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On the Depth and Hilbert Series of the Fiber Cone
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Abstract Let (R, m) be a Cohen-Macaulay local ring of dimension d with infinite residue field,
I an m-primary ideal and K an ideal containing I. Let J be a minimal reduction of I such that,

for some positive integer k, KI"NJ = JKI"™! for n < k — 1 and )\(%) = 1. We show

that if depth G(I) > d — 2, then such fiber cones have almost maximal depth. We also compute,
in this case, the Hilbert series of Fi (I) assuming that depth G(I) > d — 1.
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1. Introduction and preliminaries

Throughout the paper, let (R,m) be a Cohen-Macaulay (abbreviated to CM) local ring of
dimension d with infinite residue field, I an m-primary ideal and K an ideal containing I. Let
J be a minimal reduction of I such that, for some positive integer k, KI" N J = JKI"! for
n<k—1and N(s55—) = 1.

Let F(I) = ,,>oI"/KI™ be the fiber cone of I with respect to K. For K =1, Fx(I) =
G(I), the associated g?lraded ring of 1. The Hilbert series of Fix (1) is defined by Y~ - o Hr (1, n)t".
In order to state the theorem of this paper we recall the necessary definition first. Ijet A(+) denote
length, it was proved in [1] that for n > 0, the function Hg(I,n) := M(R/KI™) is given by a
polynomial Pk (I,n) of degree d. This polynomial can be written in the following way:

n+d—-1 n+d—2
Pettoy =ao(" TG ) —a (M) e 0

Then go = eg(I), where eg(I) is the multiplicity of I.

For x € I, let z* and z° denote the initial form in degree one component of G(I) and
Fx (I) respectively. z* is said to be superficial in G(I) if there exists an integer ¢ > 0 such that
(I":z)nI¢=I""1for all n > c. Similarly, z° is said to be superficial in Fg (I) if there exists an
integer ¢ > 0 such that (KI" : x) N I¢ = KI"! for all n > ¢. Superficial sequences are defined

inductively.
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We say that the ideal J C I is a reduction of I if I"*! = JI™ for some n > 0. If J is
the smallest such ideal, then it is called a minimal reduction of I. As R is CM and [ is an
m-primary ideal, any minimal reduction J of I is generated by d elements, and eo(I) = A(R/J).
The integers 7;(I) = min{n|I"*! = JI"} and r§(I) = min{n|KI"*! = JKI"} are called the
reduction number of I with respect to J and the K-reduction number of I with respect to J,
respectively.

In this paper, we are interested in the depth and the Hilbert series of Fi (I).

Jayanthan and Verma [9] showed that if, for some positive integer k, KI" N J = JKI"!
forn < k—1and KI* = JKI*! then Fx(I)is CM if and only if depth G(I) > d — 1. It is
natural to consider the class of m-primary ideals I such that KI"NJ = JKI" ' forn <k -1
and )\( JKIk 1) = 1. When k£ = 1, i.e., I has almost minimal multiplicity with respect to K,
Jayanthan and Verma showed that if depth G(I) > d — 2, then depth Fx(I) > d — 1. They also
characterized, in this case, the Hilbert series of F(I) and obtained that if depth G(I) > d —1
and r = 7% (I), then > onso Hr (I,n)t" = )‘(%)+[€°(I()11’2)(§2_1)]t+tr+1.

When K = I, Corso, Polini and Pinto [2], Elias [6] and Rossi [12] independently proved that
if, for some positive integer k, I"NJ = JI" ! for n < k — 1 and )‘(Jlk r) = 1, then depth
G(I) > d — 1. Furthermore, Rossi [12] gave the Hilbert series of G(I), that is:

k—2 " n k-1 s
S ALy = Znmo M pmrrgren)” + D) — U4 4
[+ (1 — 1) ’

n>0

where s = r;(I).

The main results of this paper are the following:

(1) Suppose d > 1, J is a minimal reduction of I such that )‘(JKIk ) = 1 for some k > 0,
and let depth G(I) > d—1. Then Fx (I) is CM if and only if KI"NJ = JKI" ! for alln < k—1,
KI* ¢ J and KI*! = JKIF.

