Journal of Mathematical Research & FEzposition
Jul., 2010, Vol. 30, No. 4, pp. 628-636
DOI:10.3770/j.issn:1000-341X.2010.04.007
Http://jmre.dlut.edu.cn

Self-Reciprocal Polynomials of Binomial Type

Qin FANG*, Tian Ming WANG
School of Mathematical Sciences, Dalian University of Technology, Liaoning 116024, P. R. China

Abstract In this paper, we define the self-inverse sequences related to sequences of polynomials
of binomial type, and give some interesting results of these sequences. Moreover, we study the
self-inverse sequences related to the Laguerre polynomials.

Keywords self-inverse sequences; sequences of binomial type; basic sequences; Laguerre poly-

nomials.

Document code A
MR(2000) Subject Classification 05A10; 05A19; 05A40
Chinese Library Classification 0157.1

1. Introduction

The classical binomial inversion formula states that

n

n = zn:(—n’f (Z) b = b= (~1)F (2‘)%

k=0 k=0

We say that a sequence {a,} of complex numbers is self-inverse or invariant if

i(_1)k<z>ak = an, n>0.

k=0
Sun [1] and Wang [2] studied those self-inverse sequences and gave some results of self-inverse

sequences. For general self-inverse pairs

apn, = Z A(n, k)b <= b, = Z A(n, k)ag,
k=0 k=0
we have the infinite lower triangle matrix A = (A(n, k));%,—, satisfies A> = I. A sequence {a,}

is called a general self-inverse sequence if it satisfies

n

ay, = ZA(n,k)ak, n >0,
k=0

where A = (A(n,k)) is an infinite lower triangle matrix and A2 = I. We denote A,, =
(A(n, k))ity—o, then we have A2 = I,,. Therefore, we get [A,[> = (T[[2, A(i,7))* = 1 for
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all m > 0. Thus we see that the diagonal entries of the matrix A are non-zero. Let

pn(z) = Z A(n, k)z*, n>o0.

k=0

Then p,(z) is exactly a polynomial of degree n for all n > 0. Following the inverse relation, we
get

" = ZA(n,k)pk(x), n > 0.

k=0

If gin(z) = Y jto qm k2" is another polynomial, we denote ¢y, (p(x)) = > p( @m.kPr(z). With
this notation, we have p,(p(z)) = 2™ for all n > 0.

For the self-inverse pair
" nlfn—-1 " nl(n—-1
“ kz_ok!(k—1>( )b = Zk!(k—l)( Jhan

we know that .

L(z) =Y %: (Z: 1) (=1)%z*, n>0

k=0
is the Laguerre polynomials, and L,(L(x)) = ™. The Laguerre polynomials are of binomial
type. A sequence of polynomials p,(x) (n > 0), where p,(z) is exactly of degree n for all n, is

said to be binomial type if it satisfies the infinite sequence of identities

pn(z+y) = Z (Z)pk(:c)pn_k(y), n=0,1,2,....

k>0
Let .
pn(x) = ZA(n,k)xk, n >0
k=0
be a sequence of polynomials of binomial type and p,(p(z)) = z™. A sequence {a,} is called a

self-inverse sequence related to the sequence of polynomials p,(x) of binomial type if

n

an = ZA(n,k)ak, n > 0.
k=0

Henceforth, we say “{a,} is a self-inverse sequence related to p,(x)” rather than “{a,} is a
self-inverse sequence related to the sequence of polynomials p,(z) of binomial type”.

In this paper, we study the self-inverse sequences related to sequences of polynomials of
binomial type. In order to render this work self-contained, we list some important results of
sequences of polynomials of binomial type in Section 2, but we omit the proofs which can be
found in [3]. In Section 3, we give some general results of the self-inverse sequences related to
sequences of polynomials of binomial type. Moreover, we study the self-inverse sequences related

to the Laguerre polynomials in Section 4.
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2. Fundamentals

In this section, we list the main results of polynomials of binomial type which we shall use
in next section. These polynomials were studied by Mullin and Rota [3].

First, we give some definitions in the theory of binomial enumeration.

Definition 1 A linear operator T' which commutes with all shift operators is called a shift-

invariant operator, i.e., TE* = E°T.

Definition 2 A delta operator usually denoted by the letter @, is a shift-invariant operator for
which Qx is a non-zero constant.

