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Abstract This paper first applies the fuzzy set theory to multi-objective semi-definite program-
ming (MSDP), and proposes the fuzzy multi-objective semi-definite programming (FMSDP)
model whose optimal efficient solution is defined for the first time, too. By constructing a
membership function, the FMSDP is translated to the MSDP. Then we prove that the optimal
efficient solution of FMSDP is consistent with the efficient solution of MSDP and present the
optimality condition about these programming. At last, we give an algorithm for FMSDP by
introducing a new membership function and a series of transformation.
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0. Introduction

In the optimization of project, it is difficult to precisely describe the objective function and
the constrained function of many practical problems precisely. Therefore, fuzzy set theory was
applied to variety of optimization, which was called fuzzy programming [1-4]. At the same time,
in practical issues, many optimization objective functions consist of more than one function,
which makes the fuzzy multi-objective optimization become one of the most active areas in
recent years.

Tanaka et al. [5,6] discussed the formulating of the fuzzy multi-objective linear programming
problem for the case where the coefficients in the linear objective and linear constraints can be
represented by trapezoidal fuzzy numbers. The extension to the nonlinear cases was made by
Orlovski [7] who discussed the multi-objective nonlinear programming problem containing fuzzy
parameters. Then, Slowiriski and Teghem [8] made the comparisons between fuzzy optimization
and stochastic optimization for multi-objective programming problems.

In addition, fuzzy mathematical programming offers a powerful means of handling opti-

mization problems with non-stochastic imprecision and vagueness. A detailed survey on fuzzy
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optimization has also been made by Luhangdjula [2]. Several papers [9-12] had considered fuzzy
linear programming or fuzzy multi-objective linear programming problems and proposed a series
of ideas of translating the original chance constraints into crisp equivalents via possibility theory
provided by Zadeh and Dubois and Prade [13,14]. Furthermore, Chakraborty et al. [15] dis-
cussed multi-objective imprecise-chance constraints programming problems. However, with the
development of more effective computer and intelligent algorithms, many new complex optimiza-
tion problems can be processed by digital computers. Thus, Liu and Iwamura [16, 17] presented
a framework of nonlinear chance-constrained programming as well as multi-objective case and
goal programming with fuzzy coeflicients, provided a fuzzy simulation-based genetic algorithm
to solve general chance-constrained programming models and illustrated the genetic algorithm.

This paper first applies the fuzzy set theory to multi-objective semi-definition programming
(MSDP). In Section 1, we establish the constrained fuzzy multi-objective semi-definite optimiza-
tion(FMSDP) model, set a precise membership function and translate this model into MSDP
whose objective functions are decided by constraint functions by setting a precise membership
function. In Section 2, we give the definition of the optimality efficient solution of FMSDP for
the first time. In Section 3, we prove that the optimality efficient solution of FMSDP and the
efficient solution of MSDP are consistent. In Section 4, we discuss their optimality conditions.

In Section 5, we present a theory algorithm of FMSDP.

1. Problem formulation

In this paper, we establish the following forms of FMSDP model:
min f(X) = ( f1(X), fo(X),..., fp(X))T

(FMSDP)  s.t. g(X) = (g1(X), 92(X), .., gm(X) )T

hX) = (hm1(X), hng2(X), . (X))

Denote by S™ the n x n real symmetric matrix set, and S7 the n X n real symmetric positive

0  X>0.
-0

=R IA

semi-definite matrix set. X > 0 means that X € S?. And © 5 ” means that “almost less than or
equal to”, “ £ ” means that “almost equivalent”. f;(X) (1 =1,2,...,p), ¢;(X) (j =1,2,...,m),
hi(X) (j=m+1,m+2,...,n) are inner product of X and the other known matrices.

Let M ={X € S"|g(X );O,h(X)gO,:E > 0}.

Suppose A, B € S™, then A- B = tr(AB) means the inner product of A and B. When
A = (aij)nxn € S,
)T

nvec(A) = (a11, -+, A1, Q215 -+, Q2ny+ -+ 3 Gply -« 5 Ann )

So, A- B =nvec(A)T - nvec(B).
Assume that ¢; > 0 is the i-th constraint tolerance, then g(X)iO is a fuzzy set, and its

membership function is defined as

1y (X) = { O WSO (L.1)




Fuzzy multi-objective semi-definition programming 601

where j =1,2,...,m.
h3(X)
i (X) = L=, (12)
J

where j =m+1,m+ 2,...,n. Then (FMSDP) can be transformed into

mlnF(X) = (fl(X)an(X)v"'7fP(X)a,Ul(X)a'"a,un(X))T
(MSDP)  s.t. G(X) = (1(X), 92(X); -, g (X)) Za
(

g2
H(X) = (h3,51(X), hiyyo

where a = (t1,t2,...,tm)T, b= (12,41, t2 10, ..., t2)T.

