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1. Introduction and main results

Suppose readers are familiar with the knowledge of value distribution and uniqueness theory
of meromorphic functions. Some basic notions, for example, T(r, f), m(r, f), N(r, f), N(r, f),
S(r, f), can be refered to [4,5,7,8].

Some problems on the uniqueness of entire functions and their differential polynomials sharing
the value 1 C'M have been studied and some important results were obtained in [2,3,7,9,10].

For example, Zhang, Chen and Lin [10] obtained the following result:

Theorem A ([10]) Let f and g be two nonconstant entire functions, and let n,m and k be
three positive integers with n > 3m + 2k +5, and let P(z) = apm2™ + U121+ +aiz+ag
or P(2) = ¢y, where ag # 0,a1,...,0m 1,0, # 0,co # 0 are complex constants. If [f*P(f)]*)
and [g"P(g)]*®) share 1 CM, then

(i) when P(z) = am2™ + @m-12""1 + -+ + a1z + ao, either f = tg for a constant t such
that t* = 1, whered = (n+m,...,n+m—1i,...,n),am_; # 0 for somei =0,1,...,m, or f and
g satisfy the algebraic equation R(f,g) = 0, where R(wi,w2) = W (amw}® + @m_1w]" " 4 - +
a1wi + ag) — Wi (amwi* + am_lw;’%l + -+ ajwe + ag);

(ii)) when P(z) = co, either f = ¢1/ ¢/coe®, g = ca/ {/coe™

, where ¢y, co and ¢ are three

constants satisfying (—1)*(cic2)™(nc)?* = 1, or f = tg for a constant t such that t" = 1.
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Recently, many mathematicians (such as Yi, Lahiri, Fang, Banerjee, Lin, and others) are
very interested in investigating the meromorphic functions sharing values with finite weight in
the field of complex analysis. So one may ask: In Theorem A, can the nature of sharing 1 CM

be further relaxed to finite weight?

In this paper the possible solutions of the above problem are investigated and the following

theorems which are the main results of the paper are obtained.

Theorem 1.1 Let f(z), g(z) be two transcendental entire functions and let n, k,m,l be four
positive integers with n > Y2m + 2(k + 1). If Ey(1; [f"P(f)]®) = E)y(1;[g"P(9)]®) and
En(L[f"P(f)®) = Ey(1;[g"P(g)]®), where | > 3, then the conclusion of Theorem A still
holds.

Theorem 1.2 Let f(z), g(z) be two transcendental entire functions and let n, k, m, | be four

positive integers with n > 5m+4k+4. If By (1; [ P(f)]®) = E})(1; [g"P(9)]*)) and Eq)(1; [f"

P(f)]®) = Ey (15 [9"P(9)]*)), where | > 4, then the conclusion of Theorem A still holds.
Though the standard definitions and notations of the value distribution theory are available

in [4,6], we explain some definitions and notations which are used in the paper.

Definition 1.1 ([1]) Let k and r be two positive integers such that 1 < r < k — 1 and for
a € C, Ek) (a; f) = Ek) (a;9), Ey(a; f) = Epy(a;9). Let 2o be a zero of f — a of multiplicity p
and a zero of g — a of multiplicity q. We denote by N1(r,a; f)(N(r,a;g)) the reduced counting
function of those a-points of f and g for whichp > q >r+1(¢ >p>r+1), by Ng“(r, a; f) the
reduced counting function of those a-points of f and g for which p=q > r+1, by Ny=s(r,a;9)
the reduced counting functions of those a-points of f and g for which p > q = s, and by
Nispi1(r,a; flg # a)(Ngskt1(r,a; 9| f # a)) the reduced counting functions of those a-points of
fand g for whichp>k+1andq=0(¢g>k+1andp=0).

If r = 0 in Definition 1.1, then we use the same notations as in Definition 1.1 except for that
by N}E) (r,a; f) we mean the common simple a-points of f and g and by Ng(r, a; f) we mean the

reduced counting functions of those a-points of f and g for which p = q > 2.

Definition 1.2 ([6]) Let a,b € CU{oo}. We denote by N(r,a; flg = b) the counting function of
those a-points of f, counted according to multiplicity, which are b-points of g; by N(r,a; f|g # b)
the counting function of those a-points of f, counted according to multiplicity, which are not the

b-points of g.

2. Some lemmas

For the proof of our results we need the following lemmas.

Lemma 2.1 ([7]) Let f be a nonconstant meromorphic function and P(f) = ao + a1 f +asf* +

-+ +anf", where ag, a1, as,...,a, are constants and a,, # 0. Then

T(r, P(f)) = nT(r, f) + S(r, f).



