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Abstract Let W (z) and M(z) be v-valued and k-valued algebroidal functions respectively,

△(θ) be a b-cluster line of order ∞ (or ρ(r)) of W (z) (or M(z)). It is shown that W (z) ≡ M(z)

provided E(aj , W (z)) = E(aj , M(z)) (j = 1, . . . , 2v + 2k + 1) holds in the angular domain

Ω(θ − δ, θ + δ), where b, aj (j = 1, . . . , 2v + 2k + 1) are complex constants. The same results are

obtained for the case that △(θ) is a Borel direction of order ∞ (or ρ(r)) of W (z) (or M(z)).
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1. Introduction

Suppose that Av(z), . . . , A0(z) are analytic functions without common zeros in the complex

plane and the indecomposable equation

ψ(z,W ) := Av(z)W
v +Av−1(z)W

v−1 + · · · +A1(z)W +A0(z) = 0 (1)

defines a v-valued algebroidal function W (z) in the complex plane(if Av(z) ≡ 1, then W (z) is

called a v-valued integral algebroidal function ), where A0(z) 6≡ 0, otherwise W (z) is a reducible

algebroidal function; where Av(z) 6≡ 0, otherwise W (z) is v − 1 valued or less. In particular,

W (z) is exactly a meromorphic function when v = 1.

In this paper, we adopt the standard notations and definitions as explained in [1]. The

notations ∆(θ) and Ω(α, β) denote a ray arg z = θ and a set {z|α < arg z < β} in the complex

plane, respectively. For an arbitrary complex number a, n(r,Ω(α, β),W (z) = a) denotes the

number of roots of the equation W (z) − a = 0 in the domain Ω(α, β)
⋂

|z| < r, multiple roots

being counted multiply, and E(a,W (z)) denotes the set of zeros of W (z)− a (namely the set of

points z satisfying the equation ψ(z, a) = 0), with every zero counted only once.

We also need the following definitions.
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Definition 1 Suppose that W (z) is a v-valued algebroidal function defined by (1), a is an

arbitrary complex number, and ∆(θ) is a ray in the complex plane. If

lim
r→∞

logn(r,Ω(θ − ε, θ + ε),W = a)

log r
= ∞

holds for any given ε > 0, then we call ∆(θ) a a-cluster line of order ∞ of W (z).

Definition 2 Suppose that W (z) is a v-valued algebroidal function defined by (1), ∆(θ) is a ray

in the complex plane. If for any complex number a (at most 2v number of exceptional values),

∆(θ) is always an a-cluster line of order ∞ of W (z), then we call ∆(θ) a Borel direction of order

∞ of W (z).

Suppose that W (z) is a v-valued algebroidal function of infinite order defined by (1). Ac-

cording to the result of Hiong in [2], there exists a function U(r) = rρ(r) satisfying the following

conditions:

(i) ρ(r) is continuous and nondecreasing for r ≥ r0 (r0 > 0), and tends to +∞ as r → +∞.

(ii) limr→∞

log U(R)
log U(r) = 1, R = r + r

log U(r) .

(iii) lim
r→∞

log T (r, W )
log U(r) = 1.

We say that the function U(r) is the type function of W (z).

Definition 3 Suppose that W (z) is a v-valued algebroidal function defined by (1) and U(r) =

rρ(r) is its type function. Let a be an arbitrary complex number and ∆(θ) be a ray in the complex

plane. If

lim
r→∞

logn(r,Ω(θ − ε, θ + ε),W = a)

logU(r)
= 1

holds for any given ε > 0, then we call ∆(θ) an a-cluster line of order ρ(r) of W (z).

Definition 4 Suppose that W (z) is a v-valued algebroidal function defined by (1), ∆(θ) is a ray

in the complex plane. If for any complex number a (at most 2v number of exceptional values),

∆(θ) is always an a-cluster line of order ρ(r) of W (z), then we call ∆(θ) a Borel direction of

order ρ(r) of W (z).

The uniqueness theory of algebroidal functions in the complex plane is an interesting problem.

Many authors, such as Valiron [3], He [4, 5] and Yi [6], have ever done a lot of works. But owing

to the complexity of its branch points, the results in uniqueness theory are fewer than those

in meromorphic functions, as found in [7]. The uniqueness theory of algebroidal functions was

firstly investigated by Valiron, who proved the following result in [3].

Theorem A Let W (z) and M(z) be two v-valued algebroidal functions. If there are 4v + 1

number of aj ∈ C such that E(aj ,W (z)) = E(aj ,M(z)) (j = 1, . . . , 4v+ 1), then W (z) ≡M(z).

In [4], He obtained an improvement as follows.

