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1. Introduction

Throughout this paper, we assume, H is a real Hilbert space with inner product (-,-) and
induced norm || - ||, and C' is a nonempty closed convex subset of H. We always denote the fixed
points set of T : H — H by F(T) = {x € H : x = Tz}, the natural number set by N = {1,2,...},
and the identity mapping by I. In addition, we denote by — weak convergence and by — strong
convergence.

Now we introduce the so called quasi-variational inclusion problem:

Finding z € H such that

A(z) + M(z) 5 6, the zero element in H. (1.1)

Here, A : H — H is a single-valued nonlinear mapping, and M : H — 2 is a multi-valued
mapping. Denote by VI(H, A, M) the set of solutions for the variational inclusion (1.1). From
the references [1-3], we learn, studying this kind of variational inclusions is helpful to solve many
problems arising in structural analysis, mechanics, economics, and so on. Some special cases of
the quasi-variational inclusion problem (1.1) were studied in the papers [1-12].

In the case that M = d¢ : H — 2! is the sub-differential of ¢ : H — (—o0, +00], a proper
convex lower semi-continuous function, the variational inclusion problem (1.1) is equivalent to
finding = € H such that
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which is called the mixed quasi-variational inequality [4].

If M = )¢ is the sub-differential of ¢ : H — [0, 00], the indicator function of C'

0, xeC,
bo(z) = . v dC

then the variational inclusion problem (1.1) is equivalent to finding = € C' such that
<A({E),y - $> > 07 vy € Ov (13)

which is called Hartman-Stampacchia variational inequality problem [1,5,6]. To find a common
element of F(S) N VI(C, A), i.e., a common element of the fixed points set of nonexpansive
mapping S : C — C and the set of solutions for variational inequality (1.3), Takahashi-Toyoda

[7] introduced the following iterative scheme in 2003:
Tnt1 = QnZp + (1 — an)SPo(xn — Apxn), Vn >0, (1.4)

and proved that {z,} generated by (1.4) converges weakly to an element of F(S) N VI(C, A),

where Pc is the metric projection of H onto C.

In 2005, Tiduka-Takahashi [8] introduced again the following iteration:
Tnt1 = apu+ (1 — an)SPo(xy — Anxn), VYn >0, (1.5)

and proved that {z,} generated by (1.4) converges strongly to the element Pp(g)nvi(c,a)u €
F(S)NVI(C, A). Since then, many of authors are interested in the problems. For example, Chen
[17] extended the iteration (1.5) from u to f(zy).

Tnt1 = an f(xn) + (1 — an)SPo(zy, — Apzyn), Vn>0. (1.6)

Chen [17] proved that {x,} generated by (1.6) converges strongly to a common element of the
fixed points set of a nonexpansive mapping and the set of solutions for a variational inequality.
In 2006, Nadezhkina and Takahashi [10] studied the following composite iteration:

Tpil = QpnZy + (1 - an)SPC(xn - )\nAyn);

Vn>0.
Yn = PC(xn - )\nAxn)u

In [10] they introduced the so called extragradient method motivated by the idea of Korpelevich
[11]. In 2006, Zeng [12] also studied the similar problem by way of the extragradient method. In
2008, Zhang [9] introduced the following composite iteration:

Vn >0, (1.7)

Tpt1 = OpU + (1 - Oln)Synv

Yn = JM,)\(xn - )\A(En),
and proved that {z,} generated by (1.7) converges strongly to Pr(s)nvim,amu € F(S)N
VI(H, A, M), where VI(H, A, M) is the set of solutions for variational inclusion (1.1), Jazx is a

resolvent operator associated with M. Some special cases of the iteration (1.7) were studied in

many papers [9].
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In this paper, the author introduces the following iteration:

{ Tn+l = anf(xn) + (1 - an)Syna

Yn > 0. (1.8)
Yn = JM, An (In - A77,141771)7

Particularly, letting A,, = A and f(2,) = uin (1.8), we see, (1.8) is reduced to (1.7), which implies
that the strong convergence results on the iteration (1.8) include those on (1.7). Moreover, it will
be proved below that the strong convergence results on the iteration (1.8) extend those reselts
on (1.6) from self-mappings to nonself-mappings. By using viscosity approximation methods, we

shall extend and improve the main results of [17].

