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Abstract In this paper, we study the closeness of strongly (co)-hopfian properties under some
constructions such as the ring of Morita context, direct products, triangular matrix, fraction ring
etc. Also, we prove that if M[X] is strongly hopfian (resp. strongly co-hopfian) in R[X]-Mod,
then M is strongly hopfian (resp. strongly co-hopfian) in R-Mod.
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1. Introduction

Throughout this paper, the rings considered will be associative with unit and all modules
considered are left unitary modules. A module M is said to be strongly hopfian (resp. strongly
co-hopfian) [1], if for every endomorphism f of M the ascending (resp. descending) chain Kerf C
Kerf? C ... C Kerf™ C --- (resp. Imf D Imf? D --- D Imf™ D ---) stabilizes. A strongly
hopfian or strongly co-hopfian module will be called a Generalized Fitting module. A ring R is
called left strongly hopfian (resp. strongly co-hopfian) if gR is strongly hopfian (resp. strongly
co-hopfian). It was proved in [1] that if M is quasi-injective (resp. quasi-projective) strongly
hopfian (resp. strongly co-hopfian), then M is strongly co-hopfian (resp. strongly hopfian), and
every strongly co-hopfian ring R is strongly hopfian. From [1], we know that the class of strongly
hopfian (resp. strongly co-hopfian) modules is situated properly between the class of Noetherian
(resp. Artinian) and the class of hopfian (resp. co-hopfian) modules, so it seems a natural
question to study the properties of strongly hopfian (resp. strongly co-hopfian) modules which
are similar to the ones of Noetherian (resp. Artinian) modules and hopfian (resp. co-hopfian)
modules, and this is the main goal of this paper. By [1], neither submodules nor quotients of
strongly hopfian (resp. strongly co-hopfian) modules need to be strongly hopfian (resp. strongly
co-hopfian), but if M is strongly hopfian (resp. strongly co-hopfian) and N is a direct summand
of M, then N and M/N are both strongly hopfian (resp. strongly co-hopfian). Also if R is a
commutative strongly hopfian ring, then the polynomial ring R[z] is strongly hopfian [1]. In this

paper we continue the study of Generalized Fitting modules and rings.
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For the ring of Morita context and its modules, the notions of hopficity and co-hopficity were
studied in [2]. It was proved that if the ring of Morita context T' = (4, B, M, N, (—,-),[—, —])
is hopfian, then A and B are hopfian. Furthermore A & M and N & B are hopfian objects
in T-Mod. Also if A and B are hopfian and the pairings are zero maps, then T is hopfian [2,
Proposition 2.3]. Motivated by these results, in Section 2, we show that (1) If 7T is strongly
hopfian (resp. strongly co-hopfian), then 4 A and gB are strongly hopfian (resp. strongly co-
hopfian), moreover A ® M and N @ B are strongly hopfian (resp. strongly co-hopfian) objects

A 0
in T-Mod. (2) Let T' be the triangular matrix ring 7' = ( v B ), and let X € T-Mod. If

e1X is strongly hopfian (resp. strongly co-hopfian) in A-Mod and e2 X is strongly hopfian (resp.
strongly co-hopfian) in B-Mod, then X is strongly hopfian (resp. strongly co-hopfian) in 7-Mod.
Moreover a similar result holds for right 7-Mod Y and corresponding right modules Ye; and
Yes over A and B, respectively.

Let R and S be hopfian rings. How to determine whether R x S is hopfian as a ring is a
basic question in [3], and it was proved that if R and S are hopfian rings and the only central
idempotents in S are 0 and 1g and that S is not a homomorphic image of R, then R x S is a
hopfian ring. In Section 3, we show that if R and S are strongly hopfian rings, then R x S is a
strongly hopfian ring. Also in [4, Theorem 2.1] Varadarajan showed that M is hopfian in R-mod
if and only if M[X] is hopfian in R[X]-mod if and only if M[[X]] is hopfian in R[[X]]-mod. At the
end of this paper, we study whether this is true for strongly hopfian (resp. strongly co-hopfian)
modules.

2. Strong hopficity and strong co-hopficity for the ring of morita con-
texts

A Morita context denoted by T'= (A4, B, M, N, (—, —),[—, —]) consists of two rings A, B, two
bimodules 4 Ng, M4 and a pair of bimodule homomorphisms
(—,—):N®pM — A; [-,-] M®s N — B
which satisfy the following associativity conditions:
(v, W) = v[w,v'], [w,v]w =w(v,w).