Entire functions sharing one value with finite weight 689

Lemma 2.2 ([4]) Let f(z) be a transcendental entire function, k a positive integer, and let ¢

be a non-zero finite complex number. Then

T(r, f) < N(r,0; f) + N(r,c; f*) = N(r,0; &) + S(r, f) (1)
< Nig1 (1,05 f) + N(r, ¢; fB) = No(r, 0; fEFD) + S(r, ), (2)

where Ny(r,0; f(k“)) is the counting function which only counts those points such that f*+1 =

0 but f(f*) —c)#0.

Lemma 2.3 ([4]) Let f(z) be a meromorphic function and a;(z), az(z) be two meromorphic
functions such that T(r,«;) = S(r, f) (i = 1,2). Then

T(’f‘, f) < N(’f‘, 003 f) + N(Tv al(z); f) + N(Tv a2(2); f) + S(ru f)
Lemma 2.4 Let f be a nonconstant entire function. Then
N(r,0; f) < Ni(r, 05 f) +N(r,0; f) + S(r, f).

Proof Since

N(r,0; f¥) < N(r, %) N 0: ) < T(r, %) N 0: f)
(k) _
<70, fT) + N(r,0: f) + S(r, f)
f(k) f(k) o
< N(r, T) + m(r, T) + N(r,0; )+ S(r, f),

we estimate N (r, ?) in the following.
(k)
Obviously, the poles of % may only occur at the zeros of f. If zg is a (¢ < k) order zero
of f, then zy is a at most ¢ order pole of #, and if zg is a (¢ > k) order zero of f, then zq is

(k)
a k order pole of % Hence we have

)
N(TvT) < Nk(TaO;f)+S(Taf)v

ie.,
N(r,0; f*) < Ne(r,0; f) + N(r,0; f) + S(r, ). O

Lemma 2.5 ([1]) Let F', G' be two nonconstant entire functions such that Eyy(1; F') = Ey(1;G)
and H # 0. Then
NR(r,1;F) < N(r,00; H) + S(r, F) + S(r, G),

where H = (?—,,, - ffjll) - (% - gf;)

Lemma 2.6 ([1]) Let F, G be two nonconstant entire functions such that Eyy(1; F) = Ey(1; G),
Ey(1; F) = Eyy(1;G) and H # 0, where | > 3. Then

N(r,00; H) <N(r,0; F| > 2) + N(r,0;G| > 2) + Np(r, 1, F) + Np(r, 1;G)+
Nrsi41(r, 5 F|G # 1) + Nasipa (r, GIF # 1) + No(r, 0; F')+
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NO(Tvo; G/)v

where No(r,0; F') is the reduced counting function of those zeros of F' which are not the zeros
of F(F —1) and No(r,0;G") is similarly defined.

Lemma 2.7 ([1]) Let F, G be two nonconstant entire functions such that Ey(1; F) = E;)(1; G),
Ey(1; F) = E1)(1;G) and H # 0, where [ > 3. Then

2Np(r,1;F)+2N(r,1;G) +N(E2(Ta L F) +INg>i41(r, 1; G|F # 1) = Npsa(r, 1;G)

< N(r,1;G) — N(r, 1,G).
Lemma 2.8 Let F, G be two nonconstant entire functions such that El)(l;F) = El)(l;G),
Ey(1; F) = E1)(1;G), where | > 3. Then

_ — 2 2

Nrso(r, 1;G) + 2Np>ia(r, L F|G # 1) < gN(r,O;F) - gNo(T,();F/) + S(r, F).

Proof We note that any 1-point of F’ with multiplicity > 3 is counted at most twice. Hence we
see that

Npso(r,1;G) +2Npsi1(r, 1, F|G # 1) < =N(r,0; F'|F = 1)

Wl N

2 2 2
< §N(T,0;F’|F #0)— gNo(T,O;F’) < SN(r,0;F) — gNo(T,O;F’) +8(r, F).