2. Preliminaries

Definition 2.1 (1) A mapping T : H — H is called nonexpansive, if |Tx — Ty|| < |l — y|,
Va,y € H.

(2) f:H — H is said to be a contractive mapping with a contractive constant 8 € (0,1), if
1f(z) = FWll < Bllz —yll, Yo,y € H.

Definition 2.2 A mapping Pc : H — C is called the nearest point projection (or metric
projection) from H to C, if for any given x € H, there exists Pcx € C with |Pcx — z| =
inf,ec |y — .

Being the metric projection from H onto C, Pc has the following properties:

(1) Pc is nonexpansive;

(2) Pc is firmly nonexpansive. i.e., |Pocx — Poyl||? < (Pcx — Poy,x —y), Va,y € H.

Definition 2.3 (1) A mapping A : H — H is called a-inverse-strongly-monotone, if there exists
an «a > 0 such that (Az — Ay,z — y) > of|Az — Ay||?, Vz,y € H.

(2) A multi-valued mapping M : H — 2 is called monotone, if for all x,y € H, u € Mz
and v € My implies that (u — v,z —y) > 0.

(3) A multi-valued mapping M : H — 2 is called maximal monotone, if it is monotone and
if for any (z,u) € H x H, (u — v,z —y) > 0 for every (y,v) € Graph(M) (the graph of mapping
M) implies that u € Mx.

Definition 2.4 A single-valued mapping A : H — H is called hemi-continuous, if for any
x,y,2 € H, the function t — (A(z + ty), z) is continuous as t — 07.

Definition 2.5 ([9]) Let M : H — 2H be a multi-valued maximal monotone mapping. Then
the single-valued mapping Jys, ) : H — H defined by
Jur=T+ M) u, uweH

is called the resolvent operator associated with M, where X\ is any positive number and I is the
identity mapping.

From [9], we have the following proposition and Lemmas:

Proposition 2.6 (1) The resolvent operator Jyrx associated with M is single-valued and
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nonexpansive for all A > 0.

(2) The resolvent operator Jy  is 1-inverse-strongly-monotone.

Proof The conclusion (1) is obvious [18]. On the other hand, one can prove the conclusion (ii)

by Definition 2.5 and the maximal monotonicity of M.

Proposition 2.7 Let A: H — H be an a-inverse-strongly-monotone mapping. Then

(1) Ais an é—Lipschitz continuous and monotone mapping;

(2) If X\ is any constant in (0, 2«], then the mapping I — AA is nonexpansive, where I is the
identity mapping on H.

Proof Two conclusions can be proved by the definition of a-inverse-strongly-monotone mapping

and the property of the norm in the setting of Hilbert spaces.

Lemma 2.8 ([13]) Let E be a real Banach space, E* the dual space of E, T : E — 2F" a
maximal monotone mapping, and P : E — E* a hemi-continuous bounded monotone mapping

with D(T) = E. Then the mapping S =T + P : E — 2F" is a maximal monotone mapping.

Lemma 2.9 ([14]) Let C be a nonempty closed convex subset of a real Hilbert space H, and Px
be the nearest point projection (or metric projection) from H to C. Then for any given x € H
and y € C, we have

(1) (z— Pozx,x — Pcx) <0, VzeC(C;

(2) (z—y,x—y) <0, for all z € C, then y = Pcu.
Lemma 2.10 ([15]) Let {an}, {bn} and {c,} be three nonnegative real sequences, satisfying

An+1 S (1 _)\n)an+bn+cn7 n2n07

where ng is some nonnegative integer, A, € [0,1], .02 | A\, = 00, by, = 0(\,) and Y~ | ¢, < 00.

Then a, — 0 (n — 00).

Lemma 2.11 ([16]) Let E* be the dual space of a real Banach space E, and J : E — 2" be
the normalized duality mapping from E into 2F" given by

J(@) ={f € E*,(z, f) = llz|| - IfI = I=* = | fI*}, z€E,
where (-,-) denotes the generalized duality pairing. Then for any =,y € E, we have
o +yll? < lzl* +2{y. j(z +y)), Vile+y) e J(@+y).

Lemma 2.12 ([14]) Let H be a real Hilbert space, and a mapping T : E — E be nonexpansive.

Then the mapping I — T is demi-closed at zero, i.e.,

T, — 2 and x, —Tx, —vy implies y=Ty.

