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Abstract In this paper, we will make use of a new method to study the existence and unique-
ness for the solution of neutral stochastic functional differential equations with infinite delay
(INSFDEs for short) in the phase space BC((—o0,0]; RY). By constructing a new iterative
scheme, the existence and uniqueness for the solution of INSFDESs can be directly obtained only
under uniform Lipschitz condition, linear grown condition and contractive condition. Meanwhile,
the moment estimate of the solution and the estimate for the error between the approximate
solution and the accurate solution can be both given. Compared with the previous results, our
method is partially different from the Picard iterative method and our results can complement
the earlier publications in the existing literatures.
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1. Introduction

To the best of our knowledge, many dynamical systems depend not only on present and past
states but also involve derivative with delays as well as the functional of the past history. Neutral
functional differential equations are often used to describe the following systems:

dz(t) — D(21)]
dt
Taking the environmental disturbances into account, we are led to a neutral stochastic functional
differential equations with finite delay (NSFDEs for short):

= f(t,x), t€]0,T]. (1.1)

dlz(t) — D(xy)] = f(t,x)dt + g(t, z)dB(t), t € [0,T]. (1.2)

As for some other dynamical properties of NSFDEs, we can refer to [6-8,10-13]. By using the

well-known Picard iterative method, Mao [13] has discussed the existence and uniqueness for
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the solution of NSFDEs (1.2) under uniform Lipschitz condition, linear grown condition and
contractive condition. In [13], Mao firstly studied the existence and uniqueness on every small
interval into which the total time interval [0, T'] was felicitously subdivided, and then this result
was gradually extended to the total time interval [0, 7], that is, the existence and uniqueness
could indirectly be derived on the total interval [0,T]. For the detailed statements, the readers
can refer to [13]. And, very recently, when introducing the phase space BC((—oo,0]; R%), the
existence and uniqueness for the solution of stochastic functional differential equations with
infinite delay can be gained without any great difficulties [1-2]. It should be pointed out that
although Zhou et al. [5] have directly obtained the existence and uniqueness for the solution of
INSFDESs on the total interval [0,T] by utilizing the Picard iterative method, there are many
restrictive conditions to be imposed in their paper and these conditions are of great importance
to show their main results. Therefore, a problem to be solved is whether or not we can directly
yield the existence and uniqueness to INSFDEs on the total interval [0,7] in the phase space
BCO((—0o0,0]; RY) only under uniform Lipschitz condition, linear grown condition and contractive
condition.

In this paper, motivated by the presentations above, we shall further study the existence
and uniqueness for the solution of INSFDEs in the phase space BC((—oc,0]; RY) by employing
a new iterative method. Firstly, we should emphasize that this method is partially different
from that used [13] and the key of this method is how to obtain the next one from the initial
value. To overcome this difficulty in the proof, applying the fixed point theorem, we firstly show
Lemma 3.4, and then can define the new iterative scheme to consider problem. We find that this
method is not only used to deal with the existence and uniqueness for the solution of INSFDEs,
but also to investigate the existence and uniqueness for NSFDEs only under uniform Lipschitz
condition, linear grown condition and contractive condition. So, the Picard iterative scheme is
not the optimal tool to study such problems. And what is more, we do not require any additional
restrictive conditions. Satisfactorily, we can also give the moment estimate of the solution and

the estimate for the error between the approximate solution and the accurate solution in this

paper.

2. Preliminaries

Let | - | denote the Euclidean norm in RY. If A is a vector or a matrix, its transpose is de-
noted by AT If A is a matrix, for no confusion, its Frobenius norm is also represented by |A| =
\/m . Throughout this paper unless otherwise specified, let (2, F, P) be a complete
probability space with a filtration {F;};>0 satisfying the usual conditions (i.e., it is right contin-
uous and Fy contains all P-null sets). Assume that B(t) is an m-dimensional standard Brownian
motion defined on this complete probability space, that is, B(t) = (Bi(t), Ba2(t),..., Bm(t))T.
Let BC((—00,0]; R?) be the family of bounded and continuous R%-value function ¢ defined in
(=00, 0] with norm [|@| = sup_ ., -g<q [¢(#)]. And 9?((—oo, 0]; R?) represents the family of all
Fo-measurable, R-valued process p(t) = ¢(t,w), t € (—o0,0] such that Effoo lo(t)]2dt < oc.