Let N ={X € S"|G(X) < a,H(X) <b,X > 0}. So, solving (FMSDP) is transformed into
solving (MSDP).

2. Preliminaries

Definition 1 Assume D C S™, I and J are finite index set, one of them can be empty set, and
ék(X) (k € TUJ) is the real function on D. If there exists a solution X° € D for the inequalities

¢Z(X)<071617¢J(X)§07 .]EJ, (21)

we say the inequalities (2.1) are consistent on D, otherwise, (2.1) are said to be inconsistent on
D.

Definition 2 If there does not exist an X € M such that

1) f(X) < f(X*), f(X) # f(X*), when 0 < g;(X) < t;, we have ¢;(X) < g;(X*) (j =
1,2,...,m). When h;(X) # 0, we have |h;(X)| < [h;(X)|j =m+1,m+2,...,n).

2) f(X) < f(X7), when 0 < g;(X) < t;j, we have g(X) < g(X*) (j = 1,2,...,m). When
h3(X) # 0, we have h;(X) # 0, |h;(X)| < [R}(X)|(j =m +1,m +2,...,n), and at least there
exists j, such that ¢g;(X) < ¢g;(X*) or |h;(X)| < |h;j (X*)].

We say X* is the optimal efficient solution of (FMSDP).

Definition 3 Assume X* € R. If there isno X € N such that F(X) < F(X*), F(X) # F(X*),
then X* is claimed to be the efficient solution of (MSDP).

Definition 4 Assume D C R™*", the function f : D — R', X = (@ij)mxn € D. Then we can
define Vf(X) = [-2L ], xn.

Bmij

Lemma 1 Assume that ¢;(X) (i € I) and ¢;(X)(j € J) which are defined on the open set
D C S™ are real functions, which have the first order partial derivatives. If

i(X)=0, iel
¢i(X) '€ (2.2)
wj(X)=¢;, jeJ
has the solution X* on D, and
i(X) <0, el
wi(X)=¢;, jeJ
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has no solutions on D, and V;(X*) are linearly independent, then

Y -V¢i(X) <0, i€l
Y Vpj(X)=0, jeJ

has no solutions on S™.

Proof See Lemma 2.2-1 of [18].

3. The consistence of the optimality efficient solution of (FMSDP) and
the efficient solution of (MSSDP)

Theorem 1 If X* is the optimal efficient solution of (FMSDP), then it is the efficient solution
of (FMSDP).

The proof can be completed by means of Definition 2.

Theorem 2 X* is the optimal efficient solution of (FMSDP) if and only if X* is the efficient
solution of (MSDP).

Proof Sufficiency (Proof by contradiction). Assume that X* is the optimal efficient solution of
(FMSDP), then X* is the feasible solution of (MSDP) via the construction of (MSDP).

Now we assume X € N, such that F(X) < F(X*), F(X) # F(X*), so X* is not the
efficient solution of (MSDP). Then we have u(X) = (u1(X), p2(X),. .., un(X)) < pu(X*), that
is, i (X) < pj(X*) forall j =1,2,...,n

1) If pj(X) =0, when 1 < j < m, we have g;(X) < 0. When m +1 < j < n, we have
hij(X)=0.

2) IO < pj(X) < py(X*) <1, when 1 <j<m, wehaveO<qJ(X)_ (tj)<1 that is,
0 <g;j(X) <g;(X7) <t;
When m+1<j<n wehave0<|h (X)|<|h (X I <1, that is, 0 < |hj(X)] <|hi(X*)| <

t.

From 1) and 2), we can see that X € M.

Then, when f(X) < f(X*), f(X) # f(X*), X* is not the optimal efficient solution of
(FMSDP), which contradicts the assumption.

When f(X) = f(X*), we have p(X) < p(X™*), u(X) # p(X*). By Definition 3, we know X*
is not the optimal efficient solution of (FMSDP), which contradicts the assumption too.

Therefore, if X* is the optimal efficient solution of (FMSDP), it is the efficient solution of
(MSDP) certainly.

Necessity (Proof by contradiction). Assume that X* is the efficient solution of (MSDP).
Then X* is the feasible solution of (FMSDP) via the construction of (MSDP) in Section 1.

