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Abstract This paper deals with the local solvability of initial value problem for Kaup-Kupershmidt

equations. Indeed, using Bourgain method, we prove that the Cauchy problem of Kaup-Kupershmidt

equation is local well-posed in H
s whenever s >

9

8
, which improves the former results in [5].
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1. Introduction

This paper studies the initial value problem (IVP) associated to Kaup-Kupershmidt equa-

tions: {
ut + αuxxx + βuxxxxx + γ1uuxx = 0, x ∈ R, t ∈ R,

u(0, x) = u0(x), x ∈ R
(1)

and {
ut + αuxxx + βuxxxxx + γ2uxuxx = 0, x ∈ R, t ∈ R,

u(0, x) = u0(x), x ∈ R,
(2)

where γ1, γ2 are the nonlinear perturbed coefficients; α, β ∈ R are the dispersive coefficients.

These equations are important dispersive equations proposed first by Kaup in 1980 ([1]) and

developed by Kupershmidt in 1994 ([2]).

There has been much interest in the traveling wave solutions of Kaup-Kupershmidt equation

using either numerical methods, asymptotic methods or fundamental theoretical methods [3–4].

However, we should owe the first result of the well-posedness of Kaup-Kupershmidt equations to

Tao and Cui [5]. They showed that IVP (1) and (2) are locally well-posed in Hs(R) for s > 5
4

and s > 301
108 , respectively. In this paper, using the Fourier transform restriction norm method,

we shall lower the regularity of the initial value space to s > 9
8 , which improves the former result

in [5].
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This paper will concentrate on IVP (1), since IVP (2) can be dealt with in the same way. To

study IVP (1), we shall consider its equivalent formulation instead:

u = U(t)u0 + λ

∫ t

0

U(t − s)[uuxx](s)ds,

where

U(t) = F−1
x e−itφ(ξ)Fx

is the unitary operator associated to the linear equation, and the operator F(·) denotes the

Fourier transform in the (·) variable. Here the phase function is

φ(ξ) = αξ3 − βξ5.

Before precisely stating the main results, we first introduce some definitions and notations.

Definition 1 For s, b ∈ R, we define Bourgain space Xs,b to be the completion of the Schwartz

function space on R2 with respect to the norm:

‖u‖Xs,b
= ‖(1 + |ξ|)s(1 + |τ − φ(ξ)|)bFu(ξ, τ)‖L2

ξ
L2

τ
= ‖〈ξ〉s〈τ − φ(ξ)〉bFu(ξ, τ)‖L2

ξ
L2

τ
,

where, 〈·〉 = (1 + | · |) and Fu = û(ξ, τ) denotes the Fourier transform in t and x of u.

Obviously, ‖u‖Xs1,b1
≤ ‖u‖Xs2,b2

holds if s1 ≤ s2, b1 ≤ b2.

The main result of this work reads as follows:

Theorem 1 Let αβ < 0. The initial value problem (1) and (2) are locally well-posed for given

data in Sobolev spaces Hs, for s > 9
8 .

The layout of this paper is as follows. In the next section, we establish some preliminary

lemmas. Section 3 is devoted mainly to establishing a bilinear estimate in the Bourgain space,

which is the core of this paper. The proof of the main theorem will be given in the last section.

2. Preliminary lemmas

Assume the symbol of partial differential operator R(D), denoted by R(ξ), satisfies:

(H1) R(ξ) = R1(ξ) + R2(ξ), where Ri(λξ) = λriRi(ξ), ξ ∈ R, λ > 0, r2 ≥ r1 ≥ 2, i = 1, 2.

(H2) R1(ξ)R2(ξ) > 0, ∀ξ ∈ R \ {0}.