From [9], we also have

Lemma 2.13 (1) u € H is a solution of variational inclusion (1.1) if and only if u = Jpr (I —
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AA)u for all X > 0, i.e.,
VIH,A,M) =F(Jy (I —2A)), VYA>0.
(2) If X € (0,2¢], then VI(H, A, M) is a closed convex subset in H.

Proof Indeed, the conclusion (1) can be proved by variational inclusion (1.1) and the definition
of Jar,x. On the other hand, we can show the conclusion (2) by the conclusion (1), for the set of

fixed points of every nonexpansive mapping defined on H is closed convex.

3. Main results

For the purpose of proving the forthcoming main results of this paper, we need firstly prove

a lemma:

Lemma 3.1 Let H be a real Hilbert space, A : H — H be an a-inverse-strongly-monotone
mapping, M : H — 2" be a maximal monotone mapping, and S : H — H be a nonexpansive
mapping. Suppose that A € (0,2«]. Then we have the following conclusions:

(1) The mapping I — SJ(M,\)(I — AA) is monotone.

(2) It i (@) = Tara, ()| < Rosi2nl g gy (@)|| for all @ € H, where the real
sequence {\,} C [a,b] C (0,2q].

Proof For any x,y € H, we get by Propositions 2.6 and 2.7
(I =SJ(M,\)(I = AA))z — (I = ST(M,\)(I = AA))y, = —y)
> [l =yl = [1ST(M, N)(I = X))z — ST(M, M) (I = AA))yl| - [l — ]|
> |z —yl* ~lla —y|* =0,
which has proved the conclusion (1).
Next, we begin to prove the conclusion (2), newly given in this paper.
For any given x € H, let
u=Jy .. (x) and v =Jy (7).

Since M : H — H is maximal monotone, we have

T T gy < fu— P 4 e — |- flz— o] - flu— o]
-——u—v) < — U—v — —— | Jlx=v] - |Ju—2],
A An+1 An

0<(

/\n+1 /\n n+1
which deduces

173, 342 () = Taax, (2)]] <

Antl — An
Pott =20l o g, @)1

Now, we study the convergence of the implicit composite iteration

{ Ty = Qn f(2n) + (1 — ay)SYn,

Yn > 0. (3.1)
Yn = J]W,)\(xn - )\Al'n),

Theorem 3.2 Let H be a real Hilbert space, A : H — H an «-inverse-strongly-monotone

mapping, and M : H — 2H a maximal monotone mapping. Assume, S : H — H is a nonexpan-



706 R. F. RAO

sive mapping, and f : H — H is a contractive mapping with a contractive constant 3 € (0, 1).
Suppose that VI(H, A, M) is the set of solutions for the variational inclusion (1.1), and the set
F(S)NVI(H, A, M) # 0.

Then we have the following two conclusions:

(1) There exists the unique solution p € F(S) N VI(H, A, M) for the following variational
inequality in F(S) N VI(H, A, M):

(f = Dp,z—p)y <0, forallze F(SYNVI(H,A,M). (3.2)

(2) If the sequence {x,} is defined by the implicit composite iteration (3.1), then {z,}
defined by (3.1) converges strongly to the unique solution p for the variational inequality (3.2) in
F(S)NVI(H, A, M), where X € (0,2a] and {ay,} is a real sequence in (0,1), satisfying lim «,, =
0.

Proof First, we claim that the sequence {x,, } given by the implicit composite iterative algorithm
(3.1) is well defined.
Indeed, for each n > 0, we define a mapping T}, : H — H by

To(x) = anf(z) + (1 — an)S(Ju, a(x — Nzx)), VaeC.

Since both Jz, » and (I — AA) are nonexpansive, it is easily known that the mapping SJar, (1 —
AA) is nonexpansive. Hence, T), is a contractive mapping for each integer n > 0. Then Banach

contractive mapping principle yields a unique fixed point z,, € H of T,,, satisfying
Tn = Tn(Tn) = anf(Tn) + (1 — an)S(Inm, a(xn — MAzy,)), for an arbitrarily given n > 0.

