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Abstract In this paper, the authors define the center of a Symplectic ternary algebra, and
investigate the relationship between the center of a Symplectic ternary algebra and that of the Lie
triple system associated with it. As an application of the relationship, the unique decomposition
theorem for Symplectic ternary algebras with trivial center is obtained.
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1. Introduction

The algebras studied here are a generalization of the class of ternary algebras given in [1],
which are, in turn, a variation of Freudenthal triple systems [2]. The advantage of the latest
algebras, which we call Symplectic ternary algebras, is that they are defined by identities and
hence admit direct sums. Faulkner and Ferrar have investigated the structure of this algebra.
They have proved that semisimple Symplectic ternary algebras can be decomposed into simple
ideals and given a classification of simple algebras over algebraically closed fields of characteristic
zero. They gave a construction of a Lie triple system from a Symplectic ternary algebra, and
related notions of ideal and form of a symplectic ternary algebra to the parallel notions in a Lie
triple system constructed from the symplectic ternary algebra.

It is well known that a Lie triple system T with trivial center can be decomposed into the
direct sum of simple ideals, and the decomposition is unique. The purpose of the present paper is
to investigate this problem for Symplectic ternary algebras. Firstly, we recall some fundamental
notions and facts which can be found in [2] or [3].

If U is a ternary algebra with trilinear product (z,y, z) satisfying

S(Iay):L(Iay)_L(va) :R(xvy)_R(va)a (1)
S(xvy)R(va) = R(va)s(xu y) = R(S(xvy)sz) = R(Zv S’(x,y)w), (2)
[R(Ia y)v R(Zv ’LU)] = R(R(Zv ’LU)I, y) = R(xv R(wv Z)y)v (3)
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for all z,y,z,u,v € U, where (x,y,z) = L(z,y)z = R(y,z)x = Ulx, 2)y, we say that U is a

Symplectic ternary algebra.

Example 1.1 ([2]) If U is a vector space with a nondegenerate skew form (, ), then (, , )
defined by

<$,y, Z> = 1/2(<:17,y>2 + <y,2>$ + <$,Z>y), z,y,z € U,

satisfies (1)—(3).

The verification of Example 1.1 is straightforward, which means that U is a Symplectic
ternary algebra.

A subspace I of a Symplectic ternary algebra U is called a subalgebra if (I,I,I) C I. An
ideal of a Symplectic ternary algebra U is a subspace I such that the product of an element of I
with any two elements of U in any order lies in I. Indeed, if (U, I,U) C I and either (I,U,U) C I
or (U,U,I) C I, then I is an ideal of U.

An endomorphism of a Symplectic ternary algebra U is a linear transformation ¢ of U

satisfying ¢(z,y, z) = (p(x), p(y), p(z)). Clearly, Kerp is an ideal of U.

A Lie triple system over a field F' is a vector space T with a trilinear product [, , | satisfying
[z,y,4] =0, (4)

[z,y, 2] + [y, 2, 2] + [z, 2,9] = 0, ()

([,y, 2], u, 0] = [[2, u,v],y, 2] + [2, [y, w, 0], 2] + [, y, [2, 4, 0], (6)

for all z,y, z,u,v € T, where [z,y, z] = L(z,y)z = R(y, z)z.
An ideal of a Lie triple system T is a subspace I for which [T,T,1I] C I.
Finally, we recall the following fact [2] which will be needed in the sequel.

Lemma 1.1 ([2]) If U is a Symplectic ternary algebra, then T(U) = U @ U will be a Lie triple
system with the following product

) () G0 ) (7)
b d f S(d, f) R(f,c) — R(d,e) b

_ (a,c,f>—<a,e,d>+<e,c,b>—<c,e,b>
(d,f,a>—<f,d,a>+<b,f,c>—<b,d,e> '
We call T'(U) the Lie triple system associated with U.

2. The center of Symplectic ternary algebras

In this section, we define the center, C(U), of a Symplectic ternary algebra U, and enumerate

several elmentary results concerning C'(U).

Definition 2.1 For a subspace S of a Symplectic ternary algebra U, we define the centralizer of
SinU,Cy(S):={xeU]|(z,5U)=(S,z,U)=(x,U,S) =(U,x,S) = 0}. In fact, by identity
(1), we have (U, S,z) = (S,U,z) = 0,Vz € Cy(S). In particular, C(U) := Cy(U) = {z € T |
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(x,U,U) = (U,z,U) = 0} is the center of U.

Definition 2.2 The centralizer of a subspace S in a Lie triple system T is the set of
Cr(S):={zxeT| L(z,a) = R(a,z) =0, Ya € S}.

In particular, C(T) := Cp(T) ={x € T | [T, T, x] = 0} is the center of T.

Lemma 2.1 IfU is a Symplectic ternary algebra, then the following statements hold:

(i) If S is a subset of U and S # (), then Cy(S) is a subalgebra of U;
(ii)) If S is an ideal of U, then Cy (S) is an ideal of U.