2
-3
This completes the proof of the lemma. O

Lemma 2.9 Let F*, G* be two nonconstant entire functions and Ey (1; (F*)®)) = By (1; (G*)®),
Ey(L; (F*)®) = By (1;(G*)®) and H* # 0, where | > 3. Then

T(r, F*) §§N(r, 0; F*) + gNk(r, 0: F*) + Niya (r, 0 F*) + N (r, 0: G*)+
Ni(r,0;G*) + Niy1(r,0;G*) + S(r, F*) + S(r, G¥),

where

(F*)(k+2) 2(F*)(k+1) (G*)(k+2) Q(G*)(kJrl)

(F*)(+1) - (F*) k) — 1} - {(G*)(k-i-l) - (G®) -1

Proof Let F = (F*)® and G = (G*)®). Then the condition of this lemma is Ep(L;F) =
El)(l; G), By (1; F) = Eyy(1;G) and H* = H # 0. Using Lemmas 2.5 and 2.7, we get

H*z[

N1, F)+ N 1;G) < N(r 1, F| = 1) + No(r, 1, F) + No(r, 1,G) + No (r, 1; F)+
Np>i41(r,1; F|G #1) + N(r,1;G)
< N(r,0;F| >2)+ N(r,0;G| >2) + Np(r,1; F) + Np(r,1;G)+
Nesip1(r 1, F|G # 1) + Ngsi1(r, 1, GIF # 1)+
Np(r,1;F)+Np(r,1;G) +Ng(r71;p)+
Npsi41(r, 1, FIG # 1)+ T(r,G) — m(r,1;G)+
O(1) — 2N, (r,1; F) — 2N, (r,1;G) — N (r,1; F)—

ING>141(r, 1;G|F # 1) + Npsa(r, 1;G) + No(r, 0; F')+
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No(r,0;G") + S(r, F) + S(r,G)
< N(r,0; F| >2)+ N(r,0;G| >2) +T(r,G) —m(r,1;G)+
2N p>i41(r, 1; F|G # 1) + Npsao(r, 1;G)—
(l = 1)Ng141(r, L, G|F # 1) + No(r, 0; ')+
No(r,0;G") + S(r, F) + S(r,G).
From Lemma 2.8, we can get
N(r,1;F)+ N(r,1,G) < N(r,0; F| >2) + N(r,0; G| > 2) + T(r,G) — m(r,1;G)+
2N (0. F) — (= )NGta(r, 1 GIF # 1)
No(r,0; F') + No(r,0;G") + S(r, F) + S(r,G). (3)
Using Lemma 2.2 for F* and G*, we get
T(r,F*) < Ngg1(r,0; F*) + N(r,1; F) — No(r, 0; F') + S(r, F*), (4)
T(r,G*) < Nky1(r,0;G*) + N(r,1; G) — No(r,0; G") + S(r, G¥). (5)
Adding (4) and (5) gives
T(r,F*) +T(r,G*) <Ngs1(r,0; F*) + Ngy1(r,0;G*) + N(r,1; F) + N(r, 1, G)—
No(r,0; F') — No(r,0;G") + S(r, F*) + S(r,G*). (6)

Since
T(r,G) = T(r,(G*)®) < T(r,G*) + S(r, G*), (7)

from (3), (6), (7) and S(r, F) = S(r, F*), S(r,G) = S(r,G*), it follows
T(r,F*) <Npt1(r,0; F*) + Ni1 (r,0;G*) + N(r,0; F| > 2) + N(r,0; G| > 2)—
m(r,l;G)—i—%N(r,O;F)+S’(T,F*)+S(r, G™). (8)
Since F = (F*)*) and G = (G*)*), from Lemma 2.4, (8) becomes
T(r, F*) <Ngy1(r,0; F*) + gw(r, 0; F*) + gNk(r, 0; F*) + Ng41(r, 0; G*)+
N(r,0;G*) + Ni(r,0;G*) + S(r, F*) + S(r, G*). (9)
Lemma 2.10 Let F*, G* be two transcendental entire functions and Ey)(1; (F*)®) = Ey)(1;
(G)R), By (15 (F)®) = By (1;(G*)®) where | > 3. If
Ay = ge(o, F*)+ §5k(o; F*) o 8110 F%) + 00, G7) + 54(05 G*) + 0y (0:6G7) > =,
Then (F*)®(G*)*) =1 or F* = G*.

Proof From Lemma 2.9, we first suppose that H # 0. Without loss of generality, we suppose
that there exists a set I with infinite measure such that T'(r,G*) < T'(r, F*) for r € I. From

Lemma 2.9 we get

22 5 5
T(r, F™) S{g — Ok 41(0; F*) — ge(ovF*) - §5k(0;F*) —0k1(0;G7)—



692 H Y. XUand T. B. CAO

forreland 0<e < Ay — %, that is, {Ay; — % —e}T(r,F*) < S(r, F*), i.e., Ay — % <0,

ie.,

which is a contradiction to the condition of Lemma 2.10.
Therefore, we have H = 0, then
(F*)(k+2) B 2(F*)(k+1) _ (G*)(k+2) B 2(G*)(k+l) (11)
(FH)E+D) — (F9® =1~ (GH)+D (G =1