Secondly, we claim that both {z,} and {y,} are bounded.
Indeed, for any x € F(S)NVI(H,A, M), we know from Lemma 2.13 that © € F(S) N
F(Ja, (I = AA)). Then we get by (3.1)

lon — 2l < (1= (1= B)an) |2 — z]* + an(f (z) — 2,20 — @),

which deduces

20 =l < T=5(f@) — 2., —2)
< %ﬁnf(w) ] flan — 2] (3.3)

This implies ||, — z|| < ﬁ”f(x) — z||. Thus, {z,,} is bounded, and hence all the sets {f(x,)},
{(I =2z}, {Im, (I — AA)xy} (or {y,}) and {Sy,} are bounded.
On the other hand, for any = € F(S) N VI(H, A, M), we can see it by (3.1) and the inverse

strong monotonicity of A that
lzn — 55H2 < apl|f(zn) — x||2 + (1= on)llyn — 55H2
< ol f(zn) = 2]* + (1 = an)llzn = AMa, — (2 — Az)|?
< anllf(@n) = z)* + 1+ (|2 — 2] + AA = 20)|| Az, — Az[]?),
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which together with lim,, o, a,, = 0 deduces

an |l f(@n) — $||2
A2a = N)

For any = € F(S)NVI(H, A, M), it follows from Propositions 2.6, 2.7 and (3.1) that

Az, — Agc||2 <

— 0, asn— oo.

|Yn —:L'||2
= || I, A (%0 — ANAzy,) — Jar s (z — AA)|]?
<A{(zp, — Mxyp) — (x — NAz),y, — 1)

707

(3.4)

= %(II(% = Muzy) = (2 = M)|* + [lyn — 2]* = (@ — Man) — (2 = AM2) = (4 — 2)|°)

IN
—

2
This implies

lm — 211 < llzm — 2l = n — gll? = N2 Ao — Aal]® + 2\(z — y, A — A2).
Thus, we get by (3.1) and (3.5)

lzn — $||2 < anllf(2n) — x”Q + (1 = an)|lyn — $||2

<1-([Jzn - I||2 — [|n — yn||2 - /\2||A33n - A33||2 +2XMzp — Y, Azn — Ax))+

an | f(zn) — 33||2a
which together with (3.4) implies
2 = yall® < N[ Azn — Az||* + 2M@n — yn, Azn — Az) + | f(zn) — z]|* — 0.
Then we get by (3.6) and Proposition 2.7
1
HAxn - Ayﬂ” < EHxn - yn” — 0.
In addition, we get by (3.1)
2n — Synll = anl| f(zn) = Syull < an(|[f(zn)ll + 1Synll) — O,
which together with (3.6) deduces
lyn = Synll < lyn — 20l + l2n — Syull — 0.
Thus,

lzn — Szoll < (|20 — yull + lyn — Synll + |Syn — Szn |
<2lzn — Yull + [|[yn — Syull = 0, asn — oo.

([lzn — IHQ + [lyn — IHQ — [|n — yn||2 - /\2||A33n - A33||2 +2XM@p — Yn, Azn — Ax)).

(3.5)

(3.6)

(3.7)

By the boundedness of {x,}, there exists a weakly convergent subsequence {x,,} C {z,} such
that z,, = g € H as ¢ — co. Then we know by (3.7) and Lemma 2.12 that ¢ € F/(S). In virtue

of (3.6) and x,, — ¢, we can prove easily that y,, — g € F(S) as i — co.
Next, we claim g € F(S)NVI(H, A, M).

Indeed, since A : H — H is a-inverse-strongly-monotone, we deduce from Proposition 2.7

that A is a hemi-continuous bounded monotone mapping with D(A) = H. It follows from Lemma
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2.8 that M + A is maximal monotone. Let (v,g) € Graph(M + A), i.e., g — Av € M(v). Since
Yn; = Jma(Tn; — ANxy,), we get x,, — AAzy, € (I + AM)y,, or
1
X (xm — Yn; — )‘A:Cm) € Myni'
Since M is maximal monotone, we get

1
kY (xm —Yn; — )‘Axm» > 07

— Yn., g — Av —
(V= Yn;, g — Av 3

which deduces

1
<U - ymug> > <U - ym?AU + X (‘Tnz —Yn; — )‘Axm»

1
in virtue of ||Az, — Ay, || — 0 and ||z, — yn|| — 0. Letting i — oo, we have (v — ¢, g) > 0. Then
the maximal monotonicity of M + A yields 8 € (M + A)q, and hence ¢ € VI(H, A, M), which
has proved that ¢ € F(S) N VI(H, A, M).

