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Abstract For aright R-module N, we introduce the quasi-Armendariz modules which are a com-
mon generalization of the Armendariz modules and the quasi-Armendariz rings, and investigate
their properties. Moreover, we prove that Ng is quasi-Armendariz if and only if Mm(N)u,, (r)
is quasi-Armendariz if and only if 75 (N)r1,, (r) is quasi-Armendariz, where M, (N) and T, (V)
denote the m x m full matrix and the m x m upper triangular matrix over N, respectively. Nrg is
quasi-Armendariz if and only if N{z]g[y) is quasi-Armendariz. It is shown that every quasi-Baer
module is quasi-Armendariz module.
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1. Introduction

Throughout this paper R denotes an associative ring with identity, N denotes a right R-
module and rg(X) denotes the annihilator of the subset X of N in R. Let R[z] and N|xz] be the
polynomials over R and N, respectively. Rege and Chhawchharia [1] introduced the notion of
an Armendariz ring. They defined a ring R to be an Armendariz ring if whenever polynomials
f(x) = ap+arz+---+apa?, g(x) = bo+brx+---+byx? € Rlx] satisfy f(x)g(x) = 0, then a;b; = 0
for each i and j. The name “Armendariz ring” was chosen because Armendariz [2] had noted
that a reduced ring satisfies this condition. Some properties, examples and counterexamples of
the Armendariz rings were given in Rege and Chhawchharia [1], Armendariz [2], Anderson and
Camillo [3], Huh et al. [4], and Kim and Lee [5]. Following Anderson and Camillo [3], Ng is
called Armendariz if, whenever n(z)g(z) = 0 where n(z) = no + nix + --- + npa? € N|z] and
g(x) =by+ bz + - -+ bgx? € Rlz] , then n;b; = 0 for all 7 and j. In [6], Lee and Zhou studied
some properties of this module. According to Hirano [7], a ring R is called quasi-Armendariz if

whenever polynomials f(x) = ap + a1z + - - - + apa?, g(x) = by + bix + - - - + byx? € R[x] satisy
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f(z)R[z]g(x) = 0, then a;Rb; = 0 for each ¢ and j. He showed that the class of quasi-Armendariz
rings is Morita invariant, and if R is a quasi-Armendariz ring, then R[z] is quasi-Armendariz.
Motivated by the results above, in this paper, we introduce the notion of quasi-Armendariz
modules which are a generalization of Armendariz modules and quasi-Armendariz rings. We give
the equivalent characterizations of the quasi-Armendariz rings and study the relations between
the set of annihilators of the submodules of IV in R and the set of annihilators of the submodules
of N[x] in R[z]. We also show that Ng is quasi-Armendariz if and only if M., (N )y, (r) is quasi-
Armendariz if and only if T3, (N)r,, (r) is quasi-Armendariz. Furthermore, it is showed that
the polynomial modules over the quasi-Armendariz modules are quasi-Armendariz and every

quasi-Baer module is quasi-Armendariz.

2. Main Results
We start with the following:

Definition 2.1 Let N be a right R-module. N is said to be a quasi-Armendariz module if
whenever n(z) = ng + mz + --- + npa? € Nz, g(x) = bo + bz + -+ + bgz? € R[z] satisfy
n(z)R[z]g(x) = 0, then n;Rb; = 0 for all i and j.

Example 2.2 Several simple examples of quasi-Armendariz modules can be given:

(1) R is a quasi-Armendariz ring if and only if Ry is a quasi-Armendariz module.

(2) Every submodule of a quasi-Armendariz module is quasi-Armendariz. In particular, if T
is a right ideal of a quasi-Armendariz ring, then I is a quasi-Armendariz module.

(3) Every direct sum and direct product of quasi-Armendariz modules are quasi-Armendariz.

(4) If Ny is a quasi-Armendariz R;-module for each t € T, then [[, IV is a quasi-Armendariz
1, Ri-module.

An R-module N is torsionless if it is a submodule of a direct product of copies of R. If N
is a faithful right R-module, then R is a submodule of a direct product of copies of N. We can

obtain the following result easily.

Theorem 2.3 Let R be a ring. The following statements are equivalent:
(1) R is quasi-Armendariz;
(2) Every projective right R-module is quasi-Armendariz;
(3) Every finitely generated projective right R-module is quasi-Armendariz;
(4) Every cyclic projective right R-module is quasi-Armendariz;
(5) Every torsionless right R-module is quasi-Armendariz;

(6) There exists a faithful right R-module which is quasi-Armendariz.