From this equation we get

b+ 1)(F)® +(a—b-1)
b(EF*)*) + (a —b) ’
where a (# 0), b are two constants. Then by the same argument of Lemma 4 in [3], we can
deduce that (F*)®)(G*)*) =1 or (F*)*) = (G*)®,
Suppose that (F*)*) = (G*)*). Thus, we obtain

(G = ¢ (12)

F*=G" +p(z),
where p(z) is a polynomial, then T'(r, F*) = T(r,G*) + S(r, F*). If p(z) # 0, then by Lemma
2.3, we have
T(r,F*) < N(r,0; F*) + N(r,p; F*) + S(r, F*)
< N(r,0; F*) + N(r,0; G*) + S(r, F’*). (13)
Hence, by the condition of this lemma we deduce easily that T'(r, F*) < S(r, F*), r € I, a

contradiction. Therefore, we deduce that p(z) = 0, that is, F* = G*.
Thus we complete the proof of Lemma 2.10. O

Lemma 2.11 Let F, G be two nonconstant entire functions such that Fl)(l; (F*) Ry =
Ey(1;(G)W), Eg)(1; (F*)®) = Ey)(1;(G*)*)) and H* # 0, where | > 4. Then
T(r,F*) +T(r,G*) <2Npy1(r,0; F*) + 2N (r,0; F*) 4+ 2Ny (r, 0; F*) + 2N 1(r, 0; G*)+
2N (r,0; G*) + 2N (r,0; G*) + S(r, F*) + S(r,G*),
where H* is defined as Lemma 2.9.
Proof Let F = (F*)® and G = (G*)®. Then E})(1;F) = Ejy(1;G), Ea)(1;F) = Ey(1;G).
Since H* # 0, by Lemma 2.2 and 2.6 we get
T(r,F*)+T(r,G")
< Niga (1,0, F*) + Ny (r,0;G*) + N(r, 15 (F9) ) + N (r, 1; (GF) W) -
No(r, 0; (F*)*FD) — No(r, 05 (G*)*F) + S(r, F*) + S(r,G*)
< Nin (1,0 F7) + Ny (1,0:G7) + N, 1 (F) P = 1) + N(r, 15 (F)®] > 2)+
N(r, 15(GH) ™) = No(r, 05 (F*)*D) — No(r, 05 (G*)FFV) + S (r, F) + S(r,G*)
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< Nig1(r,0; F*) + Niy1 (7,0, G*) + N(r,0; F| > 2) + N(r,0; G| > 2)+

Nip(r,LF)+ Np(r,1;G) + Npsis(n L FIG #1) + N(r, 1, G)+

NGZH—I(Tv 1; G|F 7& 1) +N(T7 17F| > 2) + S(’f‘, F*) + S(’f‘, G*)
Since N(r,1; F| =1;G|=1-1)+---+N(r,1; F| = ;G| =3) < N(r,1;F| = 1) and N(r,1; G| =
LF|=1-1)+---+N(r,1;G| =1;F| =3) < N(r,1;G| =1), it is easy to see that N, (r,1; F) +
Ni(r1;G) + Npsia(n L F|G # 1) + Nasiga (r, LGIF # 1) + N(r, 1, F| > 2) + N(r,1;(G) <
IN(r 1, F)+ N(r,1;G)] < [T(r,F) + T(r,G)).

Since
T(r,F)=T(r,(F*)®) < T(r, F*)+ S(r,F*); T(r,G)=T(r,(G*)") < T(r,G*) + S(r,G").
Then by Lemma 2.4, we can get
T(r,F*) +T(r,G*) <2Npy1(r,0; F*) + 2N (r,0; F*) 4+ 2Ny (r, 0; F*) + 2N 1(r, 0; G*)+
2N(r,0; G*) + 2N (r,0; G*) + S(r, F*) + S(r, G*).
This completes the proof of the lemma. O

Lemma 2.12 Let F*, G* be two transcendental entire functions and Ey)(1; (F*)®) = E)(1;
(G*)®), Eyy(1; (F*)®)) = Ey)(1;(G*)™), where | > 4. If

5
5’
where © ¢(0) = ©(0; f) + 0x(0; f) + Sx41(0; f), then (F*)F)(G*)*) =1 or F* = G*.

5
GF* (0) > 60* (O) > 57

Proof We omit the proof since the proof can be carried out in the line of proof of Lemma 2.10

by using the Lemma 2.11. This completes the proof of the lemma. O

Proof of Theorem 1.1 (i) P(z) = annz™ + Am-12""1 4+ -+ a1z + ap. By the assumptions
of Theorem 2.1 and Lemma 5 in [10], we know that f and g are transcendental entire functions.