Theorem B Let W (z) and M(z) be v-valued and k-valued algebroidal functions, respectively,

and let k ≤ v. If there are 4v + 1 number of aj ∈ C such that E(aj ,W (z)) = E(aj ,M(z)) (j =

1, . . . , 4v + 1), then W (z) ≡M(z).
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It is natural to ask whether the conditions of Theorem B can be weakened. In this paper, we

obtain the following results which answer the question.

Theorem 1 Let W (z) and M(z) be v-valued and k-valued irreducible algebroidal functions

in the complex plane, respectively, a1, . . . , a2v+2k+1 be distinct complex numbers. If △(θ) is

a b- cluster line of order ∞ of W (z) (or M(z)), such that E(aj ,W (z)) = E(aj ,M(z)) (j =

1, . . . , 2v + 2k + 1) holds in an angular domain Ω(θ − δ, θ + δ), where b is an arbitrary complex

number and δ is a sufficiently small positive number, then W (z) ≡M(z).

From Theorem 1 we can get the following two corollaries.

Corollary 1 Suppose that W (z), M(z) and a1, . . . , a2v+2k+1 satisfy the hypothesis of The-

orem 1. If △(θ) is a Borel direction of order ∞ of W (z) (or M(z)), such that E(aj ,W (z)) =

E(aj ,M(z)) (j = 1, . . . , 2v + 2k + 1) holds in an angular domain Ω(θ − δ, θ + δ), where δ is a

sufficiently small positive number, then W (z) ≡M(z).

Corollary 2 LetW (z) andM(z) be two v-valued irreducible algebroidal functions, a1, . . . , a4v+1

be distinct complex numbers. If △(θ) is a b-cluster line (or a Borel direction) of order ∞ of W (z)

(or M(z)), such that E(aj ,W (z)) = E(aj ,M(z)) (j = 1, . . . , 4v+ 1) holds in an angular domain

Ω(θ − δ, θ + δ), where b is an arbitrary complex number and δ is a sufficiently small positive

number, then W (z) ≡M(z).

Theorem 2 Suppose that W (z), M(z) and a1, . . . , a2v+2k+1 satisfy the hypothesis of Theo-

rem 1. If △(θ) is a b-cluster line of order ρ(r) of W (z) (or M(z)), such that E(aj ,W (z)) =

E(aj ,M(z)) (j = 1, . . . , 2v + 2k + 1) holds in an angular domain Ω(θ − δ, θ + δ), where b is an

arbitrary complex number and δ is a sufficiently small positive number, then W (z) ≡M(z).

From Theorem 2 we also can get the following two corollaries.

Corollary 3 Suppose that W (z), M(z) and a1, . . . , a2v+2k+1 satisfy the hypothesis of Theorem

1. If △(θ) is a Borel direction of order ρ(r) of W (z) (or M(z)), such that E(aj ,W (z)) =

E(aj ,M(z)) (j = 1, . . . , 2v + 2k + 1) holds in an angular domain Ω(θ − δ, θ + δ), where δ is a

sufficiently small positive number, then W (z) ≡M(z).

Corollary 4 LetW (z) andM(z) be two v-valued irreducible algebroidal functions, a1, . . . , a4v+1

be distinct complex numbers. If △(θ) is a b-cluster line (or a Borel direction) of order ρ(r) of

W (z) (or M(z)), such that E(aj ,W (z)) = E(aj ,M(z)) (j = 1, . . . , 4v + 1) holds in an angular

domain Ω(θ − δ, θ + δ), where b is an arbitrary complex number and δ is a sufficiently small

positive number, then W (z) ≡M(z).

2. Some Lemmas

Suppose W (z) is a v-valued irreducible algebroidal function defined by (1). Its single valued

domain is the connected Riemman surface T̃z. The point on the connected Riemman surface

T̃z is the regular function element b̃ = {ωb,j(z), B(b, r)} (ωb,j(z) denotes an analytic function in
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the disc B(b, r) = {z||z − b| < r}). There exists a path γ ⊂ T̃z for any two regular function

elements (ωb,j(z), B(b, r)) and (ωa,t(z), B(a, r)) to extend analytically to each other. We often

write W = W (z) = {ωj(z), b}
v
j=1.

In [8] and [9], Sun and Gao have given the definitions of the addition, the negative element

of two algebroidal functions, respectively.

Definition 5 Let W (z) = {ωj(z), b}
v
j=1 and M(z) = {mt(z), b}

k
t=1 be v-valued and k-valued

algebroidal functions, respectively. The sum of W (z) and M(z) is defined as

(W +M)(z) = {((ω +m)j(z), b)}
vk
j=1

= {(ωj(z) +mt(z), b); j = 1, . . . , v; t = 1, . . . , k}.

The negative element of W (z) is the algebroidal function −W (z) = {−ωj(z), b}
v
j=1 defined by

the equation

ψ−(z,W ) = Av(z)(W + ω1(z))(W + ω2(z)) · · · (W + ωv(z))

= Av(z)W
v −Av−1(z)W

v−1 + · · · + (−1)vA0(z) = 0.