Lemma 2.4 Let n(z) € N[z] and f(z) € R[z]. Then n(z)Rf(x) = 0 if and only if n(z)R[z]
flx)=0.

In the following, we use Lemma 2.4 freely without any mention.

Proposition 2.5 A right R-module N is quasi-Armendariz if and only if every finitely generated
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submodule of N is quasi-Armendariz.

Let 6 : R — A be a ring homomorphism and let N be a right A-module. Regard N as a right
R-module via 6. Buhphand and Rege [8, Proposition 2.5] showed that if N4 is Armendariz, then
Npg is Armendariz. However, if N4 is quasi-Armendariz, N need not be quasi-Armendariz.
For example, take S and M>(R) in Example 2.14. Let 6 : S — M(R) be the inclusion
homomorphism. By Example 2.14, M>(R) is a quasi-Armendariz right M3(R)-module but not

quasi-Armendariz right S-module.

Proposition 2.6 Let § : R — A be an onto ring homomorphism. Then N is a quasi-

Armendariz A-module if and only if N is a quasi-Armendariz R-module.

Proof Suppose that N is a quasi-Armendariz A-module. Let n(z) = Y7  n;a* € N[z] and
g(z) =327, bjz! € R[z] such that n(z)R[z]g(z) = 0. One can obtain that n(z)0(R)0(g(z)) = 0,
where 0(g(z)) = >27_, 0(b;)z7 € Alz]. Since 6 is onto, we have n(z)Af(g(z)) = 0. By hypothesis,
n;A0(b;) = 0 for all i and j. Thus, n;Rb; = n;0(Rb;) = n;A0(b;) = 0 for all + and j. Therefore

N is a quasi-Armendariz R-module. The proof of the converse is similar to that above. O

Corollary 2.7 Let 6 : R— A be an onto ring homomorphism. Then A is a quasi-Armendariz

ring if and only if A is a quasi-Armendariz R-module.

Remark 2.8 If N is a right R-module, R denotes the ring R/rg(N) and E(N) = Endg(N)
denotes the ring of endomorphisms of N. With those notations, we consider the following
conditions.

(1) The right R-module N is quasi-Armendariz.

(2) The right R-module N is quasi-Armendariz.

(3) R is a quasi-Armendariz ring.

An application of Proposition 2.6 yields the equivalence of conditions (1) and (2); since the
right R-module N is faithful as a right R-module, applying (6) = (1) of Theorem 2.3 we get
(2) = (3). The following example shows that (3) = (1) does not hold.

Example 2.9 Let K be a field of characteristic 2 and R = K|z, y] be a polynomial ring over
K. Take the factor ring A = K[z,y]/(z?,y?) of R by the ideal (22,y?) generated by z? and
y?. By [7, Example 3.6], R is a quasi-Armendariz ring and A is not a quasi-Armendariz ring.
Let # : R — A be the natural epimorphism. By Corollary 2.7, A is not quasi-Armendariz as
a right R-module. Now, we take N = R@ A. Then N is R-faithful, but N (which has A as a
submodule) is not quasi-Armendariz as a right R-module. This shows that (3) = (1) does not
hold in Remark 2.8.

For f € R|[z], the content Ay is the ideal of R generated by the coefficients of f. For any subset
S of R[z|, As denotes the ideal >, 5 Ay. According to [7], a ring R is called quasi — Gaussian
if Aypg = ApAy for all f, g € R[z]. Hirano [7, Theorem 4.1] showed that R is quasi-Gaussian if
and only if every homomorphic image of R is quasi-Armendsriz. A ring R is right duo if every

right ideal of R is two-sided. By Proposition 2.6, we have the following result.
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Proposition 2.10 Let R be a right duo ring. R is quasi-Gaussian if and only if every cyclic
right R-module is quasi-Armendariz.

Let N be a right R-module and C' be the centre of R. If S is a multiplicatively closed subset
of C, then S™'N has an S~!R-module structure. The module N is S-torsion free if whenever s

is an element of S and n is a nonzero element of NV, we have ns # 0.

Proposition 2.11 Let N be S-torsion free. The right R-module N is quasi-Armendariz if and
only if the right S~'R-module S~ N is quasi-Armendariz.

