

2p [0 e Jo Limydmy5—1qy

o2 [ e o Limdmygqp |

' (0) =

Furthermore, from equation (21) we have

2(p - '(0))

2
9

(b// (0) —

Paulsen and Gjessing [17] and Cai [10] also considered the case for exponential claim distri-
bution. Results in this example coincides with equation (2.11) when § = r — %02 in [17]. Also,
Example 5.1 in [10] is a special case of our example by taking o, = 0.

5. Applications

In this section, we give two examples to illustrate applications of the derived results.

When interest is constant, the equation satisfied by ®(u) is

o) = [ " () K (u,y)dy + g(u), (23)
where

g(u) = w(0,0) +ud’(0) + 0%2) [2 w(0,0) ¢ u — 2\ /O“ /Oy /:0 w(z, z — x)dF (z)dzdy],

K(u,y) = % [y(—25 “ N+ uB+A) —c— A /Ou F(t)dt + p(u — y)} ,
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2 [Xes o L<m>dmt%ﬁ( t)dt

®'(0) =
( ) 0_2 f m)dmtédt

5.1 Ruin probability

Denote the ruin probability with initial surplus v as Pr(r < oo0) = 9¥(u). Let w(z,y) =1
and p = 0. We get ®(u) = E[I(T < 00)] = ¢(u). From Section 4, we have II(s) = 0, ®'(0) = 0.
Then, equation (23) yields that

/w KO (u, y)dy + 90 (u),

where

(1)()*1+—2cu—2/\//1— (z)dzdy],

KD (u,y) = = [y(—25 — N Fud+A) —c—A /u_y F(t)dt} :
o, 0

p

5.2 Moments of the time of ruin

In the following, we regard p as a variable and denote ®(u), K(u, y), g(u) in Section 3
as ®(u,p), K(u,y,p) and g(u, p), respectively. We assume that these functions are infinitely
differentiable about p.

Denote the m-th order moment of the time of ruin as
E[f™ I(t <o) = (-1)"Rim(u), m=1,2,....

Let w(z,y) = 1. We get
®(u,p) = E[e”"TI(T < 00)]

and o
Ro(u) = ﬂ’ ,
op™ p=0
Taking derivatives with respect to p on K (u,y, p) for m times, m =1,2,3,..., we have
0K (u,y,p) 2
o Y
0K
O"K(wyp) _ o 934
ap™

Then, equation (23) yields that

9% (u, p) _/0“ 3¢(y,p)K(u’y7p)dy+/“ o, p) 2K Y2) g 99Wsp) g

ap ap ap op
0" (u, p) _/“ " (y, p) / O 0(y, p) OK (u, y, p)
oo ), “apm Kwypdy+m 1 oy Wt
9" g(u, p)

=2,3,.... 2
6pm ) m 537 (5)
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From equation (19), we have II(t) = 2. Letting p — 0+ in equation (24) and (25), we obtain
the recursive equation satisfied by R, (u)
2uf000 el L(m)dm%dt

Up2fooo e Jo Lim)dmqy”

Ra(u) = / " Ry() K (uy)dy + ai / " (y,0)(u — y)dy -

Ry (u) = /0 R (y) K (u, y)dy + = 2/0 Rp—1(y)(u—y)dy + P (w), m>2,
p

where T
om -2 es Jo Llm)dmys =14y
9(2)(u) —u- m( Pfooo S ‘ ,
dp o2 [72 e Jo Limydmygqy =0
2 uy
KO (u,y) = 2 [y(~25 = 0) +u(5 +2) e - )\/ P(t)a].
Up 0
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