Delta operators possess many of the properties of the derivative operator D.

Definition 3 Let QQ be a delta operator. A polynomial sequence p,(z) is called the sequence of
basic polynomials for @ if:

(1) polw) = 1;

(2) pn(0) =0 whenever n > 0;

(3) Qpn(z) =npp_1(z).

It is not difficult to show that every delta operator has a unique sequence of basic polynomials
associated with it.

Now, we can give some general consequences of polynomials of binomial type as Lemmata.

These Lemmata can be found in [3].

Lemma 1 (a) If p,(z) is a basic sequence for some delta operator @, then it is a sequence of
polynomials of binomial type. (b) If p,(z) is a sequence of polynomials of binomial type, then

it is a basic sequence for some delta operator.

Lemma 2 (Expansion Theorem) Let T be a shift-invariant operator, and let Q be a delta

operator with basic set py(z). Then
— ak Ak
k>0
where aj, = [Tpr(2)]z=o0-
Lemma 3 Let P be a ring of polynomials over a field K and ¥ be the ring of shift-invariant

operators on P. Suppose that @) is a delta operator and F is the ring of formal power series in

the variable t over K. Then there exists an isomorphism from F' onto X, which carries
£ = tk PN
f()—ZakE into ZFQ .
k>0 k>0

Lemma 4 Let QQ be a delta operator with basic polynomials p,(x), and let (D) = Q. Let

q~1(t) be the inverse formal power series. Then

Z P(z) ut =" (W),
n!
n>0
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Lemma 5 If P and Q are delta operators with basic sequences p, () and ¢, (z), and expansions
P = p(D) and Q = ¢(D), then r,(z) = pn(q(z)) is the sequence of basic polynomials for the
delta operator R = p(q(D)).

Lemma 6 Let Q = g(D) be a delta operator with basic polynomials

pn(x) = ZC"* wrk, n>1.

k>1

Then g = f~', where
"
f&y=> e 1

k>1

3. Main results

Throughout this section, let

pa(@) =Y A(n, k)a*, n>0 (1)
k=0

be of binomial type and satisfy p,(p(z)) = 2™ for all n. Using Lemma 1, we see that p,(z) is
a basic sequence for some delta operator (). By Expansion Theorem and Lemma 3, we shall

denote @ = ¢q(D), where
tk
a(t) =D ary
k>0 ’
is a formal power series, and the coefficients g, = [Qz*],—¢. Obviously, o = 0. Following the
definition of delta operator, we get ¢ # 0. Hence, a unique inverse formal power series ¢~ (t)

exists. We use Lemma 6 to get that

k
0 =D Alk 1) )

k>1

By Lemma 5, we know that p,(p(z)) = 2™ is a basic sequence for the delta operator ¢(q(D)).
However, ™ is the basic sequence for the derivative operator D. Thus we have ¢(q(t)) = t,
ie., q(t) = ¢ 1(t). Using Lemma 4, we get that p,(z) (n > 0) have the following exponential
generating function:

Z (I)ﬁ — % (1) — pra(t) (3)

Pn ol = .
n>0

From (1) and (3), we have

n N n &

n>0 k=0 E>0  n>k k>0

Therefore, A(n, k) have a “vertical” generating function:

) = Y2 AR = S a0) @

n>k
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Now we can give the main results of the self-inverse sequences related to sequences of poly-
nomials of binomial type.

For any sequence {a,}, let the exponential generating function of {a,} be

A(z) = Z an%.

n>0

We have:
Theorem 1 {a,} is a self-inverse sequence related to p,(z) if and only if A(x) = A(q(x)).

Proof Using the exponential generating function of {a,}, we have

ap = ZA(n,k)ak —

k=0
n N n k
T x q(x
A =2 TS Ak = Yo Y Ak D =3 OE gy,
n>0 k=0 E>0  n>k ’ k>0 ’
Corollary 1 If {a,} is a self-inverse sequence related to p,(x), then
m l
m

a1 _;< Z)A<m—1+1,1>;an+lA<z,n>, — (5)

Proof Differentiating the exponential generating function of {a,}, we get

:L.m
Al(z) = Z 1 — -

m>0

On the other hand,

z))™ Z!
(Aa@)) = 3 an T @) = 3 000 3 40w B @)

n>0 n>0 >0
" k
_ (Z%Zan_HA(l,n))(ZA(k—i- 1,1)%)
>0 =0 k>0 ’
M e (M l
=y _|Z (l>A(m—l+1,1)2an+1A(l,n).
m>0 m3 n=0

The result leads to Theorem 1, immediately. O

Obviously, if {a,} and {b,} are self-inverse sequences related to p,(z), then {aa, + Bb,} is
a self-inverse sequence related to p,(x), where @ and (3 are arbitrary constants.