Now we assume that there exists X € M, such that

1) F(X) < F(X7), F(X) # F(X*), when 0 < g;(X) < t;, we have g;(X) < g;(X*) (j =
1,2,...,m). When h;(X) # 0, we have |h;(X)| < [p}(X)|(j =m +1,m+2,...,n),

2) f(X) < f(X7), when 0 < g7 (X) < tj, we have g(X) < g(X*) (j = 1,2,...,m). When
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hi(X) # 0, we have h;(X) # 0,|h;(X)] < [h;(X)[(j = m + 1,m +2,...,n), and at least
there exists j, satisfying one of the conditions mentioned above, such that g;(X) < g;(X*) or
[ (X)) < Ry (X7)]-

X* is not the optimal efficient solution of (FMSDP) if either one is established.

Then, we have F(X) < F(X*), F(X) # F(X*). That is to say, X* is not the efficient
solution of (MSDP), which contradicts the topic assumptions.

When ¢,;(X) <0 (1 < j < m), via the construction of membership in Section 1, we have
pi(X) = 0. When 0 < g;(X) < t;, if g;(X) < g;(X*), then 0 < £ < 2&) < 5
11 (X) < g (X7).

When h;(X*) =0 (m+1 < j < n), via the construction of membership in Section 1, we
have j1j(X) = 0. When hi(X) # 0, if [h;(X)| < [h;(X")], then 0 < OO < WOD < 5
1 (X) < g (X7).

For the situation 1), based on the above analysis, we can see that X € N, and f(X) < f(X™),
F(X) # F(X7), and p;(X) < pi (X7).

For the situation 2), based on the above analysis, we can see that X € N, and f(X) < f(X™),
13 (X) < py(X7), and g (X) 7 i (X7).

In conclusion, we can see that X € N, F(X) < F(X*) and F(X) # F(X*). So X* is not
the efficient solution of (MSDP), which contradicts the topic assumptions. O

By Theorems 1 and 2, we can get:

Theorem 3 If X* is the efficient solution of (MSDP), then X* is the efficient solution of
(FMSDP).

4. The optimality conditions of (FMSDP)

By the analysis of Section 3, we know that solving the efficient optimal solution of (FMSDP)
can be transformed into solving the effective solution of (MSDP). So we discuss the optimality
conditions of (FMSDP) by discussions of the optimality conditions of (MSDP).

Theorem 4 For (MSDP), if X* is the efficient solution of (MSDP), and f(X),g(X),h(X) are
differentiable on X* € N, then there exists A € R,,u € Ry,,v,w € R,,_,, such that

n

p m
VoL(X*, \u) = > NVAX) + Y w V(X)) + > u Vg (X*)+
i=1 j=1

Jj=m+1
n (4.1)
Z Vthj(X*) = 0,
Jj=m+1

A w,u,v) #0,A>0,u>0,w>0.

Proof Weorder J ={1<j<m|gj(X*)# 0}, I={m+1<j<nlhj(X*)#0},L={m+1<
Jj<nlhj(X*)=0},D={Xe€8"g;(X)<0,j¢ J,j¢1,1<j<m},then we have 1;(X) =0
on D.
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From the topic assumption, we can see that

fl(X)_fl(X*):()? 7;:1727"'7197
i (X) — s (X*) =0, je1U,

( _ (4.2)
9;(X) = 3 (X)t, Jed,
h2(X) = p;(X)ts,  j=m+1m+2,...,n
has solution X* on D. And from the definition of (MSDP), we know
h2(X*) = (XM (G =m+1,m+2,...,n), g;(X*)=pu(X*)t; (j€J).
Then (4.2) is equivalent to

fZ(X)_fZ( *):Ov i:172a"'7p5
piX) =y (X =0, jel. s
95(X) — '( =0, jelJ
hi(X) = jeL.

Because X * is the efficient solution of (MSDP), it is the optimal efficient solution of (FMSDP).

So the inequalities

1 (0 = (X7 <0, e, wa
95(X) = p;(X)t5,  je,
h3(X) = pj(X)t3, j=m+1lm+2,...,n
have no solution on D. As above, (4.4) can be transformed into:
filX) — fi(X*) <0, i=1,2,...,p,
i (X) — pi(X*) <0, jel, (4.5)
95(X) — ( 1) <0, jeJ
hi(X) = jeL
which have no solution on D.
1) If Vh;(X*) are linearly dependent, then there are vp,41, Vimto2, - . ., v, which are not all

in 0, such that 337 .,
meet (4.1).
2) If Vh;(X*) are linearly independent, then from (4.3), (4.5) and Lemma 1, we have the

inequalities

vjVhj(X*)=0. Let \=0€ RP, w=u=0¢€ R" ™. Then (\,w,u,v)