These conditions will insure that the set T of generalized matrices

< “ Z), ac€AbeBne NmeM

m

will form a ring, called the ring of the context.

We start with a known result needed in the following.

Lemma 2.1 ([1, Proposition2.9]) For a ring R, we have:

(1) R is left strongly hopfian if and only if for every a € R there exists n € N such that
I(a™) = I(a™T1).

(2) R is left strongly co-hopfian if and only if for every a € R there exist n € N and b € R
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such that a™ = ba™*! (if and only if R is right strongly co-hopfian, if and only if R is strongly

m-regular).

It is true that if 77 is hopfian, then 4 A and g B are hopfian, furthermore A ® M and N & B
are hopfian objects in T-Mod [2, Proposition 2.1]. Replacing “hopfian” with “strongly hopfian”

or “strongly co-hopfian”, we have

Proposition 2.2 If ;T is strongly hopfian (resp. strongly co-hopfian), then 4 A and gB are
strongly hopfian (resp. strongly co-hopfian). Moreover A& M and N & B are strongly hopfian
(resp. strongly co-hopfian) objects in T-Mod.

0
Proof Let a € A. Then < g 0 € T. Since T is left strongly hopfian, there exists an integer

(o)A 2)

m+1 0 m 0
Ir < “ ) =lr < “ 0 ) So t € l(a™) which implies that I(a™*1) = I(a™). Thus 4 A

m > 1 such that Iy

t 0
. Take t € I(a™*1), then ( 0 0 ) €

0 0 0
is strongly hopfian.

Suppose T is left strongly co-hopfian. By Lemma 2.1(2), there exists an integer m > 1 such
m™ 0 by b mtl o bia™tt 0 by b

that “ = b “ = 1 for some PP ) er
0 0 b3 b4 0 0 bgaerl 0 bg b4

So a™ = bya™*! which implies that A is left strongly co-hopfian. By using a similar argument,

we have that gB is strongly hopfian (resp. strongly co-hopfian). Since A ® M and N @ B are

direct summands of T', the final statement follows from [1, Proposition2.17]. O

It follows from [2, Proposition 2.3] that if 4 A, g B are hopfian and the pairings are zero maps,
then 7T is hopfian. We do not know whether this is true for strongly hopfian rings, but we have

the following proposition.

Proposition 2.3 Let A be a strongly hopfian ring. If [(b) = 0 for any 0 # b € B and the
A

N
is strongly hopfian.
0 B ) gly hop.

pairings are zero maps, then T = <

a n

a® d*n
Proof If b = 0, put X = 0 0 € T. We easily see that X* = 0 0 for

any k > 2. By assumption, there exists an integer m > 1 such that I(a™) = I(a™*!). Take

t
any 1;)1 € Ip(X™*2)) then x1a™*2 = 0 and it follows that 1™ = x1a™*! = 0.
o
t m+l m 0 0 t
Hence | ** xmti= [ 10 B , which implies i
0 a9 0 0 0 0 0 x9
E lr (Xm+l).

If b # 0, put < g Z ) € T. Then a € A,b € B. By assumption, there exists an integer
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m+1
t
m > 1 such that [(a™) = [(a™*!) and [(b) = 0. Take any ( ai)l ) €lr < @ n )

To 0 b
m+1
a™ Tl gmn 4™ Inb+ -+ anb™ " + nb™ xz1 ¢ a n
= lT y then =
0 pmtl 0 a9 0 b
m—+1 m m—1 m m—+1
T10 T1a™n + 10 nb+---+x1nb™ +tb _ 0 0 Thus @, € l(am+1) _
0 2ob™ T 0 0

[(@™), z2 € I(™) = 0 and z1a™ Inb + - - + z1nb™ + 0™ = (z1a™ In + -+ pnb™ L +

t m
tt™)b = 0. So z1a™ n + - + znb™ "t + tb™ = 0. Hence 1 @ n =
0 O 0 b

z1a™ r1a™ In 4+ x1a™ b+ -+ tB™ 0 0 Ty t a n "
= y and S ZT .
0 0 0 0 0 O 0 b

m m—+1
It follows that i1 ( g " ) 1 =lr ( “ : ) and we have that 7T is strongly hopfian.O

b 0

Given a ring R and a bimodule g Mg, the trivial extension of R by M is the ring T (R, M) =
R & M with the usual addition and the following multiplication:

(r1,m1)(ra,ma) = (r1re, rima + myra).