(2) Suppose d > 2, J is a minimal reduction of I such that KI"NJ = JKI" 1 forn < k—1
and /\(JKIk ) =1.

(a) Suppose depth G(I) > d — 2, then depth Fx(I) >d— 1.
)

(b) Suppose depth G(I) > d — 1 and r = 7% (I), then
n A G — MG+ Yo oA ) — M)t + 17+
HK(I,TL)t = (1—t>d+1 .
n>0

2. Depth of the fiber cone

In this section, we study the depth properties of the fiber cone of any m-primary ideal I
for which there exists a positive integer k such that KI"NJ = JKI" ! for all n < k —1 and

k
Mzfer) = 1.

Theorem 2.1 Suppose d > 1, J is a minimal reduction of I such that /\(JKIk —24—1) =1 for some
k > 0, and let depth G(I) > d — 1. Then Fk(I) is CM if and only if KI" N J = JKI"™! for all
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n<k—1,KI*¢ J and KI*"' = JKI*.

Proof Choose J = (z1,...,24) such that z7,...,z5_; is a regular sequence in G(I) and
29,...,2Y is a superficial sequence in Fi(I). Suppose that Fg(I) is CM, then by Theorem
5.1 of [9] we have that KI" N J = JKI"! for all n. In particular, KI* N J = JKI*~1 and
KI* ¢ J, as JKI*"! ¢ KI*. Moreover, from the fact that )\(JKI,c ) = 1, we have that
KI*1 CmKI* C JKI*~' C J. Hence KI**! = K110 J = JKI*.

Conversely, note that JKI*~1 C KI* N J C KI*. From the fact that \(-% ]Klk 1) =1 and
KIF # KI*NJ (as KI®* ¢ J), we have that KI* N J = JKI*~1. However, KI**1 = JKI*
implies that KI1"NJ = JKI"~! for all n > k+1. Then by Theorem 5.1 of [9] we get that Fx (1)

is CM. O

Lemma 2.2 Let k be a positive integer such that )\(JKI,c r) = 1. Then A( HI((II: =) = 1 for
any k <n <r, where r =1} K(I).

Proof Since /\(JKIk 1) =1, there exist a € I, b € KI*~! such that KI¥ = JKT*~! + (ab) with
mab €JKI*~1. Then it can easily be seen by induction that KI" = JKI"! + (a"~**1b) with

a"~kt1p e JKI" 1. Hence )‘(JKI" ;)=1forallk<n<r. O

Definition 2.3 The Ratliff-Rush closure of I with respect to K is defined as the set of ideals
{TT‘K(IH)}nZO with TT‘K(IH) = UkZI( InJrk Ik)
To simplify the notation, for n > 0, we let v, be the minimum number of generators of
rri (1 rr (1™
the R-module W, vV = E’H,ZO Vn, p,rlf = A(W(I"’)l)) = A(JKI" 1) and q =
min{n|KI1"" C Jrrg(I™)}.

Lemma 2.4 Suppose d = 2, k is a positive integer and J = (z,y) is a minimal reduction of I
such that KI"NJ = JKI" ! for every n < k — 1. Then

(1) KI":x2=KI":y=KI" ! foralln <k —1;

(2) ¢>k-1;

(3) Mo——reU) )y — pK _ K for all n < k — 1. In particular, v, < pX — nK

Jrrg (I~ D) +KI™ n

Proof (1) Apply induction on n. It is clear for n = 1. Suppose that n > 1 and let xz €
KI"N(x) C KI"NJ = JKI" . Then there exist 21,22 € KI""! such that z(z — 2z1) = yza.
We get 2z — 21 = yb and z3 = zb since y, x is a regular sequence. So b € KI"!: 2 = KI""2 by
inductive hypothesis and z = z; + yb € KI" 1.

(2) If ¢ < k—1, we have that K191 C JN K19t = JKI9 because K191 C Jrry (17) C J.
But it contradicts the fact r& (1) > k.