They also obtained the following result.

Lemma 1 The sum (W +M)(z) of the v-valued algebroidal function W (z) and the k-valued

algebroidal function M(z) is a vk-valued algebroidal function. The negative element −W (z) of

the v-valued algebroidal function W (z) is also a v-valued algebroidal function.

From the above results, we can obtain the definition of the subtraction of two algebroidal

functions as follows.

Definition 6 Let W (z) = {ωj(z), b}
v
j=1 and M(z) = {mt(z), b}

k
t=1 be v-valued and k-valued

algebroidal functions, respectively. The difference subtracting M(z) from W (z) is defined as

(W −M)(z) = {((ω −m)j(z), b)}
vk
j=1

= {(ωj(z) −mt(z), b); j = 1, . . . , v; t = 1, . . . , k}.

We also can obtain the following result.

Lemma 2 Let W (z) and M(z) be v-valued and k-valued algebroidal functions, respectively.

The difference (W −M)(z) is a vk-valued algebroidal function.

Lemma 3 Let W (z) and M(z) be v-valued and k-valued algebroidal functions, respectively. If

0 is not the pole of W (z) and M(z). Then

T (r,W ±M) ≤ T (r,W ) + T (r,M) + log 2.

Remark This Lemma is Lemma 1 in [8].

Lemma 4 Let W (z) and M(z) be v-valued and k-valued algebroidal functions in the disc

|z| < 1, respectively. Suppose that W (z) (or M(z)) is of infinite order, and a1, . . . , a2v+2k+1 are

distinct complex numbers. If E(aj ,W (z)) = E(aj ,M(z)) (j = 1, . . . , 2v + 2k + 1) holds in the
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disc |z| < 1, then W (z) ≡M(z).

Proof Firstly, we may assume that aj (j = 1, . . . , 2v + 2k + 1) are all finite. By the second

fundamental Theorem of algebroidal functions in the disc |z| < 1 , as found in [10], we get

(2k + 1)T (r,W ) <

2v+2k+1∑

j=1

N(r,W = aj) + S(r,W ), (2)

where S(r,W ) = O{logT (r,W )} + O{log 1
1−r

}, possibly outside an exceptional set E ⊂ [0, 1)

such that
∫

E
dr

1−r
<∞;

(2v + 1)T (r,M) <

2v+2k+1∑

j=1

N(r,M = aj) + S(r,M), (3)

where S(r,M) = O{log T (r,M)} + O{log 1
1−r

}, possibly outside an exceptional set F ⊂ [0, 1)

such that
∫

F
dr

1−r
<∞.

Now assume, to the contrary, thatW (z) 6≡M(z). Then by the assumption that E(aj ,W (z)) =

E(aj ,M(z)), we have

2v+2k+1∑

j=1

n(r,W = aj) =

2v+2k+1∑

j=1

n(r,M = aj) ≤ n(r,
1

W (z) −M(z)
).

Hence we obtain
2v+2k+1∑

j=1

N(r,W = aj) ≤ kN(r,
1

W (z) −M(z)
),

2v+2k+1∑

j=1

N(r,M = aj) ≤ vN(r,
1

W (z) −M(z)
).

Then using the first fundamental Theorem of algebroidal functions in the disc |z| < 1 and Lemma

3, we have

2v+2k+1∑

j=1

N(r,W = aj) ≤ kT (r,
1

W (z) −M(z)
) ≤ k{T (r,W ) + T (r,M)} +O(1).

By the same reasoning, we have

2v+2k+1∑

j=1

N(r,M = aj) ≤ v{T (r,W ) + T (r,M)} +O(1).

Therefore we obtain

v

2v+2k+1∑

j=1

N(r,W = aj) + k

2v+2k+1∑

j=1

N(r,M = aj) ≤ 2vk{T (r,W ) + T (r,M)} +O(1). (4)

From (2), (3) and (4), we obtain

vT (r,W ) + kT (r,M) ≤ S(r,W ) + S(r,M). (5)

Since W (z) (or M(z)) is an algebroidal function of infinite order, (5) is a contradiction. So

W (z) ≡M(z).
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Now assume that one of the aj (j = 1, . . . , 2v+ 2k+ 1) is infinity. Without loss of generality,

we assume a2v+2k+1 = ∞. Take any finite value c such that c 6= aj (j = 1, . . . , 2v + 2k). Set

F (z) =
1

W (z) − c
, G(z) =

1

M(z)− c
.

And put

bj =
1

aj − c
(j = 1, . . . , 2v + 2k), b2v+2k+1 = 0.

Then we have E(bj , F (z)) = E(bj, G(z)). From the above proof, we have F (z) ≡ G(z). Hence

W (z) ≡M(z).