Proof 1) It is easily seen that Cy(S) is a subspace. Now we prove (z,y, z) € Cy(S), for any
x,y,z € Cy(S). For any s € S, and v € U, by identity (3) we have

<<Iayvz>757u> = <<x,s,u>,y,z> + <:E7 <ya S,U>,Z> + <$7ya <Z,U,S>> =0, (8)
and

<87 <$7y72>7u> = <<s,x,u),y,z> - ((w,y,z)x,u) — (s, <u,z,y>> =0. 9)

The similar argument shows that ((z,y, z),u,s) = (u, {x,y, 2),s) = 0. The proof of (i) is com-
pleted.

2) By Definition 2.1, it suffices to prove that a permutation of (Cy(S),U,U) is contained
in Cy(S). In order to show that Cy(S) contains (Cy(S),U,U), let us consider z € Cy(S),
u,u1,uz € U, and s € S. By virtue of (3), we have

({x,u,ur), s, u2) = ({m, 8, u2), u,u1) + {(x, (u, s, u2), u1) + (x,u, (u1,us,8)) =0 (10)

and

(s, (x,u,u1),u2) = {z,u,ur),ua, s) = (ua, (x,u,u1),s) = 0.

This means (Cy (S),U,U) C Cy(S). The proof for (U,Cy(S),U) C Cy(S) is analogous, which
finishes the proof. O

Lemma 2.2 IfT(U) is the Lie triple system associated with a symplectic ternary algebra U,
then T(C(U)) = C(T(U)).

Proof Since the identity (7) is zero for e, f € C(U), we have T(C(U)) C C(T(U)). On the
other hand, by applying (7) to (;) € C(T'(U)) and letting b = d = 0, we get (a,c, f) = 0. Let
a=d=0. We have (b, f,c) = 0. Hence f € C(U). A similar calculation shows that e € C(U).
Therefore C(T(U)) C T(C(U)), which completes the proof. O

Theorem 2.1 If a Symplectic ternary algebra U has the decomposition U = U; @ Ua, where
U1, U are ideals of U, then T(U) = T'(Uy) @ T(Us).

Proof For ( ) € T(Uy), and ( ), (d) € T(U). Since U; is an ideal of U, by (7), it is easy to
prove that T'(U;) is an ideal of T(U). A similar argument works for T'(Uz). Since Uy NUsz = {0},
we have T(Uy) @ T(Uz) C T(U). Now we verify that T(U) C T(U;) ® T(Uz2). Assume that
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a=aj+a,b=>by+by,a;,b; € U;. Since
a ai + as a as
= = + e T(U) +T(Ua),
b b1 + b2 bl b2
we have T(U) C T(Uy) @ T'(Uz). The proof is completed. O

The following two Lemmas (Lemma 2.3 and Lemma 2.4) were given in [3].

Lemma 2.3 ([3]) If a Lie triple system T has the decomposition T =Ty @ Ty, where Ty, Ty are
ideals of T, then C(T) = C(T1) & C(T%).

Theorem 2.2 If a Symplectic ternary algebra U has the decomposition: U = Uy & Us, where
Ui, Us are ideals of U, then C(U) = C(Uy) @ C(Us).

Proof This is an immediate consequence of Theorem 2.1, Lemmas 2.2 and 2.3. O

Lemma 2.4 ([3]) If a Lie triple system T' can be decomposed into the direct sum of two ideals:
T =T, @& Ty, and A is a subsystem of T such that Ty C A, then A=T, @ (Ta N A).

Combining Theorem 2.1 with Lemma 2.4, we have the following lemma:

Lemma 2.5 If a Symplectic ternary algebra U can be decomposed into the direct sum of two
ideals: U = Uy ® Us, and A is a subalgebra of U such that U; C A, then A =U; @ (U2 N A).

3. The unique decomposition theorem

In this section, we will discuss the unique decomposition theorem for Symplectic ternary

algebras.

Definition 3.1 If ¢ is an endomorphism of a Symplectic ternary algebra U, satisfying
¢L(a,b) = L(a, b)p, ¢U(a,b) = Ula,b)e,
then we say that ¢ is a U-endomorphism of U.

Example 3.1 If U is the direct sum of two ideals U = Uy @ Us, we define a linear map :
U — Uy by m(u1 + u2) = uy. By direct calculation, we have that 7 is a U-endomorphism of U.

Lemma 3.1 Let ¢ be a U-endomorphism of U. Then the following statements hold:
1) U = Kerp® @ Imy*, for some integer k;
2) If U is indecomposable, then ©* = 0, or ¢ € AutU.

Proof 1) Let f()\) be the minimum polynomial of ¢ and f(A\) = A¥g(\). As X\ and g(\) are
coprime polynomials, there are two polynomials u()\),v()\) such that u(A)g(\) + v(A)AF = 1.