Let F = f"P(f) and G = g"P(g). From the condition of Theorem 2.1, we have Ej)(1; F(®)) =
Ep(1;GW) and Epy(L; F®) = By (1;GW).

By Lemma 2.1 we can get easily

T MO E) N 0 P()
00, F) =1 - lim = = = 1= I o T
—N(r,0; f) + N(r,0; P(f))

—1-T
T hrmre

ie.,
1 -1
o0, F)>1-2F L (14)
n+m n-+m
Similarly, we have
-1
6(0,6) > (15)

n+m
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Next, by the definition of N (r,a; f) we have
——Ni(r,0; f"P(f))
F = 1 — 1 m ——————
% (0, F) ' T(r, F)

T — 00

Therefore BT ) f
—(m+k)T'(r n—
F)>1-1 L = . 1
% (0, F) roso(n+ m)I(r, f)  n+m (16)
Similarly we get
5:(0,G) > 2= (17)
k\Y, n+m
and L .
n—k—1 n—k—1
P > .
B (0.F) = " 5 (0,6) = (18)

From (14)—(18), we can get
5 5
n—k—1 52n—k—1+3n—2k—2
- n4+m 3 n+m n+m

By n > 2m+ L(k+ 1), we have
19

) )

Therefore by Lemma 2.10, we deduce either F*) . G*) =1 or F = G.
If £F*) . G*) =1, that is

[ @mf™ + am—1 f"7 4+ a0)] Vg™ (@mg™ + amo1g™ T - ag)] P =1, (19)
then by the assumptions of Theorem 1.1 and Proposition 1 in [10] we can get a contradiction.

Hence, we deduce that F' = G, that is

F (@mf™ 4 am 1 f™ 7+ a0) = ¢ (Amg™ + am19™ -+ ap). (20)
Let h = f/g. If h is a constant, then substituting f = gh into (20), we deduce
Amg" TR = 1) 4 @1 g™ TR 1) 4 -+ agg™ (B — 1) =0,
which implies h? = 1, where d = (n+m,...,n+m—4,...,n), aym_; # 0 forsomei =0,1,...,m

Thus f = tg for a constant ¢ such that t¢ = 1, where d = (n+m,...,n+m—i,...,n), @m_; # 0

for some ¢ =0,1,...,m.
If h is not a constant, then we know by (20) that f and g satisfy the algebraic equation
1

R(f,g) =0, where R(w1,w2) = w?(amw{”—l—am,lwffl—k- ctarwrtag) Wi (amwd +am—_1wy'+

-+ 4 aywz + ag). This proves (i) of Theorem 1.1.
(ii) P(z) = cp. From Theorem A, we can easily see that the case (ii) of Theorem 1.1 holds.

Thus, we complete the proof of Theorem 1.1. O

Proof of Theorem 1.2 By the conditions of Theorem 1.2 and Lemma 2.12, using the same

argument as in Theorem 1.1, one can easily prove Theorem 1.2.



Entire functions sharing one value with finite weight 695

References

[1]
(2]

3]

BANERJEE A. On uniqueness of meromorphic functions when two differential monomials share one value
[J]. Bull. Korean Math. Soc., 2007, 44(4): 607-622.

FANG Mingliang, HUA Xinhou, Entire functions that share one value [J]. J. Nanjing Unvi. Math. Biquarterly,
1996, 13: 44-48.

FANG Mingliang. Uniqueness and value-sharing of entire functions [J]. Comput. Math. Appl., 2002, 44(5-6):
823-831.

HAYMAN W K. Meromorphic Functions [M]. The Clarendon Press, Oxford, 1964.

LAHIRI I. Value distribution of certain differential polynomials [J]. Int. J. Math. Math. Sci., 2001, 28(2):
83-91.

LAHIRI I, BANERJEE A. Weighted sharing of two sets [J]. Kyungpook Math. J., 2006, 46(1): 79-87.

YT Hongxun, YANG Chungchun. Uniqueness Theory of Meromorphic Functions [M]. Science Press, Beijing,
1995.

YANG Lo, Value Distribution Theory [M]. Springer-Verlag, Berlin; Science Press, Beijing, 1993.

ZHANG Xiaoyu, LIN Weichuan. Uniqueness and value-sharing of entire functions [J]. J. Math. Anal. Appl.,
2008, 343(2): 938-950.

ZHANG Xiaoyu, CHEN Junfan, LIN Weichuan, Entire or meromorphic functions sharing one value [J].
Comput. Math. Appl., 2008, 56(7): 1876-1883.