By z,, — ¢, and by interchanging = with ¢ in (3.3), we get

v _ynmx’ﬂi _y”lz> - 0

1 .
me_qH2§ moc((ﬁ_%xm_(ﬁ_}o? as 1 — o0,

which implies z,,, — ¢ € F(S)NVI(H, A, M).

Next, we claim that ¢ solves the variational inequality (3.2), i.e.,
(f —Dg,z—q) <0, forallze F(S)NVI(H, A, M). (3.8)

Indeed, it follows from (3.1) that

Thus,

Then, for any x € F(S)NVI(H, A, M), we get by Lemma 2.13 that z = Sz = (SJ(M,\)(I —
AA))x. Thus, we get by (3.1) and Lemma 3.1

1—a,

<(I—f)xn,xn—x> = -

1—a,

(n — SYn, xn — )
an

(I = ST(M, NI — AA))p — (I — ST(M, NI — AA))z, 2, — ) < 0. (3.9)

an
Interchanging x,, with z,, in (3.9), we can easily prove and obtain (3.8) as a result of x,,, — q.
This also implies that {x,,} is sequentially compact.

Next, we prove the uniqueness of the solution for the variational inequality (3.2) in F(S) N
VI(H, A, M).

Indeed, if there exists another element p € F(S) N VI(H, A, M) satisfying (3.2), we have

(f = Dp,x —p) <0, forallze F(S)NVI(H,A, M). (3.10)
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Then we get by adding (3.8) and (3.10)

A =Alp—al* < = flp =T = fla.p—a) <0,

which implies p = gq. Hence, below we can denote by p the unique solution for the variational
inequality (3.2) in F(S)NVI(H, A, M).

Finally, we have also proved lim, ., 2, = p since {x,} is sequentially compact and each
cluster point of {z,,} equals p. This completes the proof of Theorem 3.2. O

Now we are in the position to give the main result of this paper:

Theorem 3.3 Let H be a real Hilbert space, A : H — H be an «a-inverse-strongly-monotone
mapping, M : H — 2H a maximal monotone mapping, and S : H — H a nonexpansive mapping.
Assume, f : H — H is a contractive mapping with a contractive constant 3 € (0,1), VI(H, A, M)
is the set of solutions for the variational inclusion (1.1), and the set F(S) N VI(H, A, M) # 0.
Suppose that xq is an arbitrarily given point in H, and the sequence {x.,} is generated by xo € H

and the composite iteration

Tn+1 = o f(2n) + (1 — an)Syn,
Yn = JM, An (xn - )\nAxn)a

Vn>0

- 3

(3.11)

where {\,} C [a,b] C (0,2a], and {w,} is a real sequence in [0,1], satisfying the following
conditions: (i) an — 0; Y07 an = 00;

(i) Yoozo lant1 — an| < oo (or limy, .o ag—:l =1); Xalo [Ant1 = Anl < o0

Then the sequence {x,} generated by (3.11) converges strongly to such an element p €
F(S) N VI(H,A,M) that p is just the unique solution for the variational inequality (3.2) in
F(S) N VI(H, A, M).

Proof Firstly, we know from the conclusion (1) of Theorem 3.2 that there exists the unique
solution p € F(S) N VI(H, A, M) for the variational inequality (3.2) in F(S) N VI(H, A, M).
Secondly, we point out that {z,} generated by (3.11) is bounded.
Indeed, for any given n > 0, we get by (3.11), Lemma 2.13, Proposition 2.6 (1) and Proposi-
tion 2.7(2) that

[7ns1 =PIl < @ullf(ea) = ) + £) — pll + (1 = )| Sym — o
< anll ) =l + (1~ (1= el — p]
< max{llzn - pll 7=511/) ~ oI}

Mathematical induction method yields

1
lzn = pll < max{llzo = pll, 7—51/ () = pll},  for alln > 0.

Hence, {z,} generated by (3.11) is bounded, and so are all the sequences {f(z,)}, {Ax,},
{(I = Az}, {Iarn, (I — AA)xn}, {yn} and {Sy,}. Thus, there exists a constant M > 0
such that

[ Az [+[|f (o) |+ (T =An A zn [+ Taz, x,, (T=An A)n [+ [y [+ Synll + |2l +[Ipll < M, ¥ = 0.
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Next, we claim that
[#n+1 —@nll = 0 and  ||yn — yn-1] — 0. (3.12)
Indeed, it follows from (3.11), Proposition 2.7 and Lemma 3.1(2) that

||yn+1 - yn”
< I A1 (@1 = A1 ATn41) = I, a, (Tng1 — Anp1 ATng1) [+

||JM, An (InJrl - >\n+1A$n+1> - JM, An (:En - AnA-fn)H

2M

< T|/\n+1 =Ml F 1Tt — 2all + [An = Anga] - [[Azn |
2M

< (T"‘Mﬂ)‘n-ﬁ-l_)‘n|+||xn+l_$n||= Vn > 0.