Proof Suppose that N is quasi-Armendariz. Let n(z) = Y7  2z' € S7IN[z] and f(z) =

i=0 s

1o %o’ € ST'R[z] with n(z)S™'Rf(z) = 0. Since N is S-torsion free, it is easily obtained
that n'(z)Rf' () = 0, where n’(x) = >27_;niz’ € N[z] and f'(z) = Y2I_; a2’ € Rlz]. Since N
is quasi-Armendariz, we have n;Ra; = 0 for all i and j . It follows that %S~ 'R% = 0 for all 4
and 7, and we have that S™'N is quasi-Armendariz.

Conversely. Let n(z) = Y°7_;niz’ € N(z] and f(z) = >1_; a;27 € R[z] withn(z)Rf(z) = 0.
Then we have n(z)S™'Rf(z) = 0. Since S™!N is quasi-Armendariz, n;S~!Ra; = 0 for all i and
j. As N is S-torsion free, n;Ra; = 0 for all ¢ and j. Therefore N is quasi-Armendariz.

We write M,,(R) and T, (R) for the m x m full matrix ring and the m x m upper triangular

matrix ring over R, respectively. For a right R-module N, let

nir N1z 0 Nim
n21  N22 -+ N2m o
M, (N) = ] ] . ) [ni; € N,i,j7=1,2,...,m p,

Nim1 Mm2 - Nimm

nip N1z - Nim
0 noa -+ nom o

Tm(N) = S . Inij € N,1<i<j<m

0 0 o T

Similar to that of Lee and Zhou [6], M, (N) and T, (N) become the right modules over M,,(R)

and T,,, (R) respectively under usual addition and multiplication of matrices.

Theorem 2.12 Let N be a right R-module and m a positive integer > 2. Then the following
statements are equivalent:

(1) N is a quasi-Armendariz right R-module;

(2) M, (N) is a quasi-Armendariz right M,,(R)-module;

(3) T, (N) is a quasi-Armendariz right T,,(R)-module.

Proof (1) = (2). It is easy to see that there exists an isomorphism of abelian groups:

M, (N)[z] = M, (N[z]) via ZAﬂi — (Z ni,z'), where A; = (n',) € M,,(N).

Let f(z) = Y7, Aia® € M,,(N)[z] and g(z) = >0 Bjz) € My, (R)[z] satisfy f(z) M, (R)[x]
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g(z) = 0, where A; = (n’,) € M,,(N) and Bj = (b,) € M,,(R). Then, by the isomorphism

above, we have

f11 f12 ce flm g11 giz2 - 9gim
for fa2 o fom 921 g22 - g2m

. o . My, (Rz]) . o . =0,
fml fm2 e fmm 9dm1 gm2 e Imm

where fo = Y0 gniat € Nlz], g = Y7 bl,27 € R[z]. Since cey, € M,y (R) for any ¢ € R

and any matrix unit e,, € M,,(R), we have

f11 f12 ce flm g11 gi2 - 9gim
for fo2 o fom 921 g22 - g2m

. . . . Cluv . . . . = 0.
fnl fn2 e fmm 9dm1 gm2 e Imm

It follows that fsucgy,r = 0 for all 1 < s,u,v,t < m, and so fsRgyt = 0. Since N is quasi-
J

Armendariz, niuRb ;=0forall 0 <i<p 0<j<qgandl < s,u,v,t < m. Now we can
easily conclude that A;M,,(R)B; = 0 for all ¢, j. Therefore, M,,(N) is a quasi-Armendariz right
M, (R)-module.

(2) = (1), Let n(x) = >} gnia’ € Nlz| and g(x) = XI_(bja/ € R[z] such that

n(x)R[z]g(x) = 0. Let

n(z) 0 glz) 0
0 n(x 0 x
o(x) = ! Csw=|
0 0 - nx) 0 0 - g

It follows that a(x)M,, (R[z])B(z) = 0. By the hypothesis, we have that

e 0 - 0 a; 0 - 0
0 n; - 0 0 a; -~ 0

. My (R . =0
0 0 - m 0 0 - aj

for all ¢ and j. So n;Ra; =0 for all ¢ and j. Hence the assertion holds.
The proof of (1) < (3) is similar to that of (1) < (2).

Corollary 2.13 Let R be a ring and m a positive integer > 2. Then the following statements
are equivalent:

(1) R is quasi-Armendariz;

(2) Mp,(R) is quasi-Armendariz;

(3) Tm(R) is quasi-Armendariz.