3. Proof of Theorems

Proof of Theorem 1 Without loss of generality, we may assume that △(θ) is a b-cluster line

of order ∞ of algebroidal function W (z) and θ = 0. Set

u(z) =
z

π

2δ − 1

z
π

2δ + 1
, z(u) =

(1 + u

1 − u

) 2δ

π

.

Then they map Ω(−δ, δ) conformally on |u| < 1. Setting z = peiϕ gives

|u(z)| =
∣∣∣
p

π

2δ cos πϕ
2δ

− 1 + ip
π

2δ sin πϕ
2δ

p
π

2δ cos πϕ
2δ

+ 1 + ip
π

2δ sin πϕ
2δ

∣∣∣

=

√
p

π

δ + 1 − 2p
π

2δ cos πϕ
2δ

p
π

δ + 1 + 2p
π

2δ cos πϕ
2δ

= 1 − 2p−
π

2δ (1 + o(1)) cos
πϕ

2δ
.

Set 0 < δ′ < δ, 0 < η < 2 cos πδ′

2δ
. Then when r is sufficiently large, we have

y = 1 − ηr−
π

2δ > max{|u(peiϕ)||0 < p ≤ r, |ϕ| ≤ δ′}.

Since ∆(0) is a b-cluster line of order ∞ of algebroidal function W (z), there is a sequence of

points {rn} such that for any given large L(> 0),

n(rn,Ω(−δ′, δ′),W (z) = b) > rn
L.

Set yn = 1 − ηr
−

π

2δ

n , then

n(yn,W (z(u)) = b) > n(rn,Ω(−δ′, δ′),W (z) = b) > rn
L.

Set r′n = 2rn, y
′

n = 1 − ηr
′−

π

2δ

n , then

y′n = 1 −
1 − yn

2
π

2δ

= yn + (1 − yn)(1 − 2−
π

2δ ).

Hence

T (y′n,W (z(u))) > N(y′n,W (z(u)) = b) −B

>
1

v

∫ y′

n

yn

n(y,W (z(u)) = b)

y
dy −B

>
1

v
n(yn,W (z(u)) = b) log

y′n
yn

−B
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> A(1 − yn)rn
L

> A(
1

1 − y′n
)

2δ

π
L−1,

where A and B are positive numbers, which may be different at different place. So we have

lim
y′

n
→1

logT (y′n,W (z(u))

log 1
1−y′

n

≥
2δ

π
L− 1.

Therefore W (z(u)) is an algebroidal function of infinite order in the disc |u| < 1.

SinceE(aj ,W (z)) = E(aj ,M(z)) holds in the angular domain Ω(−δ, δ), we getE(aj ,W (z(u)))

= E(aj ,M(z(u))) in |u| < 1. So by Lemma 4, we obtain that W (z(u)) ≡ M(z(u)) holds in

|u| < 1, which leads to W (z) ≡ M(z) in Ω(−δ, δ). Then by the uniqueness Theorem of analytic

functions, we get W (z) ≡M(z) in the complex plane.

Proof of Theorem 2 Similar to the proof of Theorem 1, we may assume that △(θ) is a b-cluster

line of order ρ(r) of algebroidal function W (z) and θ = 0. Set

u(z) =
z

π

2δ − 1

z
π

2δ + 1
, z(u) =

(1 + u

1 − u

) 2δ

π

.

Since ∆(0) is a b-cluster line of order ρ(r) of algebroidal function W (z), there is a sequence of

points {rn} such that for any given ε > 0

n(rn,Ω(−δ′, δ′),W (z) = b) > U1−ε(rn).

Set yn = 1 − ηr
−

π

2δ

n , then

n(yn,W (z(u)) = b) > n(rn,Ω(−δ′, δ′),W (z) = b) > U1−ε(rn).

Set r′n = 2rn, y
′

n = 1 − ηr
′−

π

2δ

n , then

y′n = 1 −
1 − yn

2
π

2δ

= yn + (1 − yn)(1 − 2−
π

2δ ).

Hence

T (y′n,W (z(u))) > N(y′n,W (z(u)) = b) −B

>
1

v

∫ y′

n

yn

n(y,W (z(u)) = b)

y
dy −B

>
1

v
n(yn,W (z(u)) = b) log

y′n
yn

−B > A(1 − yn)U1−ε(rn)

= Aηr
−

π

2δ

n U1−ε(rn),

where A and B are positive numbers, which may be different at different place. So we have

lim
y′

n
→1

logT (y′n,W (z(u))

log 1
1−y′

n

≥ lim
y′

n
→1

logAηr
−

π

2δ

n U1−ε(rn)

log (2rn)
π

2δ

η

= ∞.

Therefore W (z(u)) is an algebroidal function of infinite order in the disc |u| < 1. Then by the

similar reasoning as in the proof of Theorem 1, we get W (z) ≡M(z) in the complex plane.
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