Thus, we can get by (3.11) and the equality above
[Znt1 = @n
= [[(an = an-1)(f(@n-1) = Syn—1) + (1 = an)(Syn = Syn—1) + an(f(@n) = f(zn-1))l
< (1= (= Ban)llzn = zuall + (254 M)Aus = Aal + 2MJay — s, Yn 2 1.
Now we know from the conditions (i), (ii) and Lemma 2.10 that ||z, — z,—1|| — 0 as n — oc.
Hence, |[yn+1 — ynl < (B 4+ M)|Ant1 — M| + [|#n41 — 2o ]| — 0, and (3.12) is proved.
Then we get by (3.11) and (3.12)
l2n = Synll < llzn = Syn-all + 1Syn—1 — Syal
< an-1|[f(@n-1) = Syn—1ll + [|yn—1 — yull — 0.
From (3.11) and the inverse-strong-monotone mapping A, we have
Znt1 = plI* Sanl| f(zn) =PI + (1 = an)llyn — pl?
<ol f(zn) = plI* + (1 = an)llzn — AnAzn — (p = X Ap)|®
<an|f(@n) = pl* +1- (lzn = plI* + An(An = 20)[|Azs — Ap|?),
which implies

anlf(@n) = plI? + (lzn = pll = &ns1 = pID(J2n = pll + [l2nt1 = pl)

Az, — Ap||? <

Iz~ Apl? < =
< onllf@n) =pI* + (20 = nir D20 =Pl + 202 —pl)
- a(2a — b)

Since Jp, 5, is 1-inverse-strongly-monotone, we get by (3.11)
[y — pl®
= [ Ia10, (L = M A)zn = Jas, (I = Xn A)pl®
< <(I - )\nA)xn - (I - )‘nA)pa Yn _p>
1
= 51T = A A)zn = (T = A A)pl|* + llyn = pII* = 17 = AnA)zn = (I = X A)p = (0 = P)I*)

1
5 Ulzn =217+ llyn = I” = 20 = yall* + 220 (20 = yn, Azp = Ap) — X3 | Az — Ap]*),

IN
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which deduces

[yn = 2lI* < 20 =2l = |20 = yall* + 2Xn (20 — Yn, Azn — Ap) — X3|| Az, — Ap|®.
Then we get by (3.11)

[#ni1 — pl?
< an [ f(@n) = plI* + (1 — an)llyn — plI®
<1 ([on = plI? = 20 = yall® + 200 (@ = yn, Azn — Ap) — A2 || Az, — Ap[*)+
anl| f(zn) = pll?,

which deduces

zn _yn||2
<(lzn = plI* = [2n1 = pII*) + 2An (@0 — yn, Az — Ap) — X2 | Azy — Ap|l* + || f(2n) — pl?
<Nwn = Znsr (20 = pll + 2t = pl) + 26([@nll + lyn ) Az — Apl| + cn (1 £ ()| + [Ip]))* — O
Thus, we get by ||z, — Syn| — 0 that
|zn — Szul| < |on — Synll + |SYn — Szl < |20 — Synll + [|lyn — zul| — 0. (3.13)

Since the sequence {(f(p) — p,xn — p)} is bounded, limsup,,_, . (f(p) — p,x» — p) exists, and
hence there exists a subsequence {z;} C {x,} such that
limsup(f(p) = p,n — p) = lim (f(p) = p,xi = p).
Then we know from the boundedness of {x;} that there exists a subsequence {z;} C {z;} such
that ; — w as j — oo. Now we can see it by (3.13) and Lemma 2.12 that w € F(S).
Next, since ||z, — yn|| — 0 has been proved, we can see it by the Lipschitz continuity of the
map A that

|Az,, — Ayn|| — 0, as n — oo.
Now, similarly to the proof of Theorem 3.2, we can also prove by Lemma 2.8 that w € VI(H, A, M).
Hence, w € F(S)NVI(H, A, M). It follows from the definition of p that

limsup(f(p) =p,zn —p) = lim (f(p) =p,zi =p) = lim (f(p) =p,zj —p) = (f(p) =p,w —p) < 0.

n— oo :jﬂoo
Set
Yo = max{(f(p) — p,zn —p),0}, Vn>0.