Clearly, Armendariz modules are quasi-Armendariz. But the converse need not be true by
[1, Remark 3.1] and Corollary 2.13. Let R be a subring of a ring S with 1g € R and Ny C Lg.
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According to Lee and Zhou [6, Remark 1.11], if Lg is Armendariz, then Ng is also Armendariz.
One may conjecture that if Lg is quasi-Armendariz, then Npg is also quasi-Armendariz. However

the following example erases the possibility.

a b

Example 2.14 Let T be a reduced ring. Then R = { ( 0 ) |a,b € T } is quasi-Armendariz

a
by [9, Proposition 1.2]. By Corollary 2.13, M2(R) is quasi-Armendariz ring, but S = R x R is
not a quasi-Armendariz ring.
A B
Let S = 0 A |A,B eER. Clearly, SS g MQ(R)]WQ(R)'
Let

N 0 N -1 N 0 N T
f(x)z(o N)—i—(o N):v, g(x)z(o N>+<O N):CES[:E],

0 1 1 0
where N = < 0 0 ) and [ = ( 0 1 ) € R. Then f(z)S[z]g(x) =0, but

(3003

0 N T
S # 0. Thus S is not quasi-Armendariz.
N 0 N

Let R be a ring and S be a subring of M,,(R) such that e;Se;; C S for alli,j € {1,...,m}
where e;; denotes the (4, j)-matrix unit. In [7, Theorem 3.12], Hirano showed that if Rp is

. : N
implying that 0

quasi-Armendariz, then Sg is quasi-Armendariz. In fact, this need not be true in general. For
example, take R and S in Example 2.14. Let T/ = M3(R). Then M,,(S) is a subring of M, (T")
satisfying the hypothesis above. By Example 2.14, Ty, is quasi-Armendariz. But M,,(S)a,, (s)
is not quasi-Armendariz by Corollary 2.13. His gap lies in the fourth-last line of p.50, where he
thinks the set {c € Rlcepq € eppReqq} as the ideal of R. In [9, Theorem 1.3], the author made
the same gap. But this does not affect their main results.

From [6, Theorem1.12], we can infer that Ng is Armendariz if and only if N[z]g[,) is Armen-

dariz. For the quasi-Armendariz module, we have the following result.

Theorem 2.15 Let N be a right R-module. Then N is quasi-Armendariz if and only if N[x] g

is quasi-Armendariz.

Proof Suppose that N is quasi-Armendariz. Let n(T') € N[z][T] and ¢(T) € R[z][T] with
n(T)R[z][T)g(T) = 0. Write n(T) = no(z) + n1(2)T + -+ + nyp(x)T? and g(T) = go(z) +
g1(z)T+ -+ + gq(x)T? where n;(z) = 302y aisz® € N[z] and gj(z) = Y./% bjiz’ € R[z] for all i
and j. Let k = degno(z) +degni(z)+-- - +degn,(x) +deg go(x) +- - - +deg gq(x), where the de-
gree of n;(z) is as polynomial in N[z], the degree of g;(z) is as polynomial in R[z] and the degree
of the zero polynomial is taken to be 0. Then n(z*) = ng(z) + n1(z)z* + - - - + n,(z)2* € N[z],
g(@®) = go(z) + g1(x)z* + - -+ + g4()2"? € R[] and the set of coefficients of the n;(z)’s (resp.,
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gi(r)'s) equals to the set of coefficients of n(xz*) (resp., g(z¥)). Since n(T)R[z][T]g(T) = 0,
n(T)R[x]g(T) = 0. Since  commutes with the elements of R, we have n(z*)R[z]g(z*) = 0. By
the hypothesis, we get a;sRbj; = 0 for all 4, j, s and ¢. Thus n;(z)R[z]g,;(z) = 0 for all ¢ and j.

Conversely, suppose that N[z] is quasi-Armendariz and let n(z) € N[z] and g(z) € R[z] with
n(z)R[z]g(x) = 0, where n(z) = Y7_na’ and g(z) = Y°7_; bja’. Thus, for any ¢ € R we have
the following equations:

TLQCbO = O,

nocb1 + n10b0 = 0,

Hence, for any h(z) € Rz],
noh(l')bo = O,

noh(I)bl + nlh(x)bo = 0,

Now, take n(T) = »7_gn/T* and g(T) = >9_b;T77. By the equations above, we have
a(T)R[x]g(T) = 0, and so 7(T)R[z]|[T]g(T) = 0. By the hypothesis, n;R[z]b; = 0 for all i
and j. Thus n;Rb; = 0, proving the statement.

