Journal of Mathematical Research & Exposition
Mar., 2010, Vol. 30, No. 2, pp. 338-344
DOI:10.3770/j.issn:1000-341X.2010.02.018
Http://jmre.dlut.edu.cn

The Poincaré Series of Relative Invariants of Finite
Pseudo-Reflection Groups

Ji Zhu NAN'*, Xiao Er QINZ
1. School of Mathematical Sciences, Dalian University of Technology, Liaoning 116024, P. R. China;
2. Department of Mathematics, Yangtze Normal University, Chongging 408003, P. R. China

Abstract Let F be a field with characteristic 0, V' = F" the n-dimensional vector space over
F and let G be a finite pseudo-reflection group which acts on V. Let x : G — F™ be a 1-
dimensional representation of G. In this article we show that x(g) = (det g)*(0 < a < r — 1),
where g € G and r is the order of g. In addition, we characterize the relation between the relative
invariants and the invariants of the group G, and then we use Molien’s Theorem of invariants to
compute the Poincaré series of relative invariants.
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1. Introduction

Let F be a field with characteristic 0 and V' be the n-dimensional vector space over F'. The

pseudo-reflection and the reflecting hyperplane are defined as follows:
oc € GL(V),H = {£ € V]c& =&}

If dimH = n — 1, then o is called a pseudo-reflection, and subspace H is called the reflecting
hyperplane of o. A vector v # 0 in Im(c — 1) is called a reflecting vector of o (see [1,2]).

Throughout this paper F' denotes a fixed field with characteristic 0, unless the contrary is
explicitly stated. ¢ has finite order, so the characteristic of the field F' does not divide the order
of o (which we shall call the nonmodular case), thus o must be diagonalizable.

For convenience, we always suppose G is a finite pseudo-reflection group that is generated
by the fundamental pseudo-reflections si,...,s,. The definition of relative invariants is needed
in the paper. Let x : G — F* be a 1-dimensional representation of G. For f € F[V*], if
o-f=x(o)f, then f is called the x-relative invariant of G.

det :G — F*

o — deto

Received April 26, 2008; Accepted October 6, 2008

Supported by the National Natural Science Foundation of China (Grant No.10771023).
* Corresponding author

E-mail address: jznan@163.com (J. Z. NAN)



The Poincaré series of relative invariants of finite pseudo-reflection groups 339

is a 1-dimensional representation of G. The det-relative invariants of G have been discussed
completely in [5]. In section 3, we will calculate the Poincaré series of det-relative invariants.

This brought about the questions: How to characterize the other 1-dimensional representation
of the group G? What is the relation between relative invariants and invariants?

In Section 2, we shall discuss these questions, and obtain the conclusions:

Let x : G — F* be a 1-dimensional representation of G. If each 0 € G, 0 - P = x(0)P, then
x(o)=1or x(o) = (deto)*, 1 <a<r—1,r =0

The difference between the relative invariants and the invariants was described by Larry
ce F*.

In Section 3, the Poincaré series of relative invariants of the group G can be computed.

sy ?

Smith in [3], which is only a divisor Ly = c[[yepq) Ly

2. The relative invariants of the finite pseudo-reflection group

Theorem 2.1 If P is a x-relative invariant of the group G, i.e., for each o € G, 0 - P = x(0)P,
P #0, then x(0) =1 or x(o) = (deto)®, 1 < a < r — 1, where r is the order of o.

Proof Let U be a reflecting hyperplane of a pseudo-reflection o, Gy = (o), |o| = r. Choose a

basis €1, ...,&n, such that
olej)=¢; 1<j<n—1), o'(en) = Epicn, Epi = &L,

where &, is a primitive r-root of unity. Suppose {x1,...,z,} € V* is the dual basis of €1, ..., &y,

thus the reflecting hyperplane U is determined by x,, = 0. Since

O'i'.Ij =zj, 1<j<n-1), ol x, = a_ilxn
and
o-P= X(U)P7
we have
P(x1,..., %0 1,6 2n) = x(0)P(21, ..., 20).
If P(xq,...,x,) is described as follows:
P(,Tl,..., ZP TlyeeeyTp— 1) N
m>0
then
ZP LlyeooyTp— 1)5 ZP L1yeoo 3 Tp— 1) y
m>0 m>0
i.e.

PO +§;1P1xn + - +§;T+1PT,1$:L*1 —|—PT;172 4.
=X(0)(Po + Pywy + -+ Prqal L+ Pal 4 ).

Equating coefficients of the x,,, we obtain:

x(e) =1 or Py =0;
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x(0)¢; =1 or P, =0;

(@)t =1 or P._; =0.
We prove that only one of
X(0) =1, x(0)6 =1,...,x(0)& " =11
occurs. Otherwise, suppose there exist two equalities
x(0)&" =1, x(0)ég =1, 0<m,n <r—1,

which implies '™ = 1. Clearly, m —n < r, which contradicts the fact that &, is a primitive
r-th root of unity. Hence it is impossible for no less than two cases to exist at the same time. In

fact, if none of
xX(0) =1, x(0)é =1,...,x(0)& ' =1

exists, then
FPy=0, Po=0,...,

i.e.