Corollary 2.4 If for any 0 # s € S, l(s) = 0, then the trivial extension R = T(S, M) =

{( 0 s ) |s € S,m € M} is left strongly hopfian.
S

Corollary 2.5 Ifforany0#£a€ A, 0#£b € B, l(a) =0=1(b) and the pairings are zero maps,
A N
then T' = are left strongly hopfian.
M B gly hop
Recall that from Lam [5] a ring R is called M,-unique if a ring isomorphism Mat,,«n(R) =2
Mat, «,(S) implies that R = S. Tt follows from [2, Theorem 3.1] that if R is M,,-unique and R
is hopfian (resp. co-hopfian) as a ring, then so is the matrix ring Mat,, x,(R). We do not know

whether this is true for strongly hopfian (resp. strongly co-hopfian) rings, but we have

Proposition 2.6 Let R be a ring and n > 1 an integer. If M,,(R) is left strongly hopfian (resp.
strongly co-hopfian) as a ring, then R is left strongly hopfian (resp. strongly co-hopfian).

0
00 --- 0
Proof Let a € R. Then L i € M,(R). Since M,(R) is left strongly hopfian,
0 0 0
a™ 0 --- 0 a™tlt o0 ... 0
0 0 0 0
there exists an integer m > 1 such that { R =1

s}
s}
s}
an)
s}
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Take b € [(a™ 1), then

0 am™*tl 0 0 am™ 0 0
0 0 0 0 0 0 0
€ =1 ,
00 - 0 0 0 0 0 0 0

So b € 1(a™) which implies that I(a™+?) =1(a™). Thus R is left strongly hopfian.
Suppose M, (R) is left strongly co-hopfian. By Lemma 2.1 (2), there exists an integer

a™ 0 --- 0 b11 b12 s bln CLerl 0o --- 0
0 0 -~ 0 O S 0 0 - 0
m > 1 such that =
0 0 - 0 ot bz cc bun 0 0 - 0
bipa™tt 0 .- 0 bir b2 - bin
bglam+1 o --- 0 bor  baa - boy,
= . . . . for some . . . . S Mn(R) So a™ = bllaerl,
bnlam+1 0O --- 0 Nn1 bn2 s bnn

this shows that R is left strongly co-hopfian. O

For the rest of this section we consider triangular matrix rings, so assume N = 0 . Let X
10 0 0
be a left T-module and Y be a right T-module. Put e; = ( 0 0o ), ey = ( 01 ) Then

e1Te; = e1T, egTes = Teq are rings, A = e;T and B = Tey. Hence we can view e; X as a left
A-module and Yes as a right B-module. From [2, Theorem 4.3], we know that if e; X is hopfian
(resp. co-hopfian) in A-Mod and e3 X is hopfian (resp. co-hopfian) in B-Mod , then X is hopfian
(resp. co-hopfian) in T-Mod. In the following, we show that this is true for strongly hopfian
(resp. strongly co-hopfian) modules.

A

0
Theorem 2.7 Let T be the triangular matrix ring T = v OB ), and let X € T-Mod.

If e; X is strongly hopfian (resp. strongly co-hopfian) in A-Mod and e X is strongly hopfian
(resp. strongly co-hopfian) in B-Mod , then X is strongly hopfian (resp. strongly co-hopfian)
in T-Mod. Moreover a similar result holds for right T-Mod Y and corresponding right modules
Ye; and Yes over A and B, respectively.

Proof Let a € Endy(X). Then a3 € Enda(e1X), as € Endg(eaX) where oy, as are the
restrictions of a to e; X and es X, respectively. By assumption, there exist integers m > 1

and n > 1 such that Kera]* = Kera/" and Kera} = Keray ™. Let K = max{m,n}. Then

Keraf = Kerat/™ and Kera§ = Kerah™. But e; + e = 1g, so for any h € Kera®*! we

have 0 = oft1(h) = ot (e1h + eah) = il (e1h) + ab ™ (exh) = e1aTH(h) + eak T (h).
Since ege; = 0, we get 0 = e3ah ™ (k) = ab™ (eah). So exh € Kerah™ = Kerak. Similarly,
e1h € Keraf = Kerak. Thus o*(h) = aF(e1h + exh) = af(e1h) + ak(esh) = 0, h € Kera®

which implies that Kera® = Kera**!. So X is strongly hopfian in T-Mod.
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Suppose e X is strongly co-hopfian in A-Mod and e X is strongly co-hopfian in B-Mod. By
assumption, there exists an integer k& > 1 such that Ima# = Imaf™ and Imak = Ima ™. For
any h € Ima”, there exists t € X such that af(t) = h. But e; +ex = 17, so h = o*(t) =
aF (et + egt) = alf(ert) + ab(eat) = e1af(t) + ek (t). Since ejea = 0, erh = e2ak(t) =
ak(eit) € Tma¥ = Imat ™. Similarly, esh = af(eat) € Imal = Imas™. Thus there exist
e1b € e1X, eac € esX such that ozlf+1(elb) = e1h and a§+1(elc) = egh. So h = (e1 + ea)h =
ok (e1b) + ab ™ (e2c) = aF 1 (e1b + ezc) € Ima*+!. Hence Ima* = Ima*+!, which shows that