Sun [1] gave some transformation formulas for self-inverse sequences. Similarly, we have the

following theorem.

Theorem 2 Let {a,} be a self-inverse sequence related to p,(x), and ¢, = ZZ:O (2) arby_k.
Then {cy} is a self-inverse sequence related to p,(x) if and only if {b,} is a self-inverse sequence

related to py(z).
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Proof Let C(z) =3, cn% and B(z) =), 5, bn%. Then

9= 253 (Joutes = Sondy T bty = AB6)
n>0 k>0 n>k

Because A(z) = A(q(z)), we have

C(z) = Clq(z)) <= B(x) = B(q(z)). O
Now we give some methods by which we can create the self-inverse sequences related to p,(z).

Theorem 3 {a,} is a self-inverse sequence related to p,(x) if and only if there exists a sequence
{An} such that

n

ap = ZA(n,k))\k + An, n>0.
k=0

Proof Suppose that {a,} is a self-inverse sequence related to p,(z). Then a, = > ;_, A(n, k)ay
Let A\, = 5. We have

~ ar . an  Gn  ap
A k)2 G ) O
2;% (n, )2 + 5 + a

Conversely, let A(z) =3 ;- /\k%. Then

Alz) = Z(ZAnk)\k—i—/\) ZAkZAnk—! Z x—T

n>0 k=0 n! k>0 n>k
{E
= S S = Aol + A
E>0 n>0

Thus we have
A(g(2)) = Mala(z))) + Alg(z)) = Alz) + Ag(z) = A(z). O

Corollary 2 Let ag =0, a1 = A(1,1)+1, and a,, = A(n, 1) (n > 2). Then {ay} is a self-inverse

sequence related to p,(x).
Proof Let \g =0, A\; =1 and A\, =0 (n > 2) in Theorem 3. O

Corollary 3 Let a,, = p,(a)+ a", where a is an arbitrary constant. Then {a,} is a self-inverse

sequence related to p,(x).
Proof Let A\, =a™ (n > 0) in Theorem 3. O

Theorem 4 Suppose {f,} is an arbitrary sequence, and let

ZZ< >f,, lZAlk

Then {ay} is a self-inverse sequence related to p,(x).
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Proof Let f(z) =), fk”,”c—],c Then

zn:()fnlzf“k =3 s ,Z“ZAlk

m>0 me 1>0

TS g ZA(M)% = @)Y fk% = f(2)(q(2)).

T k>0 1>k ’ k>0

n>0
m=>0
Moreover, we have

Corollary 4 Let ap =0, a; = 0 and a,, = nA(n — 1,1) (n > 2). Then {a,} is a self-inverse

sequence related to p,(x).
Proof Let fo =0, fi =1and f, =0 (n > 2) in Theorem 4. O

Corollary 5 Let a, = Y1 =0"(")pi(a)a™"!, where a is an arbitrary constant. Then {a,} is a

self-inverse sequence related to py(z).

Proof Let f, =a™ (n > 0) in Theorem 4. O

Theorem 3 has an equivalent form:

Theorem 5 {a,} is a self inverse sequence related to p,(x) if and only if there exists a function
f :Z — C such that

n

en =3 () por (O@)50) + 1)

k=0
Proof Following the string of identities:

3 () s 008070 = (> (3)on-sOme(@) @)

k=0 k=0

= [Pn(A + D) f(@)lz=0 = [pn(E) f(2)l2=0

I
NIE

N
3
N

&

B
~
9
Fl
g

I
NIE
=
S
=
g
=

we get the result. O

The following theorem is shown by operator method.