(3) Since, for any n < k—1, JKI" ' C Jrrg(I")NKI*" CJNKI" = JKI" !, we get
Jrrg(I" YN KI" = JKI" . Tt follows that

A rr(I™) )= rri(I™) ) JTTK(I"’l)—I—KI")
Jrrg (In=Y) + KIn' 7 Jrrg (In—1) Jrrg (In—1)
) rre(I™) KIm )

JTTK(I”*)) a (JTTK(I"*) NKI"
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B rrg(I™) K
=A JT’I“K(I”_l)) /\(JKI"—l)
=Py -

Lemma 2.5 Suppose d = 2, k is a positive integer and J = (x,y) is a minimal reduction of I
such that KI" 0.J = JKI"! forn <k —1. Let “~ 7 denote the image modulo(x), 7 = r% (I)
and 7>k — 1. Then

(1) g1 = ink +(F—k+1) = \£);

(2) 1= 00 + /\(J;:};((Q))) - A(TT‘KI%IO))'

Proof The second assertion is clear by Proposition 2.5 of [10]. As for the first one, by Lemma
3.5 and Theorem 5.3 of [9], we get that

R
Z JKI"l Y2

k—1 - o
KI? KIm R
- ;A(Jmn—l TR D) +§A(W> - M)

k—1

KIm _ R
:;A(WH@_mn—A(E)

k—1 R
K —
= —k+1)—A=).
;nn (k1) = M3)
Proposition 2.6 Suppose d = 2, k is a positive integer and J = (x,y) is a minimal reduction
of I, KI*'NnJ=JKI*?2 and ¥ >k — 1. Then v < r—q.

Proof Firstly, we remark that we have ¢ > k. In fact KI*"1 ¢ JKI*~2 otherwise KI*~! =
KI*MINJKI*2 C KI*1nJ = JKI*¥ 2. Thus rf([) < k—2, which contradicts the assumption
k—1<r<r.

By the definition of v,, we have that v, < A(%) Thus, by Lemmas 2.4 and
2.5, we get that

B _kfl e’} /\T‘TK(IO)
I/—Zyn—n;lyn"i_gyn—i_ (T)

n>0
k—1 %)
< SO =]+ Y+ AEEDD)
n=1 n=~k
0o ) k—1 oo 0
=;p§—;p§—;n§+g%+x<m}§f )
rrK(I) rrK Al K s

—91+/\ an anf+2un
n=1 n=~k
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N

-1

=S K b F—k+1) - Zp,’f—znn+2un

n=1

=F—-k+1) an—l—ZVn
q o]
=F—k+D)+ ) a—pk1+ D vn—pk]
n==k n=q+1

B 4 > rri(I™)
< (7' —k+ 1) + Z[Vn _pTIl{] +n§rl[)‘(JTTK(In71) _;’_K[n) _pf]

rr (I™) K
s(-k+ +;€ Trre (1) 4 KI7) ]
KI"
—(F—k+1) -5 A
(F=k+1) nz:; G AR

<F—k+1—-(g—k+1)=7F—g¢q,

where the last inequality holds because of )\(K—IH) < 1 for all n > k, which comes

Jrrg (I™ I)OKI"
from the fact JKI"~! C KI" N Jrrg(I"~1) C KI™ and A& <lforalln>k O

T TRL=T)
Proposition 2.7 Suppose d = 2, k is a positive integer and J = (z,y) is a minimal reduction
of I, KI"NJ = JKI" ! for alln < k — 1 and \(5& = 1. Then

(1) rf) <v+g

(2) 7 () < g+ k= 1+ AF) = o5 Algfe=r).

JKIk 1)

Proof The first assertion is clear from Theorem 3.4 of [10]. As for the second one, by the

definition of ¢, we have that

A rr(I™)
Jrrg (I + KIn

<{p§—1 : n<yq
= K

rre(I™) )= (JTTK(I"_l)—i—KI")
Jrrg (In—1) Jrrg(In—1)

) = A(

Jo : n>qg+ 1.

It follows that

rrr(I™) r
< <
T_V+q_1;1)\(JTT‘K(I"_1)+KI")+/\( K )T

k—1 %)
rr(I™) rri (1)
< — A
—nzl ) z:: Jrrs (I 1)+KI")+ (=) *a
k-1 q 0
rri (1
ST E -+ e -+ Y A ED)
n=1 n=k n=q+1

> - rri (10
SZ:: Z:: —(g—k+1)+X Klé”)ﬂz
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rrK(I) rri (1°) Al %
_E ok 4 K(IO))JFA( e ) n§:1n+k 1
_ +,€_m(§)_’“z‘}(ﬂ>
-0 K~ &R

The last equality follows from Lemma 2.5 (2). O

Now, we can prove the main result of this section.