Then, we have

Lemma 1 ([6]) The solution of Cauchy problem
{

ut + iR(D)u = 0, x ∈ R, t ∈ R,

u(0, x) = u0(x), x ∈ R,

u(t) = S(t)u0 = F−1[e−itR(ξ)û0](x) satisfies:

‖S(t)u0‖Lp ≤ Ct
− 1

r1
(1− 2

p
)‖u0‖Lp′ , t ∈ R+,

‖S(t)u0‖L
p
xL

q
t
≤ C‖u0‖L2,

where 2 ≤ p ≤ ∞, 2
q

= 1
r1

(1 − 2
p
).
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According to Lemma 1, we deduce directly

Lemma 2 If αβ < 0, then the unitary group U(t) (t ∈ R) satisfies

‖U(t)ϕ‖L8
xL8

t
≤ ‖ϕ‖L2 . (3)

To eliminate the singularity of phase function φ(ξ), we introduce the following Fourier re-

striction operators:

PNf =

∫

|ξ|≥N

eixξf̂(ξ)dξ, PNf =

∫

|ξ|≤N

eixξ f̂(ξ)dξ, ∀N > 0.

Let Ds
x = F−1

x |ξ|sFx, a = max{1,
√

3α
5β

}. In the following, we always assume that αβ < 0.

Lemma 3 The group U(t) (t ∈ R) satisfies

‖D2
xU(t)P 2aϕ‖L∞

x L2
t
≤ ‖ϕ‖L2, (4)

‖U(t)P 2aϕ‖L4
xL∞

t
≤ ‖ϕ‖

H
1
4
, (5)

‖D
1
2
x U(t)P 2aϕ‖L6

xL6
t
≤ ‖ϕ‖L2 . (6)

Proof Since φ′(ξ) = 3αξ2 − 5βξ4 and αβ < 0, it follows that if |ξ| > 0, φ(ξ) is invertible. Then

P 2aU(t)ϕ =

∫

|ξ|≥2a

eixξe−itφ(ξ)ϕ̂(ξ)dξ

=

∫

|φ−1|≥2a

eixφ−1

e−itφϕ̂(φ−1)
1

φ′
dφ

= Ft

(
eixφ−1

ϕ̂(φ−1)
1

φ′
χ{|φ−1|≥2a}

)
.

By Plancherel’s theorem and the above estimate, we have

‖P 2aU(t)ϕ‖2
L2

t
=

∥∥∥ϕ̂(φ−1)
1

φ′
χ{|φ−1|≥2a}

∥∥∥
2

L2
φ

=

∫

|φ−1|≥2a

|ϕ̂(φ−1)|2
1

|φ′|2
dφ =

∫

|ξ|≥2a

|ϕ̂(ξ)|2
1

|φ′(ξ)|2
φ′(ξ)dξ

≤

∫

|ξ|≥2a

|ϕ̂(ξ)|2
1

|φ′(ξ)|
dξ =

∫

|ξ|≥2a

|ϕ̂(ξ)|2
1

|5βξ4||1 − 3α
5βξ2 |

dξ

≤ C

∫

|ξ|≥2a

|ϕ̂(ξ)|2
1

|ξ|4
dξ ≤ C‖ϕ‖Ḣ−2 .

This implies the estimate (4).

With the help of Theorem 2.5 in [7], we have

‖U(t)P 2aϕ‖2
L4

xL∞

t
≤

∫

|ξ|≥2a

|FP 2aϕ(ξ)|2
∣∣∣
φ′(ξ)

φ′′(ξ)

∣∣∣
1
2

dξ

≤

∫

|ξ|≥2a

|FP 2aϕ(ξ)|2
∣∣∣
|5βξ4 − 3αξ2|

|20βξ3 − 6αξ|

∣∣∣
1
2

dξ

≤

∫

|ξ|≥2a

|FP 2aϕ(ξ)|2
∣∣∣
|5βξ4||1 − 3α

5βξ2 |

|20βξ3||1 − 3α
10βξ2 |

∣∣∣
1
2

dξ
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≤

∫

|ξ|≥2a

|FP 2aϕ(ξ)|2|ξ|
1
2 dξ ≤ C‖P 2aϕ‖2

H
1
4
.