P=0
which contradicts P # 0. Therefore, there must exist only one of
X(0) =1, X(0)és = 1,..., x(0)& " = 1.
Suppose x(0)é% =1,0 <u <r—1, then
X(0) = €7 = € — (deto)®, 0<a<r—1.

This completes the proof. O
For the remainder of this section we shall characterize the relation between the y-relative
invariants and invariants of G. Let H(G) = {H,|s € G} denote the set of reflecting hyperplanes

of all pseudo-reflections in G.
Hs = {)\ € V“S(xlv s 7xn)()\) = 0}

is defined by l4(x1,...,2,) =0, where l5(z1,...,z,) = 0 is a homogeneous linear polynomial. If
U € H(G) is a reflecting hyperplane of G, we denote by Gy the pointwise stabilizer of U in G.
This is the group generated by all the pseudo-reflections in G with U as a reflecting hyperplane
together with 1. For every U € H(G) , choose ay € N minimal such that x(sy) = det(sy)v
and introduce the form
Ly=c [] 1, ceF~
UeH(G)

In the following, we shall show that L, = CHUGH(G) 2o

$Y, ¢ € F* divides every x-relative

invariant of G. To this end, we require two lemmas.
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Lemma 2.2 Let [ € F[V*]; be a linear polynomial function and s € G a pseudo-reflection.
Suppose s(l) = « -1, for some o € F*. Then either o = 1 or o = det(s), where | and I, are

nonzero multiples of | and .

Proof The case @« = 1 is trivial. On the other hand, for each f € F[V*], I, is a divisor of sf — f.
In fact, by appropriate choice of basis, without loss of generality, assume that s(e,) = Asep.
(A=1

Then Is = e %n is a divisor of sf — f if and only if z,, is. We know

_ 11—t
(sf = F)w) = f(s7'0) = f(v) = f(v - W:rn(v)en) - f(v),
which becomes f(v) — f(v) =0 for all v € V if we substitute 0 for z,,. Then z, must appear in
each monomial summand of sf — f, unless sf — f is itself 0. Therefore, sf — f is divisible by [;.

We denote fo g
sf —
As(f) = l °
By [4, Lemma 7.1.5], As(ls) = As — 1, s0

s = Dls =Ls(Dls=s() =1 = (a— 1)L
If @ # 1, then Ag # 1, = Ay = det(s), | and I are proportional.

Lemma 2.3 Let ly,...,l, € F[V*]1 be linear polynomial functions and s € G a pseudo-

reflection. Suppose there are constants aq, ..., a,, € F* such that
ailivy, 1<i<m-—1;
S(lz) _ { 1Ui+1 . > >~
aply, 1=m.
If none of ly,...,l, is nonzero multiples of ls, then a1 - -y, = 1 and L = a7 -+ -y, is an

invariant of s.

Proof Clearly, s(L) = a1 ---anL and s™(l1) = ai - aply. If s™ # 1, then it is a pseudo-
reflection with the reflecting hyperplane ker(ls). Since l; is not a nonzero multiple of ls, by
Lemma 2.2, ag - -a;; = 1. On the other hand, if s = 1, then I = s™(l1) = a1 - - apl1, so

again oy - - -y = 1.

Theorem 2.4 Let x : G — F* be a 1-dimensional representation of G. If U € H(G), f is a

x-relative invariant of G, then ISV divides f.

Proof Choose a basis uj,...,u,—1 for the reflecting hyperplane U and extend it to a basis
UL,y .oy Up—1, Uy for V| where u,, is an eigenvector corresponding to the eigenvalue det(sy). Let
Z1y...,2n € V* be the dual basis of uy,...,u,. Then ls,(21,...,2,) can be regarded as z,

equally. Since f is a y-relative invariant of G, we only consider the case that f is a monomial

polynomial function. Suppose that f = z{* - - z¢». By Lemma 2.2, we have
X(sv) - f=su-f=(detsy)™-f.

Since ay is the smallest natural number such that x(sy) = (detsy)®’, we must have ay < e,

therefore, the result follows.
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Corollary 2.5 Let x : G — F* be a 1-dimensional representation of G. If f is a x-relative
invariant of G, then L, = CHUGH(G) I3V, c € F* divides f.
To prove that Ly = c¢[[pecpq) 157

¢U, c € I is a x- relative invariant of G, we shall write L,

in the form
Ly=cdv ] 1.
U/#U//
Since s, #ls,,, if U' # U”, by Lemma 2.3, the product HU,;ﬁU,, 1sY) is an invariant of sy It

follows from Lemma 2.2

sy’ (lgg;) = Sy (ZSU,)GU’ = (detsU/ g ,)aU = (detSU/)aU, laU’ = X(SU’) [qv’

Sy’ ?
SO
su/(Ly) = sor (18, [ 1ev) = soe(29)sur (T 129)
U/#U// U/#U//
SU/ laU, H Z;ZU/,/, = SU/ H l;lgl,l,'
U// U//
Namely,

Ly=c ] 19, ceF*
UeH(G)

is a x-relative invariant.