In this paper, we mainly establish the existence and uniqueness theorem for the following
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INSFDES:
dlz(t) — D(xy)] = f(t,x)dt + g(t, z)dB(t), t € [0,T], (2.1)

where 7, = {z(t + 0) : (—oo < § < 0} can be regarded as a BC((—o0,0]; R?)-value stochastic
process and f : [0, T]x BC((—o0,0]; RY)— R%and g : [0, T]x BC((—o0,0]; RY)— R™*? are Borel
measurable. And the initial value of (2.1) is imposed as follows: xg =& = {£(0) : —o00 < 0 < 0}

is an Fy-measurable, BC((—oo, 0]; R%)-value random variable such that
&€ € M*((—o0,0; RY). (2.2)

Definition 1 ([13]) An R%-value stochastic process x(t) defined on —oo < t < T is called the
solution of (2.1) with the initial value (2.2), if it has the following properties:

(i) «(t) is continuous and for all 0 < t < T, x; is Sy-adapted;

(ii) {f(t,z)}e £4((0,T]; RY) and {g(t,x:)} € £2([0, T]; RT™);

(iii) xo = &, foreach0 <t < T, z(t) = D(xt)—l—x(O)—D(:Co)—i—fOt f(s,xs)ds—i-fotg(s,xs)dB(s),
a.s.

Moreover, a solution z(t) is said to be unique, if any other solution Z(¢) is indistinguishable
from it, that is, P(z(t) = Z(t), for all —co < t < T)=1.

In order to guarantee the existence and uniqueness for the solution of INSFDEs (2.1) with
the initial value (2.2), some required conditions are assumed as follows:

(A1) (uniform Lipschitz condition) For all ¢, ¢ € BC((—00,0]; RY) and t € [0,T], it then
follows that

[f(t,0) = F(t,9)|* VIg(t,0) — g(t, )* < Killg — oll*, K1 >0;

(A2) (linear grown condition) For all (¢, ) € [0,T] x BC((—o0,0]; R%), it then follows that

[F(t, )P Vgt 9)|* < Ka(1+ [e]®), K> 0;

(A3) (contractive condition) There exists a positive constant x € (0, 1) such that

[D(p) = D(9)] < kllp = 4l
for all ¢, ¢ € BC((—o0,0]; RY).
Here, we define a space By which is the set of all functions £(t,w) : (—o0,T] x @ — R?
satisfying the condition: £(¢,w) is measurable in w for each fixed ¢t € (—o0,T] and is bounded
and continuous in ¢ for a.e. fixed w € €. And with its norm:

€t W)l ={E( sup [&(t,w)*)}z.

te(—o00,T]

N

It is easily verified that the space Br is a Banach space with this norm || - | g,., the reader can
refer to [3,4,9].

3. Main results

Lemma 3.1 ([13]) For any a,b >0 and a € (0,1), we have
2

a b2
+

a  1-a

(a+b)%<
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Lemma 3.2 ([13]) Letp>2 and g € Sp([O,T];Rdxm) such that EfOT lg(s)|Pds < +o0. Then,

t

E( sup | g(s)dB(S)|p) S( 30 _1 T E/ s)[Pds.

0<t<T Jo

In particular, if p = 2, it follows E(supg<;<r | fo s)dB(s)[?) < 4Ef (s)|%ds.

Lemma 3.3 Assume that the conditions (A2) and (A3) hold. If z(t) is a solution of INSFDEs
(2.1) with the initial value (2.2), then one yields

NG 3Ko(T +4)T 3Ko(T +4)T
B¢ [ (G iz vm)

(T—n—-vrl “P\T=0a=vR
(3.1)

B HOR < [ To=vm

In particular, x(t) (t € (—o0,T]) belongs to Br.
Proof For every integer n > 1, define the stopping time:
o =T ANinf{t € [0,T]: ||z¢| > n}.

Obviously, as n — 400, 7, T T a.s. Let 2™(¢) = z(t A 7,), for t € (—o0,T]. Then, for ¢t € [0,T],
a™(t) satisfy the following equation:

(1) = D(a}") + 2(0) — Do) / F(,0™) L g0.my ()ds + / 95,27 Loy (5)AB(s).

From Lemma 3.1 and the elementary inequality (a + b+ ¢)? < 3(a? + b? + ¢?), we obtain

2" (O =ID(a}) +2(0) ~ Dlao) / A5, 0 (90 + [ g0 10 (1B

1
< |D(ap) - D<x0>|2+1 07+ 2 [ 156 a0 ()Pt

St [t a8
<Vrlzp|? + —= H$0||2+i| I+ / |f (5,28 10,7, (5)[*ds+
= t 1 _ \/— 1 Tn
t
9(s, 2210,y (s)dB(s) .