This gives the estimate (5).

Finally, (6) follows by interpolation between (4) and (5). 2

Let F̂ρ(ξ, τ) = f(ξ,τ)
(1+|τ−φ(xi)|)ρ . Then we have

Lemma 4 If ρ > 1
2 , for any fixed N with 0 < N < ∞, there holds that

‖PNFρ‖L2
xL∞

t
≤ C‖f‖L2

ξ
L2

τ
,

where the constant C depends on N .

Proof Consult the proof of Lemma 2.3 in [8].

Lemma 5 (i) If ρ > 1
2

4(q−2)
3q

, for 2 ≤ q ≤ 8, then

‖Fρ‖L
q
xL

q
t
≤ C‖f‖L2

ξ
L2

τ
. (7)

(ii) If ρ > 3
8 , then

‖D
3
8
x P 2aFρ‖L4

xL4
t
≤ C‖f‖L2

ξ
L2

τ
. (8)

Proof Change variable τ = λ + φ(ξ), then

Fρ(x, t) =

∫ ∫
ei(xξ+tτ) f(ξ, τ)

(1 + |τ − φ(ξ)|)ρ
dξdτ

=

∫
eitλ

( ∫
ei(xξ+tφ(ξ))f(ξ, λ + φ(ξ))dξ

) dλ

(1 + |λ|)ρ
.

Therefore, using (3), Minkowshi’s integral inequality and taking ρ > 1
2 , one easily shows that

‖Fρ‖L8
xL8

t
≤ C

∫
‖f(ξ, λ + φ(ξ))‖L2

ξ

dλ

(1 + |λ|)ρ
≤ C‖f‖L2

ξ
L2

τ
. (9)

By interpolation between (9) and the trivial inequality

‖F0‖L2
xL2

t
≤ ‖f‖L2

ξ
L2

τ
, (10)

we obtain (7).

By (6) and Minkowshi’s integral inequality and taking ρ > 1
2 , one easily shows that

‖D
1
2
x P 2aFρ‖L6

xL6
t
≤ C

∫
‖f(ξ, λ + φ(ξ))‖L2

ξ

dλ

(1 + |λ|)ρ
≤ C‖f‖L2

ξ
L2

τ
. (11)

Then (8) follows by interpolation between (10) and (11). 2

Lemma 6 (i) Let ρ > θ
2 with θ ∈ [0, 1]. Then

‖D2θ
x P 2aFρ‖

L
2

1−θ
x L2

t

≤ C‖f‖L2
ξ
L2

τ
.

(ii) Let ρ > 1
2 . Then

‖D
− 1

4
x P 2aFρ‖L4

xL∞

t
≤ C‖f‖L2

ξ
L2

τ
.

Proof The proof is similar to that of Lemma 5 with the help of (3) and (4).
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Lemma 7 ([11]) Assume that f , f1, f2 belong to Schwartz space on R2. Then
∫

∗

f̂(ξ, τ)f̂1(ξ1, τ1)f̂2(ξ2, τ2)dδ =

∫
ff1f2(x, t)dxdt,

where
∫
∗ dδ =

∫
ξ=ξ1+ξ2,τ=τ1+τ2

dξ1dξ2dτ1dτ2.

Let Z be any Abelian additive group with an invariant measure dξ. For any integer k ≥ 2,

we denote by Γk(Z) the Hyperplane Γk(Z) = {(ξ1, ξ2, . . . , ξk) ∈ Zk, ξ1 + ξ2 + · · ·+ ξk = 0}, and

define a [k, Z]-multiplier to be any function m : Γk(Z) 7→ C. If m is a [k, Z]-multiplier, we define

‖m‖[k,Z] to be the best constant such that

∣∣∣
∫

Γk(Z)

m(ξ)

k∏

j=1

fj

∣∣∣ ≤ ‖m‖[k,Z]

k∏

j=1

‖fj‖L2(Z).