Y V(X)) <0, i=1,2,...,p,
Y Vu;(X* O el
1 ( )< je , (4.6)
Y Vg (X*) < jed,
Y - Vhy(X*) = 0 jelL

which have no solution on S™. By Motzkin theorem [19, Theorem 2.4.2], we know there are
A>0,A#0,u; >0(j€J),w; >0 (j€I)andv; >0 (j € L), where uj,w;,v; respectively are
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not all 0, such that

n

SONVAEX) +D wi V(X)) u Vg (X)) + Y V(X)) =0,  (47)
1=1

jeJ jeJ j=m+1

When j € {1 <j<ml|j ¢ J}, taking u; =0, when j € {m+1 < j <nl|j ¢ I}, taking w; = 0,

then we have

p n n
SONVAX)+ > wi V(X +Zu V(X + Y vV hi(X) =0.
i—1 j=m+1 j=m+l

So, such (A, w,u,v) Z0, A >0, u >0, w > 0 meet (4.1). O

Theorem 5 For (FMSDP), if X* is the optimal efficient solution of (FMSDP), and f(X), g(X),
h(X) are differentiable on X* € N, then there are A € Ry, u € R, v,w € Ry, such that

Vo L(X*, A, u) Z)\sz N+ u Vg (X)+

" (4.8)
D (4 2wihi(X*)V hyi(X*) =0,
j=m+1
N w,u,v) A0, A>0, u>0, w>0.

Proof By Theorems 2 and 5, there are A € Ry, u € Ry, V,w € Ry_p, which meet (4.1), where
Vi (X*) =2h;(X*) - Vhj(Xs) (j =m+1,m+2,...,n). Substituting it into (4.1), we can get
(4.8). O

5. The algorithm of (FMSDP)

In engineering case, we only need one of the optimal efficient solutions, instead of solving the
optimal efficient solution set of (FMSDP).

At first, solve the following (MSDP):

Assume that X; and X, are the efficient solution of (5.1) and (5.2). Let

pi = min{ fi(X1), fi(X2)}, o7 = max{f;(X1), fi(X2)} (1 <i<p).
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Then construct the membership function as follows:

Ti(X) = fio(.%);m, pi < fi(X) < ai, (5.3)
17 fl(X) 20-1"

Then we can transform (MSDP) into:

min max{m (X), 72(X), ..., 7p(X), p1(X), p2(X), ..., un(X)}

5.4
st. X > 0. (5.4)
That is:
min «
st (X)) <a, 1< i.S D, -
pi(X) <o, 1<j<n,
X >0.
Then solving (MSDP) can be transformed into solving
min o
st fi(X) < pi+alo; — pi), 1 <i<p,
G(X) <
) = o (5.6)
H(X) < ab,
X >0,
a > 0.

Theorem 6 If (5.1) has an efficient solution X1, there are always X1, Xo which respectively
are the optimal efficient solution of (FMSDP) and efficient solution of (5.2) satisfying f(Xs3) <

FX) < f(Xq).

Proof If X is the efficient solution of (5.1), then it is the feasible solution of (FMSDP). For
(FMSDP), X is the optimal efficient solution or not. If it is, we have X = X3, f(X) < f(X3).
If it is not, there must exist X!, such that X! € M, and f(X') < f(X1), f(X') # f(X1).
Then for (FMSDP), X! is the optimal efficient solution or not. If it is, we make X = X, then
F(X) < f(X1). Ifit is not, there must exist X2, such that X? € M, and f(X?) < f(X?!) < f(X4),
f(X?) # f(X1). For (FMSDP), X? is the optimal efficient solution or not. If it is, we make
X = X? then f(X) < f(XY) < f(X1), f(X) # f(X1). If it is not, we analogize and always can
find out X which is the optimal efficient solution of (FMSDP) and such that f(X) < f(X1).

If X is the optimal efficient solution of (FMSDP), through Theorem 2, we can see that X is
the efficient solution of (MSDP), then it is the feasible solution of (5.2). As above, we can find
X2 which is the efficient solution of (5.2), satisfying f(X2) < f(X).

To sum up, X7 and X» are always the optimal efficient solution of (FMSDP) and efficient
solution of (5.2), respectively, satisfying f(X2) < f(X) < f(X;). O

Theorem 7 If « is the optimal solution of (5.6), then it is the optimal solution of (5.5).
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Proof If f;(X) < p; + a(o; — p;), when 1 < «a < 1. By (5.3) we can see that

7(X) = 7‘&5‘?;“ <a(l<i<p).

When o > 0, by (5.3) we can see that

n(X)=0<a (1<i<p).