By Lemma 3.2, it is easily shown that

3
E( sup |e"(s)2) <VRE( sup |o"(s)?) + "V ES
0<s<t —oo<s<t 1-

Blg)*+

M) [ sl )

1—-k —oo<r<s
Noticing that E(supfooqgt |z (s5)]?) < E€]|% + E(supogsgt |27 (5)|?), we have

n " KK+ 4 3K (T +4)T
E( sup_ o)) <VRE( sup_[o"(s)) + L pgye 4 BT AT,
—oo<s<t —oco<s<t 1-r 1-—

w/{) E( sup |2"(r)?)ds.

11—k —oo<r<s
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wp ) <o VEYE pege, 3K(TH AT
E(foi<rs)§t| ()|)§(1—I€)(1_\/E)EH§H (1_ﬁ)(1_\/§)+

3Ko(T +4) ¢ "1
T—r)( =) / B(_swp_ le"(r)P)ds.

From Gronwall inequality, we have

B( swp_|o(s)?) < | AVEEL g2 M} o (( 3K (T +4) )t).

o A=)~ V) 0= m){ = V7 RS —
Let t =T. Then it follows that
, K/ + 4 . 3Ky(T+4)T 3K(T + 4)T
B(_sw_ o)) < |5y I + g a =) (G = ve)
Consequently,
, KR + 4 . 3Ky(T+A)T 3Ko(T + 4)T
B s 0P < [mr g P+ T a vl = (T wa = vm)

Finally, the required inequality (3.1) follows by letting n — 4o00. The proof is completed. O

To derive our main results in this paper, firstly, we define an operator Il : By — By, that is,

D(x;) + x(0) — D(x0) + [ f(s)ds + [y g(s)dB(s), t € [0, T],

(Mz)(t) := { ¢ € BO((—o00,0; RY), € (—o0,0].

Lemma 3.4 Assume that the condition (A3) holds, then the operator Il : Bp — Br has a

unique fixed point.

Proof We first verify the mean square continuity of the operator IT on [0,7]. Let € Brp,
"€ (0,T), and |h| be sufficiently small. Applying Lemma 3.1 and Hoélder inequality, we obtain
t'+h t'+h
B((Ia) (¢ + 1) = () (¢*)) =EID(er) = Do)+ [ fls)ds+ [ gl)aBls)f
<kBE( sup |zt +h+0)—az(t' +0)*)+
—00<0<0
2% t'+h

[ Bl R+ 2B / (5)dB(s)/”

Owing to the fact that E)| ft ty (s)dB(s)]? = t h Elg(s)|ds, it follows

E(|(Mz)(t' + h) — () (#)]*) <xB( suwp_ ja(t' +h+0) — x(t' + 0)*)+

t'+h 9 t'+h
/ E|f(s)ds + —— / Elg(s)2ds — 0,
t 1 — K t

as |h| — 0, the operator II is indeed the mean square continuous on [0, 7.
Next, we show that II(Br) C By. Let € By. From (3.1), Lemmas 3.1 and 3.2, we have

2h
1—«x

E( sup |(Ix)(t)]*) <E( sup |(Tz)(t)[*) + E( sup |(Tz)(0)[*)
—co<t<T 0<t<T —00<0<0

<VRE( sup af)]?) + VAT

—oo<t<T

———Ellgl*+
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RV 12 (7
—— | E|f@®)Pdt+—— [ E|g(t)|*dt .
[ BroPas = [ BlaoPar < 4o

Therefore, it implies that II(Br) C Br.
Finally, we prove that II is a contractive map. In fact, for any x, y € Brp, throughout the

standard computation, we yield

E( sup |(Ma)(t) — (IMy)()*) < K*E( sup_|a(t) —y()).

—co<t<T —co<t<T
That is, the operator II is contractive on Bp. Thus, the operator II has a unique fixed point.
The proof is completed. O

Up to now, we can define the following iterative scheme:

2" (t) =&(t), te(—00,0l, n=0,1,2,...,
20(t) = £(0), t€ 0,77,

¢
0 = Do) +200) = D) + [ a7+ [ gl a~aB(6),
0
te0,T], n=1,2,.... (3.2)
Theorem 3.5 Assume that the conditions: (Al)-(A3) hold, then there exists a unique solution

x(t) to INSFDEs (2.1) with the initial value (2.2). Moreover, the solution x(t) (t € (—o0,T])
belongs to Br.