Lemma 8 ([10]) If m(ξ) and M(ξ) are [k, Z]-multipliers satisfying |m(ξ)| ≤ |M(ξ)| for all

ξ ∈ Γk(Z), then

‖m‖[k,Z] ≤ ‖M‖[k,Z].

Lemma 9 For |ξ| large enough, e.g., |ξ| > 2a, there holds that

max{|σ|, |σ1|, |σ2|} ≥ C|ξ1||ξ2||ξ|
3,

where

ξ = ξ1 + ξ2, τ = τ1 + τ2; σ = τ − φ(ξ), σ1 = τ1 − φ(ξ1), σ2 = τ2 − φ(ξ2).

Proof Noticing the following equation first:

σ1 + σ2 − σ = −5βξ1ξ2ξ(ξ
2 − ξξ1 + ξ2

1) + 3αξ1ξ2ξ,

then since ξ2 − ξξ1 + ξ2
1 ≥ 3

4ξ2, αβ < 0, we have

|σ1 + σ2 − σ| = | − 5βξ1ξ2ξ(ξ
2 − ξξ1 + ξ2

1) + 3αξ1ξ2ξ|

= |ξ1ξ2ξ|| − 5β(ξ2 − ξξ1 + ξ2
1) + 3α|

≥ C|ξ1||ξ2||ξ|
3.

2

3. Bilinear estimate

Theorem 2 If s ≥ 3
4 , 1

2 < b < 19
32 , then ∀b′ > 13

32 , we have

‖uvxx‖Xs,b−1
≤ C‖u‖Xs,b′

‖v‖Xs,b′
. (12)

Proof By duality and Plancherel theorem, it suffices to show that

I =

∫

∗

〈ξ〉sf(ξ, τ)

〈σ〉1−b

f1(ξ1, τ1)

〈ξ1〉s〈σ1〉b
′

ξ2
2f2(ξ2, τ2)

〈ξ2〉s〈σ2〉b
′
dδ

=

∫

∗

〈ξ〉sξ2
2

〈σ〉1−b〈ξ1〉s〈σ1〉b
′〈ξ2〉s〈σ2〉b

′
f(ξ, τ)f1(ξ1, τ1)f2(ξ2, τ2)dδ

≤ C
∥∥∥

〈ξ〉sξ2
2

〈σ〉1−b〈ξ1〉s〈σ1〉b
′〈ξ2〉s〈σ2〉b

′

∥∥∥
[3,R×R]

‖f̄‖L2
ξ
L2

τ
Π2

j=1‖fj‖L2
ξ
L2

τ
,
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for f̄ ∈ L2(R2), f̄ ≥ 0, where

f1 = 〈ξ1〉
s〈σ1〉

b′ û(ξ1, τ1), f2 = 〈ξ2〉
s〈σ2〉

b′ v̂(ξ2, τ2).

Thus, (11) holds only if

∥∥∥
〈ξ〉sξ2

2

〈σ〉1−b〈ξ1〉s〈σ1〉b
′〈ξ2〉s〈σ2〉b

′

∥∥∥
[3,R×R]

≤ C.

In order to bound I, we will split the domain of integration into several pieces as follows. By

symmetry, it suffices to estimate the integral in the domain: |ξ1| ≤ |ξ2|.

Let F̂ j
ρ (ξ, τ) =

fj(ξ,τ)
(1+|τ−φ(ξ)|)ρ , j = 1, 2.

Case 1 |ξ| ≤ 4a.