If G(X) < aa, H(X) < ab, then by (1.1) and (1.2), we have p;(X) =0<a (1 <j <n), or
2
wi(X) = gjt(jX) =a(1<j<m) uX)= hjt(?X) =a (m+1<j <n), then « is the feasible

solution of (5.5).

Now we assume « is not the optimal solution of (5.5). There exists 3 satisfying 7;(X) < 8 <
a(l<i<p)and p(X)<B<a(l<j<n).

Then 7,(X) = 280 < gca(1<i<p0<f<Dorn(X)=1<B<a(l<i<p,

B > 1), that is to say, fi(X) < pi +B(oi —pi). pj(X) =0< g < a(l <j<n)or
2

w(X) =28 < gcal<j<m), pX) =" <f<a(m+1<j<n), thatis,

9;(X) < Btj, h < pt3, that is, p;(X) < B <a (i <j<n).
Then we can see that « is not the optimal solution of (5.6), which has contradiction with the
topic assumption. So, « is the optimal solution of (5.5). O

Theorem 8 If « is the optimal solution of (5.5), it is the optimal solution value of (5.4).

Proof Now we assume that « is not the optimal solution value of (5.4).

That is to say, 3X* <0, such that VX <0,

a # B =minmax{r (X*), 2(X™), ..., 7p(X"), p1 (X*), p2(X ™), ., (X )}
<minmax{m(X), 72(X),..., 7p(X), 1 (X), p2(X), ..., un(X)},

then 7;(X™) < B (1 <i<p), pj(X*)<B(1<j<n).
Therefore, 3 is the feasible solution of (5.5).

Since a@ # 3, we have « < . Then 3X > 0, such that 7(X) < a < § (1 < i < p),
wi(X) <a<p(1<j<n). And we can see

B = minmax{7 (X*), 72(X"), ..., 7p(X™), u1 (X)), p2(X™), ..., pun (X ™)}
> a > minmax{7 (X), 7(X),..., (X)), p1(X), p2(X), ..., pn(X)},

which is in contradiction with the topic assumption. Thus, « is the optimal solution value of
(5.4). O

By Theorem 6, we can make X; and X5 be the efficient solutions of (5.1) and (5.2), respec-
tively, satisfying f(Xs) < f(X1). Let

p=f(X2), o=f(X1).
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So, (5.3) can be transformed into:

0, fi(X) < fi(X2),
T(X) = ¢ HEHRL () < f(X) < fi(X0), (5.7)
1, fi(X) > fi(X1).

Theorem 9 If X* is the optimal solution of (5.4), then it is the efficient solution of (MSDP).

Proof At first, we prove (5.4) only has one optimal solution.
Assume VX7, X5 < 0,0 < A1, Ay < 1, we have

fila Xy + A Xa) = AT fi(X1) + A3 fi(X2) < A fi(Xa) + Ao fi(Xe) (i =1,2,...,p),
i (MXn + Ao Xo) = ATy (Xa) + A3 (Xa) < Aapj(Xa) + depy(Xa) (5 =1,2,....n).

Then, max{7 (M X1+A2X2), 2 (M1 X1+X2X2), ..., Tp(AM X1+ X2 X2), 1 (M X1+ A2 X2), 2 (M X1+
A X2), .o (M X1+AeX2)} < Ay max{m (X1), 2(X1),..., % (X1), p1(X1), po(X1), ..., pn (X))}
Ao max{7i (X2), 72(X2), ..., Tp(X2), u1(X2), p2(X2), ..., un(X2)}.
We can see that (5.4) only has one optimal solution by the nature of convex programming.
Now we assume X * is the optimal solution of (5.4). By (5.7), we can see that (5.1) and (5.2)
all have efficient solutions, which are respectively X7, X9, and f(X2) < f(X1), X1, X5 are the
feasible solutions of (5.4). Then:

max{ taui (X™), 72 (X™), ..., (X ™), 1 (X)), pa(X™), ..o, (X))}
S HlaX{Tl(Xl),TQ(Xl), .. .,Tp(Xl),ul(Xl),,ug(Xl), .. ,,un(Xl)} S 1

Therefore, X* is the feasible solution of (MSDP). Now we assume that X # X* is the efficient
solution of (MSDP), and F'(X) < F(X*), F(X) # F(X*), then f(X2) < f(X) < f(X™*), that is
So,

min max{7 (X™), 72(X"), ..., 7p(X™), w1 (X), p2(X7), ..., un (X ™)}
S minmax{Tl(Xl),Tg(Xl), . ,Tp(Xl),/Ll(Xl),/LQ(Xl), N ,/J,n(Xl)},

which is in contradiction with (5.4). Therefore there exists one and only one optimal solution. O
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