X is strongly co-hopfian in T-Mod. O
3. Strong hopficity and strong co-hopficity of S™'R, R x S and M|[X]

In this section, a multiplicative set in a ring R means a subset S C R such that S is closed
under multiplication, 0€ S and 1 € S. Let S be a multiplicative subset of a commutative ring
R. The relation defined in the set R x S by

(rys) ~ (r',s") <= urs’ = wr's for some u € S

is an equivalence relation. The equivalence class of (r, s) € Rx .S will be denoted by r/s, the set of
all equivalence classes of R x S under ~ is denoted by S™'R = (Rx S)/ ~ = {r/s|r € R,s € S}.
Then S™!'R is a commutative ring with identity 1/1, where addition and multiplication are
defined by

r/s+1' /s = (rs' +1's)/ss’ (r/s)(r']s') =rr'/ss.
We call S™!R the fraction ring of R by S.

Proposition 3.1 Let S be a multiplicative set in a commutative ring R, M be a torsionfree
module. If S™'M is strongly hopfian (resp. strongly co-hopfian), then M is strongly hopfian
(resp. strongly co-hopfian).

Proof Let f : M — M be any endomorphism in R-Mod. Then S~'f : S™'M — S—'M
defined by S~ f(m/s) = f(m)/s is an endomorphism in S~!R-Mod, also (S~1f)": S™1M —
S™IM defined by (S~1f)"(m/s) = f"(m)/s is an endomorphism in S~*R-Mod. Since S~'M
is strongly hopfian, there exists an integer k& > 1 such that Ker(S~™!f)* = Ker(S~!f)*+!. For
any x € Kerf*1 x/1 € S7'M and f*'(z) = 0. So (S7'f)F 1 (z/1) = fF(x)/1 = 0/1,
z/1 € Ker(S7Lf)*! = Ker(S~1f)*. Thus (S1f)*(z/1) = f¥(x)/1 = 0/1, and there exists
u € S such that uf*(z) = 0. Since M is torsionfree, f*(z) = 0 and = € Kerf* which implies
that Kerf* = Kerf*+t!. Hence M is strongly hopfian. Suppose S~'M is strongly co-hopfian.
By Lemma 2.1 (2), there exists an integer k > 1 such that Im(S~!f)* = Im(S~! f)**!. For any
x € Imf*, there exists y € M such that f¥(y) = z. So (S~ f)k(y/1) = /1, x/1 € Im(S~Lf)* =
Im(S—1f)*+1. We have t/1 € S~1M such that (S~1f)*+1(¢/1) = f*+1(¢)/1 = /1. Thus there
exists u € S such that uf**1(t) = uz, u(f**1(¢t)—z) = 0. Since M is torsionfree, f**1(t)—z =0
and z = f**1(t) € Imf**! which implies that Imf* = Im f**1. Hence M is strongly co-hopfian.
O

Corollary 3.2 Let S be a multiplicative set in a commutative ring R such that S does not
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contain divisor of R. If ST R is strongly hopfian (resp. strongly co-hopfian), then R is strongly
hopfian (resp. strongly co-hopfian).

Theorem 3.3 Let S be a multiplicative set in a commutative ring R. If R is strongly hopfian,

then S™'R is strongly hopfian.

Proof Let a/s € ST'R. Then a € R. By assumption, there exists an integer k > 1 such that
I(a*) = I(ak*1). Clearly, lg-15(a*/s*) C lg-15(akT!/s*t1). For any b/t € lg-1z(aPtt/sk+1)
(b/t)(aF*1/sk+1) = bak+l /tsh+1 = 0/1. Thus there exists u € S such that uba**! = 0. So
ub € 1(a**1) = I(a¥), uba® = 0. Hence ba*/ts* = 0/1, b/t € lg-1x(a¥/s*) which implies that
lg-1p(a¥/s*) = lg-1g(a¥Tt/s**+1). This shows that S~ R is strongly hopfian. O

Let R and S be any two rings. It was proved in [3] that if R x S is hopfian as a ring,
then R and S are hopfian rings. Conversely, if R and S are hopfian rings, and the only central
idempotents in S are 0 and 1g and that S is not a homomorphic image of R, then R x S is
a hopfian ring. It is easily seen that if R x S is strongly hopfian as a ring, then R and S are

strongly hopfian rings. Conversely, we have

Theorem 3.4 Let R and S be left strongly hopfian rings. Then R x S is a left strongly hopfain

ring.