Then it is easily known that ~, > 0 and lim,, .o, v, = 0.
Finally, we prove x,, — p as n — oo.
In fact, we get by (3.11) and Lemma 2.11

[2n1 = plI* < (1= an)?[lzn = pl* + 200 (f(2n) = P, Tpi1 — D).
In addition,

20, (f(wn) = Py Tnt1 — p) =200 (f(zn) — f(p) + f(P) = P, Tns1 — D)
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<anB(llan — Bl + [2ns1 — pI2) + 200 70s1.
Thus, we have
2nt1 = p? < (1= an)®[len = plI* + anB(llzn = pl* + [2ns1 = plI*) + 2007041,
(1 = anB)llzntr = pl* < (1 = an)® + anf)zn — plI* + 200 n1.
We get by lim,,—, a,, = 0 that there exists a positive integer n; > 0 satisfying
2(1-pPay, €[0,1) and 1-—a,0> % , Vn>n.
Hence,

20, (1 = 3) 2 O‘i 2, 20 Yn+1
2202 o — P+ = — 4+ I
< (1 =201 = B)ag)||zn — pH2 + 2O‘n(M20‘n +29n41), Vn>ng.

lent1 —pl* < (1

Now, taking A\, = 2(1 — B)an, an = ||zn — p||%, bn = 200 (M2, + 279,41), and ¢, = 0 for all
n > ni, we can get by Lemma 2.10 that x,, — p as n — oco. This completes the proof. O
Particularly in Theorem 3.3, if we set \,, = A € (0, 2¢], then Theorem 3.3 yields the following

immediate corollary:

Corollary 3.4 Let H be a real Hilbert space, A : H — H an a-inverse-strongly-monotone
mapping, and M : H — 2H a maximal monotone mapping. Assume, S : H — H is a nonexpan-
sive mapping, and f : H — H is a contractive mapping with a contractive constant 5 € (0,1).
Suppose that VI(H, A, M) is the set of solutions for the variational inclusion (1.1), and the
set F(S)NVI(H,A, M) # (. zo is an arbitrarily given point in H, and the sequence {z,} is
generated by x¢o € H and the composite iteration

{ Tpt1 = an f(Tn) + (1 — an)Syn,

Vn >0,
Yn = JM,)\(xn - )\A(En),

where A € (0,2a] and {a,} is a real sequence in [0, 1], satisfying the following conditions:
(i) an — 0; 307 gy = 00;
(ii) Zzo:o |an+1 — an| < 00 or limy, o ag—:l =1.

Then the sequence {x,} converges strongly to such an element p € F(S)NVI(H, A, M) that p
is the unique solution for the variational inequality (3.2) in F(S) N VI(H, A, M).

Corollary 3.5 Let C' be a nonempty closed convex subset of a real Hilbert space H, A: C — H
an a-inverse-strongly-monotone mapping, f : C — C' a contractive mapping with a contractive
constant 3 € (0,1). Assume, S : C — C is nonexpansive so that F(S) N VI(C, A) # (. zo is an
arbitrarily given point in C, and the sequence {x,} is generated by xy € C' and the composite

iteration

Vn >0,

Tn+1 = anf(xn) + (1 - an)Synu
Yn = PC(xn - )\nAIn);
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where {\,} C [a,b] C (0,2a], and {«a,} is a real sequence in [0, 1], satisfying the following
conditions:

(i) an —0; fo:o Qn = OO;

(i) 3o lon+1 — am| <005 3207 0 [Ang1 — An| < o0
Then the sequence {xz,} converges strongly to such an element p € F(S)NVI(C, A) that p is the
unique solution for the following variational inequality in F/(S) N VI(C, A):

((f = Dp,x—p) <0, forallze F(S)NVIC,A).

Proof In Theorem 3.3, we take M = 06c : H — 2 where §¢ : H — [0, 00] is the indicator

function of C, a nonempty closed convex subset of H. Namely,

0, xz e,
éo(z) = oo v dC

Then the variational inclusion problem (1.1) is equivalent to the variational inequality (1.3), i.e.,
finding = € C such that
(A(z),y —x) 20, VyeCl.