Theorem 2.8 Suppose d > 2, k is a positive integer and J is a minimal reduction of I such
that KI"NJ = JKI"! forn < k—1 and \(+& = 1. Let depth G(I) > d—2. Then depth
Fg(l)>d—1.

JKIk 1)

Proof We apply induction on d. Let d = 2. Choose J = (z,y) such that «*, y* is a superficial
sequence in G(I) and 2°, 3° is a superficial sequence in Fy (I). Let “ = ” denote the image
modulo (z), r =7 (I) and 7 = r’¥ K(I). If 7 < k—1, then KI"N.J = JKI"! for all n > 1, thus
Fx(I) is CM by Lemma 2.7 of [9 ] If 7 > k—1, 7 = r by Propositions 2.6 and 2.7 (1). For j > 0,
consider the following exact sequence:

KI:x y K[+t .y . K[+ K[t

, = — - = = —
KIi:J KD JKII JKII

We have that A(K0:) = \(ELD 2oy for all j > k — 1.

0—

Claim. Foreveryj >0, KI't' : x = KI7. Forall j < k—1, by Lemma 2.4, it is clear. Moreover,
we have that K11 : J = (KI*¥ ' :2)n(KI*':y) = KI*2 thus KI*¥ : 2 = KI*~'. Suppose
that 5 > k and that the claim is true for j — 1. Then KI'"' C KI/ : JC KIV : ¢ = K[!,
where the last equality follows by induction. Thus KI7 : o = KI7 : J. It follows from the
equality A(ﬁ%ﬁ) = )\(%) for all j > k — 1 that K['t! : 2 = K[’ for all j > 0. Hence 2°
is a regular element in Fx (I) and depth Fx (I) > 1.

Let d > 2 and choose J = (1, ..., zq) such that 7, ..., z}_, is a regular sequence in G(I) and
2¥,...,2Y is a superficial sequence in Fi (I). Let “~ ” denote the images modulo (z1,...,z4—2).
Then dimR = 2, KI"N.J = JKI" ' forn < k—1 and A(585—) < A(58k—) = 1. If 7 < k-1,
then KI"N.J = JKI"! for every n > 1, and KI* = JKI*~! it follows that depth F (1) > 1
from Lemma 4.6 of [4]. If 7 > k — 1, /\(JKIk —BL_) = 1. Thus, by the first part, depth Fg(I) > 1.
Since z3,...,z5 , is a regular sequence in G(I), Fg(I) ~ Fre(1)

- (Ilv )1372)FK(I)7
Fr(I) > d—1 from Lemma 2.7 of [9]. O

and hence depth

3. The Hilbert series of the fiber cone

In this section, we compute the Hilbert series of the fiber cone Fi (I) of any m-primary ideal
I for which there exists a positive integer k such that KI"NJ = JKI" ! for all n < k — 1 and

k
)‘(J}Ig][kfl) =1

Lemma 3.1 ([13]) Suppose that depth G(I) > d — 1 and depth Fx(I) > d — 1. Let J be a
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minimal reduction of I and r = r%§ (I). Then

=

ACE) + INE) = MED)E+ z INEL ) — M)

ZHK(I’n)tn: T
= (1—t) +

Theorem 3.2 Let d > 1, k a positive integer and J a minimal reduction of I such that
KI"nJ = JKI" ! for alln < k—1 and /\(Lk,) =1. Let depth G(I) > d—1 and r = r¥(I).