Theorem 2.6 Let x : G — F* be a 1-dimensional representation of G. L, = CHUeH(G) 5y,

ce€ F*, then L, = CHUeH(G 13U, c € F* is a x-relative invariant.

sy’

Proof If s is a fundamental pseudo-reflection, then s(L,) = x(s)Ly. For each g € G, we may

write g = s1 -+ - 8, where s; (¢ = 1,2,...,k) are fundamental pseudo-reflections. Therefore,

9(Ly) = (51 s6)(Ly) = (51 (skLy)) = x(51) -+ - x(8%) Ly = x(9) L

and L, = CHUGH(G) 157, c € F* is a x-relative invariant. O

Theorem 2.7 Let x : G — F* be a 1-dimensional representation of G. If f is a x-relative

invariant, then f = h - L,, h is an invariant.

Proof Since G is generated by fundamental pseudo-reflections, for every g € G, g may be

denoted as the product of some suitable fundamental pseudo-reflections. Hence

g(Lxh) = g(Ly)g(h) = g(Ly)h = x(9)Lxyh = x(9)(Lxh)

and the result follows.
From Theorem 2.7, we obtain the conclusion that the difference between relative invariants

and invariants is only one divisor L, = cHUeH(G) v, ce F*.

sy ?
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3. The Poincaré series of relative invariants of finite pseudo-reflection
groups

Suppose F[V*] is graded F-algebra. The Poincaré series of F[V*] is defined as follows:

Z dim F[V dtd

where F[V*]; is an F-subspace consisting of all homogeneous polynomial functions of degree d
in F[V*]. For the finite subgroup of the general linear group, its Poincaré series of invariants

can be characterized by Molien’s Theorem [4, 5].

Lemma 3.1 (Molien) Let V be a finite dimension F' vector space. Let G € GL(V) be a finite
nonmodular subgroup. Then
N 1
P(F[V*|% 1) = @l gm.
To compute the Poincaré series of relative invariants, we denote by Ay (k = 0,1,2...) the
subspace consisting of relative invariants of degree k. Suppose that deg(L,) = M. It follows
from Theorem 2.7 that dimA;, = dimF[V*]¢ ,,. So we can make use of the Molien’s Theorem

of invariants to compute the Poincaré series of relative invariants as follows

oo

P(F[V¥S,t) = P(Ap,t)) = Y (dimAy)t Z dimF[V*S_,, - t*
k=M
= Z dimF[V*§ - t4M = Z dimF[V thtM
d=0

|G| = det(1 — ot)
The following example illustrates Theorem 2.7.

Example If ay equals 1, where x(0) = (deto)* and U € H(G), for every o € G, then
a x-relative invariant becomes a det-relative invariant. We have conclusions analogous to the

preceding results.

Lemma 3.2 Let oy, ...,0n be all the pseudo-reflections in the group G, the hyperplanes of which
are Uy, ..., Uy respectively, where U; = {\ € V|l;(x1,...,z,)(A) =0}, and 21,...,2, € V¥ is a
dual basis relative to {e1,...,e,}. Suppose f1,..., fn is a group fundamental invariants of G. If

we regard f1,..., fn as polynomials in n indeterminates x1, ..., Z,, then
(fla"'afn
7—0 li(x1,...,2pn), c€F, c#0.
O(x1,...,xy) Zl_Il ! Zn) 7

Lemma 3.3 Suppose that G is a finite pseudo-reflections group, f1,..., fn are homogeneous
invariants which are independent algebraically, and they generate a algebra F[V*]%. Let

_ 6(f177fn)
/= w1, .., @)



344 J. Z. NAN and X. E. QIN

Then
(i) o-J = (deto)J;
(ii) Suppose that P € F[V*], o - P = (deto)P, for each o € G, then P = Jg, g € F[V*]%;
(iii) For k =0,1,2,..., let Ay be a subspace consisting of det-relative invariants of degree
k. Then
dimAy;, = dimF[V*]$ .

Hence, we calculate the Poincaré series of det-relative invariants as follows:

P(F[V*|5. 1) = P(Ag, 1) = > (dimAy)t*
k=N

=Y dimF[V*]g yt* = (O dimF[V*Geh)eN
k=N d=0

-G =
el det(1 — ot)’
ocG
In view of the preceding methods, we have

Theorem 3.4 Let F, be a finite field with p" elements and G be a finite pseudo-reflection
group. If r|p"™ — 1, |o| = r where o € G, then for any o € G,

x(0) = (deto)*, 0<a<1

and
f=h Ly Ly=c [] 129, ceF,
UcH(G)

where f is a x-relative invariant and h is an invariant of G.

Theorem 3.5 Let V be a finite dimension F, vector space, and G € GL(V) be a finite

nonmodular subgroup. If p does not divide G, then
1 1
P(F[V*%t) = — .
(FV 1) |G] Uezcdet(l—at)

Hence, when F), is a finite field with p™ elements, in the case r|p™ — 1, the Poincaré series of

relative invariants of finite pseudo-reflection group G is the same as the preceding.
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