Case 1.1 |ξ1| ≤ 2a. It follows that |ξ2| ≤ 6a. Consequently,

I =

∫

∗

χ|ξ|≤4a〈ξ〉
sf(ξ, τ)

〈σ〉1−b

χ|ξ1|≤2af1(ξ1, τ1)

〈ξ1〉s〈σ1〉b
′

χ|ξ2|≤6aξ2
2f2(ξ2, τ2)

〈ξ2〉r〈σ2〉b
′

dδ

≤ C

∫

∗

χ|ξ|≤4af(ξ, τ)

〈σ〉1−b

χ|ξ1|≤2af1(ξ1, τ1)

〈σ1〉b
′

χ|ξ2|≤6af2(ξ2, τ2)

〈σ2〉b
′

dδ

≤ C

∫
F 1−b · F

1
b′ · F

2
b′(x, t)dxdt ≤ C‖F1−b‖L2

xL2
t
‖F 1

b′‖L4
xL4

t
‖F 2

b′‖L4
xL4

t

≤ C‖f‖L2
ξ
L2

τ
‖f1‖L2

ξ
L2

τ
‖f2‖L2

ξ
L2

τ

which follows by Lemmas 5 and 7.

Case 1.2 |ξ1| ≥ 2a. By the symmetry assumption, we obtain |ξ2| ≥ 2a and |ξ1| ∼ |ξ2|. Thus

for s ≥ 5
8 , we get

I =

∫

∗

χ|ξ|≤4a〈ξ〉
sf(ξ, τ)

〈σ〉1−b

χ|ξ1|≥2af1(ξ1, τ1)

〈ξ1〉s〈σ1〉b
′

χ|ξ2|≥2aξ
2
2f2(ξ2, τ2)

〈ξ2〉s〈σ2〉b
′

dδ

≤ C

∫

∗

χ|ξ|≤4af(ξ, τ)

〈σ〉1−b

χ|ξ1|≥2a|ξ1|
1−sf1(ξ1, τ1)

〈σ1〉b
′

χ|ξ2|≥2a|ξ2|
1−sf2(ξ2, τ2)

〈σ2〉b
′

dδ

≤ C

∫

∗

χ|ξ|≤4af(ξ, τ)

〈σ〉1−b

χ|ξ1|≥2a|ξ1|
3
8 f1(ξ1, τ1)

〈σ1〉b
′

χ|ξ2|≥2a|ξ2|
3
8 f2(ξ2, τ2)

〈σ2〉b
′

dδ

= C

∫
P4aF 1−b · D

3
8
x P 2aF 1

b′ · D
3
8
x P 2aF 2

b′(x, t)dxdt

≤ C‖F1−b‖L2
xL2

t
‖D

3
8
x P 2aF 1

b′‖L4
xL4

t
‖D

3
8
x P 2aF 2

b′‖L4
xL4

t

≤ C‖f‖L2
ξ
L2

τ
‖f1‖L2

ξ
L2

τ
‖f2‖L2

ξ
L2

τ

which follows also by Lemmas 5 and 7.

Case 2 |ξ| ≥ 4a.

Case 2.1 |ξ1| ≤ 2a. We deduce that |ξ2| ≥ 2a and |ξ| < 2|ξ2|. Therefore,

I =

∫

∗

χ|ξ|≥4a〈ξ〉
sf(ξ, τ)

〈σ〉1−b

χ|ξ1|≤2af1(ξ1, τ1)

〈ξ1〉s〈σ1〉b
′

χ|ξ2|≥2aξ2
2f2(ξ2, τ2)

〈ξ2〉s〈σ2〉b
′

dδ
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≤ C

∫

∗

χ|ξ|≥4af(ξ, τ)

〈σ〉1−b

χ|ξ1|≤2af1(ξ1, τ1)

〈σ1〉b
′

χ|ξ2|≥2a|ξ2|
2f2(ξ2, τ2)

〈σ2〉b
′

dδ

≤ C

∫
P 4aF 1−b · P2aF 1

b′ · D
2
xP 2aF 2

b′(x, t)dxdt

≤ C‖F1−b‖L2
xL2

t
‖P2aF 1

b′‖L2
xL∞

t
‖D2

xP 2aF 2
b′‖L∞

x L2
t

≤ C‖f‖L2
ξ
L2

τ
‖f1‖L2

ξ
L2

τ
‖f2‖L2

ξ
L2

τ

where Lemmas 4–7 have been used.