Proof Let (r,s) € RxS. Thenr € R, s € S. Since R and S are left strongly hopfian, there exist
integer m > 1 and n > 1 such that I(r™) = [(r™*™1) and I(s") = I(s"™1). Let k = max{m,n}.
Then I((r, s)¥) = I((r,s)**1). By Lemma 2.1, R x S is left strongly hopfian. O

We conclude this paper with the following results.

Proposition 3.5 Let R be a commutative strongly hopfian ring. Then R[z]/(z"*!) is strongly
hopfian.

Proof Let u=7 € R[z]/(2"!). Then R[z]/(z""') = R+ Ru+ --- + Ru" with «"™! = 0. For
any P(u) € R[z]/(z™*1), put P(u) = ag + a1u + - -+ + a,u where a; € R. Since R is strongly
hopfian, there exists an integer m > 1 such that I(a]**) = i(a]?) for all i € {0, 1,...,n}. By [1,
Lemma 5.2] we get 1(P(u)™t)m+1) = [(P(u)®*+D™) so R[x]/(z"t!) is strongly hopfian. O

Proposition 3.6 Let ny,ns,...,n; be non-negative integer and 1, o, . ..,x; be k commuting
indeterminates over R. If R is also a commutative strongly hopfian ring, then R[x1,xa, ..., 2]/
(2t ot 2t s strongly hopfian.

Proof Since

(Rlwr, @z, ompa] /(@ ap2 ™2l ) ]/ (@)

= Rlxy, @, ..., xp) /(2 T ape T et

the result follows from Proposition 3.1 and the induction. O

It is well known that M is hopfian in R-mod if and only if M[X] is hopfian in R[X]-mod (see
[4, Theorem 2.1]). For strongly hopfian (resp. strongly co-hopfian) modules, we have
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Proposition 3.7 If M[X] is strongly hopfian (resp. strongly co-hopfian) in R[X]-Mod, then M
is strongly hopfian (resp. strongly co-hopfian) in R-Mod.

Proof Let f : M — M be any endomorphism in R-Mod. Then f[X]: M[X] — M[X] defined
by fIX](XF_ga;X7) = Y% f(a;)X7 is a endomorphism in R[X]-Mod, also f[X]™ : M[X] —
M|X] defined by f[X]™(35_ya;X7) = S-% ) f™(a;)X7 is a endomorphism in R[X]-Mod. Since
M|[X] is strongly hopfian, there exists an integer m > 1 such that Kerf[X]™ = Kerf[X]™*!.
Take b € Kerf™*!, then 3% ( f™+(5)X7 = 0. So Y% (bX/ € Kerf[X]™*! = Kerf[X]™,
FIX)(E_gbXT) = S8 fm(0)X9 = 0. Thus f™(b) = 0, b € Kerf™ which implies that
Kerf™ = Kerf™*!. Hence M is strongly hopfian.

Suppose now that M[X] is strongly co-hopfian in R[X]-Mod. By Lemma 2.1 (2), there exists
an integer m > 1 such that Im f[X]™ = Imf[X]™*!. Take b € Imf™, then there exists t € M such
that f™(t) = h,so Yr_o hX7 = 25 (X7 = fIX]™(T5_ tX7) € Im f[X]™ = Im f[ X"+,
Thus there exists Z?:o p; X7 € M[X] such that f[X]m“(Z?:O p; X7) = Z?:o fmHi(pj) X7 =
Z?:o hX3 so h = fmtl(p;) € Imf™*! which implies that Imf™ = Imf™"!. Hence M is
strongly co-hopfian. O

Corollary 3.8 If R[X] is strongly hopfian, then so is R.

Remark Kerr (see [7]) constructed a commutative Goldie ring R for which R[X] does not have
the ACC on annihilator ideals.

Question (1) If M is strongly hopfian (resp. strongly co-hopfian), is M[X] strongly hopfian
(resp.strongly co-hopfian)?
(2) If R is strongly hopfian, is it true that R[[x]] is strongly hopfian?
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