The restriction of Jy », on C' is an identity mapping Jas, |c = I by virtue of M = 9é¢. Thus,
Yn = Po(zy, — MAxy) = Jun, (Po(zn, — ApAzy)).
Hence, the conclusion of Corollary 3.5 can be obtained from Theorem 3.3 immediately.

Corollary 3.6 Let H be a real Hilbert space, A : H — H an a-inverse-strongly-monotone
mapping, and f : H — H a contractive mapping with a contractive constant 3 € (0,1). Assume,
S : H — H is a nonexpansive mapping such that F(S)NVI(H, A) # (). zo is an arbitrarily given

point in H, and the sequence {x,} is generated by xq € H and the composite iteration

Tnt1 = anf(xn) + (1 — an)SYn,

Vn >0,

Yn = Tn — )\nA:Eny
where {\,} C [a,b] C (0,2a], and {«,} is a real sequence in [0, 1], satisfying the following
conditions:

(j) apn — 0; fo:o Qp = OO;

(i) D07 ol — o] < 00; 307 o [Ang1 — An| < 00.
Then the sequence {x,} converges strongly to such an element p € F(S) N VI(H, A) that p is
the unique solution in F(S) N VI(H, A) for the following variational inequality:

((f = Dp,z—p)y <0, forallze F(S)NVI(H,A).

Proof In Theorem 3.3, we may take M = 9§ : H — 2 where 6 : H — [0,00] is defined by
d(z) = 0 for all x € H. Then the variational inclusion problem (1.1) is equivalent to finding
x € H such that

(A(x),y —x) >0, VyeH. (3.14)
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Then Jas,, = I in virtue of M = 99. Thus,

Yn = Im, (Tn — AAzp) = T — M Azy,.
Hence, the conclusion of Corollary 3.6 can be obtained from Theorem 3.3 immediately.

Corollary 3.7 Let H be a real Hilbert space, T : H — H a k-strictly pseudocontractive
mapping, and f : H — H a contractive mapping with a contractive constant 5 € (0,1). Assume,
S : H — H is a nonexpansive mapping such that F(S) N F(T) # (. zo is an arbitrarily given
point in H, and the sequence {x,} is generated by xo € H and the iteration x, 11 = o, f(xn) +
(1 —an)S((1 = A)xn + ATxy), Le.,
Tnt1 = an f(zn) + (1 — an)SYn,
{ Yn = Tn — A (I = T)xp,

where {\,} C [a,b] C (0,2a], and {«,} is a real sequence in [0, 1], satisfying the following
conditions:

(i) an —0; > 07 ) ay = 00;

(i) 3o lom+1 — am| <005 32070 (At — An| < o0
Then the sequence {x,} converges strongly to such an element p € F(S) N F(T) that p is the
unique solution in F(S) N F(T) for the following variational inequality:

((f =Dp,x—p) <0, forallze F(S)NF(T).
Proof We may take A =1 — T, then A is %—inverse—strongly monotone. We claim F(T) =
VI(H, A).
Indeed, for any x € F(T), we know, x must be a solution of the variational inequality (3.14),
which implies © € VI(H, A), and hence F(T) C VI(H, A).
Next, for any « € VI(H, A), then x is just a solution of the variational inequality (3.14), i.e.,

(I-T)(z),y—xz)>0, VyeH (3.15)

Particularly, letting y = Tz in (3.15), we get ||z — Tz|| < 0, which implies € F(T), and hence
VI(H,A) C F(T). Now we have completed the proof immediately by Corollary 3.6.

Remark (1) Corollary 3.5 is just [17, Proposition 3.1], and [17, Theorem 3.1] can be deduced by
Theorem 3.2. Moreover, Corollaries 3.6 and 3.7 extend [17, Proposition 3.1] and [17, Theorem
4.1] from self-maps to nonself-maps. These mappings involved include nonexpansive mapping,
contractive mapping and k-strictly pseudocontractive mapping.

(2) Taking f(x,) = u in Corollary 3.4, we can obtain [9, Theorem 2.1] in view of Lemma

2.9 and Lemma 2.12, for p € F(S)NVI(H, A, M) solving the variational inequality (3.2) is just

Prsynvi(m,a,myu-
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