Case 2.2 |ξ1| ≥ 2a. In this case, we have 2a ≤ |ξ1| ≤ |ξ2|. According to Lemma 9, when

|ξ| > 4a, one of the following cases always occurs:

(a) |σ| ≥ |ξ|3|ξ1||ξ2|, (b) |σ1| ≥ |ξ|3|ξ1||ξ2|, (c) |σ2| ≥ |ξ|3|ξ1||ξ2|.

According to this, we subdivide case 2.2 into the following cases:

Case 2.2.1 (a) occurs. For b − s + 1 ≤ 3
8 and s ≤ 3(1 − b), we obtain

I =

∫

∗

χ|ξ|≥4a〈ξ〉
sf(ξ, τ)

〈σ〉1−b

χ|ξ1|≥2af1(ξ1, τ1)

〈ξ1〉s〈σ1〉b
′

χ|ξ2|≥2aξ2
2f2(ξ2, τ2)

〈ξ2〉s〈σ2〉b
′

dδ

≤

∫

∗

χ|ξ|≥4a〈ξ〉
sf(ξ, τ)

〈|ξ|3|ξ1||ξ2|〉1−b

χ|ξ1|≥2af1(ξ1, τ1)

〈ξ1〉s〈σ1〉b
′

χ|ξ2|≥2aξ2
2f2(ξ2, τ2)

〈ξ2〉s〈σ2〉b
′

dδ

≤ C

∫

∗

χ|ξ|≥4a|ξ|
s−3+3bf(ξ, τ)

χ|ξ1|≥2a|ξ1|
b−s−1f1(ξ1, τ1)

〈σ1〉b
′

χ|ξ2|≥2a|ξ2|
b−s+1f2(ξ2, τ2)

〈σ2〉b
′

dδ

≤ C

∫

∗

χ|ξ|≥4af(ξ, τ)
χ|ξ1|≥2a|ξ1|

3
8 f1(ξ1, τ1)

〈σ1〉b
′

χ|ξ2|≥2a|ξ2|
3
8 f2(ξ2, τ2)

〈σ2〉b
′

dδ

≤ C

∫
F 0 · D

3
8
x P 2aF 1

b′ · D
3
8
x P 2aF 2

b′ (x, t)dxdt

≤ C‖F0‖L2
xL2

t
‖D

3
8
x P 2aF 1

b′‖L4
xL4

t
‖D

3
8
x P 2aF 2

b′‖L4
xL4

t

≤ C‖f‖L2
ξ
L2

τ
‖f1‖L2

ξ
L2

τ
‖f2‖L2

ξ
L2

τ
.

We have used Lemma 7 and Lemma 5 (2) in the above estimate. Here, b ≤ 19
32 is required.

This means that if b − s + 1 ≤ 3
8 and s ≤ 3(1 − b),

∥∥∥
〈ξ〉sξ2

2

〈ξ1〉s〈σ〉1−b〈ξ2〉s〈σ1〉b
′〈σ2〉b

′

∥∥∥
[3,R×R]

≤ C. (13)

By Lemma 8, we deduce that (13) will also hold for s > 9
8 (not 5

8 , to keep b ≤ 1
2 ). As a

matter of fact, since ξ = ξ1 + ξ2, we first obtain 〈ξ〉 ≤ 〈ξ1〉〈ξ2〉. Then for any 19
32 ≥ b > 1

2 , b′ ≥ 3
8 ,

if s1 ≥ s2, we have

m =
〈ξ〉s1ξ2

2

〈ξ1〉s1〈σ〉1−b〈ξ2〉s1〈σ1〉b
′〈σ2〉b

′
=

〈ξ〉s1

〈ξ1〉s1〈ξ2〉s1

ξ2
2

〈σ〉1−b〈σ1〉b
′〈σ2〉b

′

≤
〈ξ〉s2

〈ξ1〉s2〈ξ2〉s2

ξ2
2

〈σ〉1−b〈σ1〉b
′〈σ2〉b

′
=

〈ξ〉s2ξ2
2

〈ξ1〉s2〈σ〉1−b〈ξ2〉s2〈σ1〉b
′〈σ2〉b

′
= M.
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Case 2.2.2 (b) occurs. For s − 3b′ < 3
8 , 2 − s − b′ < 3