Hence we have
u(p)g()y +v(e)p*y =y, Yy €U

and

u(p)g(p)y € Kerg®, v(p)¢"y € Imyp*.
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It then follows that U = Kerg* + Img*.
For any y € Kerp® N Img*, clearly, o¥y = 0, and there is yo € U satisfying ©*yo = y. Thus
y = u(p)g(p)y +v(p)e"y = P"ule)g(p)yo = 0.
Hence the Symplectic ternary algebra U can be decomposed into the direct sum of subspaces:
U = Kerg® + Ime*.

It remains to show that both Ker¢* and Im¢p* are ideals. As ¢ is a U-endomorphism, so is
©F. Tt is easy to prove that Kerg" is an ideal of U. Now if we take a vector y in Ime¥, since "

is a U-endomorphism, for z1,x2 € U, we have
(1, 22,y) = (w1, 22,9"y0) = L(21,22)¢" (Y0) = " (w1, 22, y0) € Imy",

(1,9, x2) = (w1, P Yo, 22) = U (w1, 22)9" (y0) = ¢" (1,0, 22) € Imy".
These two equations yield that Img” is an ideal of U. Then 1) holds.
2) If U is indecomposable, then Kerp* = U or Imp* = U. By the result 1), we get that
o =0or g AutU.

Lemma 3.2 If U is indecomposable and 1,92, ..., ¢n, Zgzl vi (1 =1,2,...,n) are all U-

endomorphisms and if' Y | ¢; = id, then ; is an automorphism for some integer i.

Proof We use induction on n. The result is trivial for the case n = 1. Suppose the result holds
for the case n — 1. Now we prove the case n.
Set Z;:ll p; = 1. Since P + ¢, = id, we have ¥y, = pp¥. If p,, ¥ are not automorphisms,
by Lemma 3.1, then there are two positive integers k, h such that * = " = 0.
Set m =k + h + 1. We have
m
W +p)" =) Chlpn™ =
j=0
But this leads to a contradiction for ¢ + ¢,, = id. Therefore, ¢, € AutU or ¢ € AutU. If
on € Aut U, then the result is proved. If ¢ € Aut U, since

we have 1! is a U-endomorphism of U, and so is ¢;4~! for i < n. Since
pr0 oo+ 1y =id,
by the induction, we have 1) ~"'¢; € Aut U, which means that ¢; € Aut U. The proof is completed.
O
Theorem 3.1 IfU is a symplectic ternary algebra with trivial center, and can be decomposed
into the direct sum of ideals, i.e.,
U=M1®&Mx®-- - @& Mg =N ®N2D--- D Ny, (11)

where M;, N; are indecomposable, then s = t and M; = N;, i = 1,2,...,s by adjusting their

orders.
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Proof We prove the result by induction on s. If s = 1, we are done. Suppose the result
holds for s — 1. Now we prove the case s. Set M = My @ --- ® Mg, N = No @ --- B Ny,
then U = My ® M = Ny @ N. By Theorem 2.2, it is clear that C(M) = C(N) = 0, and
M = Cy(My),M; = Cy(M), N = Cy(N1), Ny = Cy(N). To prove the result, we need to prove
that My = Ny and M = N.

We denote by 7, o, p; and 7; a projection from U into M;, an imbedding from M into U,
the projection from U into NN; and an imbedding from N; to U, respectively. It is easy to see that
T, P1, P2, - -5 Pn and Zle pi (k=1,2,...,n) are all U-endomorphisms of U, and Y ;- p; = idy.

Set 7 = 71, = 7|N,, pF = pio = pila, - Since

7 pi L(x,y)z = m} L(x,y)piz = mL(x,y)piz
= L(x,y)mpiz = L(x,y)7 pj2, Ya,y,z € M, (12)

we have 7 pfL(z,y) = L(z,y)n} pf. Similarly, we can verify that 7} pfU(x,y) = U(z, y)n}ps, for
x,y € M. Hence, 7} p} is an M;-endomorphism of M.

We may define a projection Zgzl T:pi by :( g:l Tipi)(z) = g:l Tipi(x), Vo € U. It is easy
to see that this projection is a U-endomorphism of U, and then W(Egzl Tipi)o = g:l i pr s

an Mi-endomorphism of M;. For m € M, since
n n
m=mn(m) =1y pi(m)=> wpi(m),
i=1 i=1

we have Y | wFp¥ = idp,. By Lemma 3.2, there is an integer ¢ such that 7} pf € Aut M;. If
we adjust the order of the sequence Ny, Na,..., Ny, suppose ¢ = 1, then we have that pj is a
1 — 1 projection. Thus Kerpi = My NKerp; = M; NN = {0}. Since (M, N,U), (N, M;,U),
(My,U,N), (U, My, N) are all contained in My N N = {0}, we have M; C Cy(N) = N;. By
Lemma 2.5, we have Ny = M; ® (N1 N M). But N; is indecomposable, hence Ny = M; and
M=N. O
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