Theorem 6 Suppose that r,(z) = > _, rn, k2" is a basic sequence for delta operator R = r(D).
And let gn(z) = r(p(z)) = Yo n, k2®. If {a,} is a self-inverse sequence related to p,(z),
then we have the following identity:

§ Tn, kak—E dn, kG-

k=0
Proof By Lemma 5, we know that ¢, () is a basic sequence for delta operator r(g(D)). Let T

be a linear operator such that Tx" = a,,. Then

n

Tpa(a) = T3 Aln,K)a* = 3 Al T2 = 3 Aln, b = o

k=0 k=0 k=0
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Therefore, we have Ta™ = Tp,(x). If f(x) is a polynomial, then we get T'f(x) = T f(p(x)) by

linearity. Let f(x) = r,(z). Immediately, we have
Tryp(x) = Tra(p(x)) = T'qn(x),

ie.,

n

ZT"* kT:c]C = iqm kT:z:k.
k=0

k=0

The result follows TzF = aj. O

4. Self-inverse sequences related to the Laguerre

The Laguerre polynomials

. . | (-1
is a basic sequence for the delta operator @ = ¢(D) = %. Ifa, =>4y Z—;(Z_l)(—l)kak +
ap (n > 1), we say that {a,} is a self-inverse sequence related to L, (z). From Theorem 1, we

have:

Proposition 1 {a,} is a self-inverse sequence related to Ly(x) if and only if the exponential
generating function A(z) =}, - anfl—T satisfies A(xz) = A(7%)-

Obviously, using Corollary 2, we have the sequence {a,}, which satisfies ap = a; = 0 and
an = —n! (n > 2), is a self-inverse sequence related to L, (z). Moreover, by Corollary 3, the
sequence {a,}, which satisfies ap = 2 and

n

n = Lo(-1)+ (-1)" =) %: (Z: i) +(=1)"=) Lo+ (-1)"
’ k=1

k=1
where L,  are known as the signless Lah numbers, is a self-inverse sequence related to L, (z).
From Corollary 5, we have the sequence {a,,}, which satisfies ag = 1 and

n l

on=3 (1) utn-= =30 (7)Y b

1=0 =1 k=1
is also a self-inverse sequence related to Ly, (z).
Applying Theorem 2, we have the following proposition.
Proposition 2 Let ¢co = ¢; = 0 and ¢,, = =) ;_, (n’j—!k)!bn_k. Then {c,} is a self-inverse

sequence related to L, (x) if and only if {b,} is a self-inverse sequence related to Ly (z).

Proof Let ay = a; =0 and a, = —n! (n > 2) in Theorem 2. O

For the Laguerre polynomials L, (x), Theorems 3, 4 and 5 can be restated as follows.

Proposition 3 {a,} is a self-inverse sequence related to L, (z) if and only if there exists a
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sequence {\,} such that ag = 2o and

n

n!n—1 &
=3 1A+ Ay, n> L
@ I;k!<k—1>( VMt dn, 1

Proposition 4 Suppose {f,} is an arbitrary sequence, and let ag = f3 and

n

L —
=3 ()i g (o)) U o 21

=1

Then {ay} is a self-inverse sequence related to Ly (z).

Proposition 5 {a,} is a self-inverse sequence related to L, (z) if and only if there exists a
function f : Z — C such that

n

0= 3 () Lar (DEA@)10) + Fo)

k=0

By Corollary 1 and Theorem 6, we get:

Proposition 6 If {a,} is a self-inverse sequence related to L,(x), then we have the following
identities:

m

g1 =— > (’7) (m—1+ 1)!;[_:1@%171—’! (i__li)(—n” —(m+1lay, m>1, (6

=1
and
n—1 m, . n—1 _n .
Z ( k>(_1) (n - 1)kan—k = Z ( k )(—1) (n — 1)kan_k, n > 1. (7)
k=0 k=0
Proof (6) holds from Corollary 1.
Using Theorem 6, we can get (7). By the closed forms for basic polynomials [3], we have that

the delta operator 7(D) = D — D? has a unique sequence of basic polynomials ro(z) = 1 and

) =3 () 0tm =,z

k=0

Denote by ¢, (z) the basic sequence for delta operator r(g(D)) = —ﬁ. Then we have

T :nil 2n _1\n—k n — Infk
@) = 3 (1 )0 A e
O

(7) is immediate from Theorem 6.
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