8 , we get

I =

∫

∗

χ|ξ|≥4a〈ξ〉
sf(ξ, τ)

〈σ〉1−b

χ|ξ1|≥2af1(ξ1, τ1)

〈ξ1〉s〈σ1〉b
′

χ|ξ2|≥2aξ2
2f2(ξ2, τ2)

〈ξ2〉s〈σ2〉b
′

dδ

≤

∫

∗

χ|ξ|≥4a〈ξ〉
sf(ξ, τ)

〈σ〉1−b

χ|ξ1|≥2af1(ξ1, τ1)

〈ξ1〉s(|ξ|3|ξ1||ξ2|)b′

χ|ξ2|≥2aξ2
2f2(ξ2, τ2)

〈ξ2〉s〈σ2〉b
′

dδ

≤ C

∫

∗

χ|ξ|≥4a|ξ|
s−3b′f(ξ, τ)

〈σ〉1−b
·
χ|ξ1|≥2af1(ξ1, τ1)

|ξ1|s+b′
·
χ|ξ2|≥2a|ξ2|

2−s−b′f2(ξ2, τ2)

〈σ2〉b
′

dδ

≤ C

∫

∗

χ|ξ|≥4a|ξ|
3
8 f(ξ, τ)

〈σ〉1−b
· χ|ξ1|≥2af1(ξ1, τ1) ·

χ|ξ2|≥2a|ξ2|
2−s−b′f2(ξ2, τ2)

〈σ2〉b
′

dδ

≤ C

∫

∗

χ|ξ|≥4a|ξ|
3
8 f(ξ, τ)

〈σ〉1−b
· χ|ξ1|≥2af1(ξ1, τ1) ·

χ|ξ2|≥2a|ξ2|
3
8 f2(ξ2, τ2)

〈σ2〉b
′

dδ

≤ C‖D
3
8
x P 4aF1−b‖L4

xL4
t
‖P 2aF 1

0 ‖L2
xL2

t
‖D

3
8
x P 2aF 2

b′‖L4
xL4

t

≤ C‖f‖L2
ξ
L2

τ
‖f1‖L2

ξ
L2

τ
‖f2‖L2

ξ
L2

τ
,

which follows from Lemmas 5 and 7. Here, b′ ≥ 5
16 and b < 5

8 are required.

Similarly to Case 2.2.1, if s > 9
8 , we can also deduce the results from Lemma 8.

Case 2.2.3 (c) occurs. The argument is similar to Case 2.2.2. 2

4. Proof of the main result

Let θ ∈ C∞
0 (R) with θ ≡ 1 on [− 1

2 , 1
2 ] and supp θ ⊆ (−1, 1). Denoting θδ(t) = θ( t

δ
), then we

have

Lemma 10 Let s ∈ R, 1
2 < b < b′ ≤ 1, 0 < δ ≤ 1. Then we have

‖θδ(t)U(t)u0‖Xs,b
≤ Cδ

(1−2b)
2 ‖u0‖Hs , (14)

‖θδ(t)

∫ t

0

U(t − s)F (s)ds‖Xs,b
≤ Cδ

(1−2b)
2 ‖F‖Xs,b−1

, (15)

‖θδ(t)F‖Xs,b−1
≤ Cδb′−b‖F‖Xs,b′−1

. (16)

Proof of Theorem 1 Let u0 ∈ Hs, s > 9
8 , with ‖u0‖Hs = r. Let us define

Br = {u ∈ Xs,b : ‖u‖Xs,b
≤ 2Cr}.