Proof Existence. Obviously, 2°(t) € Br (t € (—o0,T]). Moreover, we easily show that z"(t) €
Br, for t € (—00,T] and n = 1,2,.... In fact, from (3.2), Lemmas 3.1 and 3.2, it is easily
obtained that

3KAT [i(1+ |22 1)?)ds

" " K 3
" OF SVRILI? + ol + (O + Tl
3|f0 s, 27 1)dB(s)[?
1—k '
" " K4+ Kky/KE+3
B sup |o"(9)) VRE( sup_[e(s)]%) + “VEED ey
0<s<t —oo<s<t -

BTN [0 B )P

1—k —oo<r<s

In view of E(sup_ .o < |27 (s)[%) < ElI€]* + E(supg<<¢ |27 (5)[?), we have

" " K +4
E( sup_ o (o)) <VRE( sup_|a(9)?) + Y ey
—oo<s<t —oo<s<t
3K (T 4T 3K(T +4)
2T +4) 2T+ /E sup |2 1(r)|?)ds.
1—k 1-k —oo<r<s

wp ) < VEYE pege, 3Ka(TH AT
E(foi<rs)§t| ()|)§(1—,€)(1_\/E)EH§H (1_@(1_\/@—1-

3Ky (T + 4) K 1,12
Q —m)(l—m/o B(_swp_ 2" (r))ds.
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For any N > 1, one yields
3Ko(T +4)T

max sup |z (s)[2 3Ko(T +4)T + ky/k + 4 3T+ AT
ISnSNE(_OO<1:;St| (8)F) < T = AT \/E)+

T Jy s, B s a0

Applying Gronwall inequality gives

El&)* +

3Ko(T + 4)T + sk + 4

s, B s ) (USSR B+ )
( 3Ko(T +4)T )
(=)= v/

Since N is arbitrary, we deduce

. 3K (T + 4)T + k/F + 4 3K (T + 4)T 3K,(T + 4)T
B sw_ e 6F) < (g Bl s vm) e (v

forallt € [0,7] and n =1,2,.... Hence, 2"(t) € By, for all t € (—o0,T] and n =0,1,2,....
From (3.2), Lemmas 3.1 and 3.2 again, we get

N e L

—oo<s<t
3 t
1 [ atsadanio)
K+ KrVE+3 3KLT
sup [o ()2 <V sup_Jal(s)[2 + %Hsuz L [ iy
0<s<t —oo<s<t
2
su .
1_"<‘./O<SI<)t|/ |

Hence, it is easily shown that

1 9 H\/E+4 9 3K2(T+4)T 9
E(_swp_ [0 (0)F) St S IR + o1+ EleR)
Ecl.
Next, we note that
PO =R <k s (2 0+0) —sO)F + 2214 e
—00<0<0 1-—
2 t
o [ st
<V w6+ S g 2B g
2 t
| [ als.adanis)
B sup |o'(s) — (") <VRE( swp_ [ (%) + Y S ey
0<s<t —oo<s<t
2K(T + 4)T ,
?(1+EH§H )-
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E( sup |a'(t) —2°(t)*) =E( sup |a'(t) — (&)

—co<t<T 0<t<T
KK+ K 2K>(T +4)T
<Ry + R ey P DT 4 ey
—C. (3.3)
Now, for all n > 0 and ¢ € [0, 7], we claim that

21, (T + 4)nt"

E n+1 _ 2\ <« EASIYA) R 3.4

o b0 =20 <Ot oy a

where the constant C is defined in (3.3). We shall show this by induction. In view of (3.3), it
is easily seen that (3.4) holds when n = 0. Under the inductive assumption that (3.4) holds for
some n > 0. We shall show that (3.4) still holds for n + 1. Note that

"2 () — 2L ()2 =D} +?) — D) + / (f(s,2m) — f(s,2™)ds+
/O (9(5,271) — g(s, 27))dB(s) 2

<k sup 2" (s) — " |2+—/ [f (s, ™) = f(s,28)Pds+

—oo<s<t

| / ) — g(s,27)dB(s) .

1—/{

Using Lemma 3.2, we have

E( sup |2"F2(s) — 2" (s)]*) =B( sup [2"T2(s) — 2" (s)?)

—oo<s<t 0<s<t
<KE( sup  [a" T (s) — 2" (s)])+

—oco<s<t
2Kt
L / E( sup |z"T(r) — 2" (r)]?)ds+
1-k —oo<r<s
8K
! / BE( sup |z"T(r) — 2™ (r)|?)ds,
1-k —oco<r<s
2K1(T +4)
E( sup |z"F?(s) — 2" (s)?) S%/ E( sup |z"F(r) — 2" (r)[*)ds
—oo<s<t (1 - 5) 0 —oo<r<s
n+1 n+1
<C’[2K2(T+4)] t .
- (1—k)? (n+1)!