JKIF1
Then

A + D) A+ 35 G — Al + o+
ZHK(Ivn)tn = 7(11__ t)d+1

n>0

x|

Proof By Lemma 2.2, we have )\( JKIn 1) =1 for any k <n < r. It follows that

r+1 n—1 r+1 n—1 r+1 n
KI KI KI
> A - A A " =3 A )"
n:2[ (T2 (KJI” I Z Kir?) ; T
& K & K

= Z/\ KJIn— 2 Z/\ KJIn— 2 tnil

KLy Z /\(W)t”(l —t)
n=2

= A iij(%)t”(l 1) - ngKlff:l)tm 4y
= /\(Ili—:;)t2 - iz_‘i /\(%)t"(l 1) — g(tn — )
R
- Z KJI;" 12 )\(Kljll:—l "+t

On the other hand, by Theorem 2.8 we have depth Fg (I) > d— 1. It follows that by Lemma 3.1

N+ )~ AR+ S R — M e
Z Hg(I,n)t" = a _n;)dJrl
n>0
A+ ) ~ MR+ 35 NG — Ml + ¢+

- (1 —p)dit
As consequences of the above result, we recover results of Rossi [12, Theorem 3.2 (2)], Jayanthan

and Verma [10, Proposition 5.2].

Corollary 3.3 Let d > 1, k a positive integer and J a minimal reduction of I such that
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I"NJ=JI"" foralln<k—1, \(=4=) =1 and r = r,(I). Then

JIF=
= I k1 k—1
In Z:OA(W)W + M=) — 1t" "+ 17
Z)\(In-l-l )t = (1 —t)d
n>0

Proof We recall that depth G(I) > d — 1 by Theorem 3.2 of [12]. Put K = I in Theorem 3.2,
then we get

R AME) + AL t+ N W W Gl P
Z)\]nJrl MNP +HING) - AL (Ent)Zd[Jrl(l ) = M5))]

n>0

n n+1
_ oM AR £

(1 —t)d+?

k— n n+1 n r

_ Zn:é[A(J[I” 1) - /\(Ijjn )]t +1
(1 _ t)d-l—l

Multiplying both sides by (1 — t), we get

S Ly = ZncolMgim) = A + 7+
n+1 (1—t)d :
n>0

On the other hand, note that JI™ C JI* N I"tL C Jn 1™ = JI™ for all n < k — 2, thus
JI™ = JI"~tn 1™t Tt follows that

mn n In+1 mn In+1
— )= -A =AM ——) = AM——
ntl 4 Jrn-1 ) (JIn—l ) (In+1 NnJin—1 ) (JIn—l ) ( JIn
The proof is completed. O

A

).

Corollary 3.4 Let I be an m-primary ideal with almost minimal multiplicity with respect to
K such that depth G(I) > d — 1 and r = r%(I). Then

£ e —\E) = r+1
ZHK(I,n)t”_/\(K)"'[O(I()l_);()ng)l Dt 874

n>0
Proof Put k£ =1 in Theorem 3.2. O
Write Pr(I,n) = g ("+d) 9 ("+d Y+ -+ (~1)%/. Then comparing with the earlier

notation, we get g, = go and ¢} = g; + gi—1, 1 =1,...,d.

Proposition 3.5 Let d > 1, k a positive integer and J a minimal reduction of I such that
KI"NnJ = JKI" ! for alln < k-1 and /\(JKIk +) = 1, and let depth G(I) > d — 1. Then

Fre(I) is M if and only if N(ELEIEL Y — 1 for allp = k,...,r

Proof From Theorem 3.2 and Proposition 4.19 of [1], we have that

k
K (K KI"
7 )+ 2 nlA =\

(7)) Mgl +r+1

:A(£)+ZA(LW_)+(7*—1<:+1).
n=1
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Thus g1 = g} — go = Z )\(Kﬂn )+ (r—k+1) — A(£). From the proof of Lemma 2.2, it can

easily be seen that )\(%) <1foralln>k.
On the other hand, note that JKI*~ ! C JI" 'NKI" C JNKI" = JKI" ! foralln < k—1,
thus JKI"~! = JI""1 A KI". As depth G(I) > d — 1, by Theorem 4.3 of [9], Fx (I) is CM if

and only if

KI"+ JI" R, &, KI R
=3 X A =Y M)+ (= k1) = A
n= r; ) M) = 2 A ) D) = AR
if and only if
k—1 k—1
KI" + JI! R KI R
~M3) = e k41) = A=
ZAKJJ" i ZA ) MR nzl)\(KJI”—1> (r=k+1D =A%)
ifandonlyifA(%):1fora11n:k,...,r O
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