Then Br is a Banach space.

For u ∈ Br, we define the mapping

T (u) = θ1(t)U(t)u0 + λθ1(t)

∫ t

0

U(t − s)θδ(t)[uuxx](s)ds.

We will show that T maps Br into Br and is a contraction.

We deduce from (14), (15), (16) and (12) that there exist some b, b′ satisfying 1
2 < b < b′ ≤ 19

32

such that

‖T (u)‖Xs,b
≤ ‖θ1(t)U(t)u0‖Xs,b

+
∥∥∥θ1(t)

∫ t

0

U(t − s)θδ(t)[uuxx](s)ds
∥∥∥

Xs,b
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≤ C‖u0‖Hs + C‖θδ(t)uuxx‖Xs,b−1

≤ C‖u0‖Hs + Cδb′−b‖uuxx‖Xs,b′−1

≤ C‖u0‖Hs + Cδb′−b‖u‖2
Xs,b

.

Hence, if we take δ small enough, T maps Br into Br.

Using the same argument as above, we obtain

‖T (u) − T (v)‖Xs,b
<

1

2
‖u − v‖Xs,b

.

Thus, T is contraction.

Finally, by Banach fixed point theorem, we deduce that there is a unique solution u of the

map T on the ball Br for 0 < t ≤ 1 satisfying the integral equations:

u = U(t)u0 + λ

∫ t

0

U(t − s)[uuxx](s)ds,

which is equivalent to (1). 2

Remark For s > 9
8 , and b and b′ as in Theorem 2,

‖uxvxx‖Xs,b−1
≤ C‖u‖Xs,b′

‖v‖Xs,b′

also holds, which implies the well-posedness of IVP (2).

References

[1] KAUP D J. On the inverse scattering problem for cubic eigenvalue problems of the class ψxxx+6Qψx+6Rψ =
λψ [J]. Stud. Appl. Math., 1980, 62(3): 189–216.

[2] KUPERSHMIDT B A. A super Korteweg-de-Veries equations: an integrable system [J]. Phys. Lett. A, 1994,
102: 213–218.

[3] CHAMPNEYS A R, GROVES M D. A global investigation of solitary-wave solutions to a two-parameter

model for water waves [J]. J. Fluid Mech., 1997, 342: 199–229.
[4] CHAMPNEYS A R, TOLAND J F. Bifurcation of a plethora of multi-modal homoclinic orbits for autonomous

Hamiltonian systems [J]. Nonlinearity, 1993, 6(5): 665–721.
[5] TAO Shuangping, CUI Shangbin. Local and global existence of solutions to initial value problems of nonlinear

Kaup-Kupershmidt equations [J]. Acta Math. Sin. (Engl. Ser.), 2005, 21(4): 881–892.

[6] TAN Shaobin, HAN Yongqian. Long-time behavior of solutions to general nonlinear evolution equations [J].
Chinese Ann. Math. Ser. A, 1995, 16(2): 127–141. (in Chinese)

[7] KENIG C E, PONCE G, VEGA L. Oscillatory integrals and regularity of dispersive equations [J]. Indiana
Univ. Math. J., 1991, 40(1): 33–69.

[8] KENIG C E, PONCE G, VEGA L. The Cauchy problem for the Korteweg-de Vries equation in Sobolev

spaces of negative indices [J]. Duke Math. J., 1993, 71(1): 1–21.
[9] KENIG C E, PONCE G, VEGA L. A bilinear estimate with applications to the KdV equation [J]. J. Amer.

Math. Soc., 1996, 9(2): 573–603.
[10] TAO T. Multilinear weighted convolution of L2-functions, and applications to nonlinear dispersive equations

[J]. Amer. J. Math., 2001, 123(5): 839–908.

[11] GUO Boling, HUO Zhaohui. The well-posedness of the Korteweg-de Vries-Benjamin-Ono equation [J]. J.
Math. Anal. Appl., 2004, 295(2): 444–458.