That is, (3.4) holds for n + 1. Hence, by induction, (3.4) holds for all n > 0.

For any m > n > 1, we obtain

o™ = @™, =[E( sup_[am () = 2"(1)*)]

—oo<t<T

< Z [BC sup (2" ) —aF0))]”

—oo<t<T

S (R T
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as n — +o00. Thus, {z"(t)}n>1 (t € (—00,T]) is a Cauchy sequence in Banach space By. Denote
the limit by x(t) € By (t € (—00,T]). Now, letting n — 400 in (3.2), we can derive the solution
of INSFDEs (2.1) with the initial value (2.2). In the other words, we have shown the existence.

Uniqueness. Let z1(t) and z2(t) (¢ € (—00,T]) be both the solution of INSFDEs (2.1) with
the initial value (2.2). Then, by the similar computation, we yield

E( sup_|x1(s) —2a(s)]) =E( sup |w1(s) — z2(s)[*)

—oco<s<t 0<s<t

2K (T +4)
< T+ + / E( sup |zi(r) —x2(r)[*)ds, for t€[0,T].
1 - H —oo<r<s
From Gronwall inequality, it follows
E( sup |x1(s) —x2(s)[*) =0, forall e [0,T).
—oo<s<t
Hence,

l21 = z2| B, = E( sup |a1(t) — 22(1)|*) =0,
—oo<t<T

that is, the uniqueness is also proved. The proof is completed. O

Theorem 3.6 Assume that the conditions of Theorem 3.5 hold. Let x(t) (t € (—o0,T]) be the
unique solution of INSFDEs (2.1) with the initial value (2.2) and {x"(t)}n>1 (t € (—00,T]) be
the iterative sequence defined by (3.2). Then, for n > 1,

AKA(T + )TN 2K1(T +4)\nT"
p( 1 r)2 )( 1 - r)2 )

BE( sup |z"(t) —2(t)]?) < Cex

b
—oo<t<T n!

where the constant C' is defined in Theorem 3.5.

Proof For n > 1, similarly, we can compute

E( sup |z"T(s) —x(s)]?) < 2K1T+4 /E sup |z"(r) — z(r)|*)ds. (3.5)

—oo<s<t 1 - ’{ —oo<r<s

By virtue of (3.4) and (3.5), we deduce
E( sup_|a"(s) = x(s)]*) =E( sup_ |a"(s) — a"F(s) + 2" T (s) — a(s)[?)

—oo<s<t —oo<s<t
<2B( sup_[a"(t) — 2" (t)]*) + 2B( sup_[a"T(s) —x(s)])
—oo<t<T —oo<s<t
2K (T +4)\nT"  4K1(T +4)
< -~/ vy 4/ 7
_C( (1 —k)? ) n! (1-k)?

/E sup |z™(r) — z(r)|[*)ds.

—oo<r<s

Utilizing Gronwall inequality, one yields that

E( sup |2"(s) —2(s)]?) < Cex

—oo<s<t

(S )T

n!’

Hence, letting t = T, we have

E(_ suwp lx”(t)—z(tn?)sCexp(41?1({:)?”)(ﬂ((f(_T:p@)nTn

—co<t<T n!
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The proof is completed. O

Remark 3.1 From the whole argument above, only under uniform Lipschitz condition, linear
grown condition and contractive condition, by constructing a new iterative scheme, we can
directly obtain the existence and uniqueness for the solution of INSFDEs (2.1) with the initial
value (2.2) on the total interval [0, 7] in the phase space BC((—o0,0]; R?). Thus, we improve
the results in [5]. Besides this, we can also give the moment estimate of the solution and the

estimate for the error between the approximate solution and the accurate solution in this paper.

Remark 3.2 Similarly to [1,13], we could also investigate the existence and uniqueness for the
solution of INSFDEs in the phase space BC((—oc,0]; R%) on the entire interval [0, +00).

Remark 3.3 In contrast to [13], we can also directly study the existence and uniqueness for the
solution of NSFDEs by employing this new iterative method. Hence, this method can complement
the shortage of Picard iterative method in [13].

Remark 3.4 We could also discuss the existence and uniqueness for the solution of INSFDEs

at the phase space BC((—o00,0]; R?) under the non-Lipschitz condition used in [2, 3].
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