Hirano [7, Theorem 3.16] showed that if R is quasi-Armendariz, then R[] is quasi-Armendariz.

By Theorem 2.15, the converse is also true.

Corollary 2.16 R is quasi-Armendariz if and only if R[x] is quasi-Armendariz.
For a right R-module N, we put rAnng(sub(N)) = {rg(5)|S is a submodule of N}. The

following result is a generalization of that of [5, Proposition 3.4].

Proposition 2.17 Let N be a right R-module. Then the following statements are equivalent:
(1) N is quasi-Armendariz;
(2) ¥ :rAnng(sub(N)) — rAnng,(sub(N[z])) defined by A — AR|x] is bijective.

Proof (1) = (2). Let A € rAnng(sub(NV)). Then there exists a submodule N’ of N such that
A = rr(N’). Clearly, N'R[x] is a submodule of N[z] and N'R[z]AR[z] = 0. Thus, AR[z] C
7Rz} (N'R[z]). Let g(x) = >75_, bja? € g (N'R[z]). Then N'R[z]g(x) = 0. Hence N'Rg(z) =
0, and so N'Rb; = 0, b; € rr(N'R) = rr(N’) for all j. Thus g(x) € AR[z] and 7, (N'R[z]) =
AR[z]. Consequently, 1) is a well-defined map. Assume that B € rAnnpp,(sub(N[z])). Then
there exists a submodule S of N[z] such that B = 7g[;](S). Let By and S; denote the set
of coefficients of elements of B and S, respectively. We claim that rg(S1R) = BiR. Let
n(z) = YV _gnx’ € S and g(x) = Y 1_;bja’ € B. Then n(x)R[z]g(x) = 0. Hence n;Rb; = 0
for all ¢, j, since N is quasi-Armendariz. Thus b; € rg(S1R) for all j, and so BiR C rr(S1R).
Clearly rr(S1R) C B1R, hence 7g[;1(S) = B1R[z].

(2) = (1). Letn(x) = 3°7_niz’ € N(z] and g(z) = >1_( bja’ € Rlz] satisty n(x) R[z]g(z) =
0. Then g(x) € rpp(n(z)R[z]) = AR[z], where A is an ideal of R. Hence b, b1, ...,by € A, and
so n(z)Rb; = 0 for all j. Thus n;Rb; = 0 for all 4, j. Therefore N is quasi-Armendariz.
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A submodule S of a right R-module N is called a pure submodule if S Q@ L — N @ L is
a monomorphism for every left R-module L. Following Tominaga [10], an ideal I of R is said to
be left s-unital if, for each a € I, there is an = € [ such that za = a. If an ideal I of R is left
s-unital, then for any finite subset F' of I, there exists an element e € I such that ex = z for all
x € F. By [11, Proposition 11.3.13], for an ideal I, the following conditions are equivalent:

(1) I is pure as a right ideal of R;

(2) R/I is flat as a right R-module;

(3) I is left s-unital.

Theorem 2.18 Let N be a right R-module. Then the following statements are equivalent:
(1) rr(nR) is pure as a right ideal in R for any element n € N.
(2) TRz (n(x)R[z]) is pure as a right ideal in R[x] for any element n(x) € Nlx].

In this case, N is quasi-Armendariz.

Proof (1) = (2). First we shall prove that N is quasi-Armendariz. Let n(z) = >%_; n;z* € N|z]
and g(z) = -7, bjz! € R[z] satisfy n(x)R[z]g(z) = 0. We will prove that n;Rb; = 0 for all i, j.

Let ¢ be an arbitrary element of R. Then we have the equation:
(no +niz+ -+ npaP)e(bo + iz + - - - + byx?) = 0. *)

Thus n,cby = 0. Hence by € rr(n,R). By hypothesis, rr(n,R) is left s-unital, and hence there
exists e, € rr(npR) such that epby = by. Replacing ¢ by ce, in Eq.(*), we obtain that

(no +mnix + - +ny_12P )eey(bo + bz + - - + bya?) = 0.

It follows that n,_icepby = 0. That is, n,_1¢by = 0. Hence by € rr(n,—1R). Since rgr(np—1R)
is left s-unital, there exists f € rr(np—1R) such that fbo, = by. If we put e,—1 = fep, then
ep—1bg = by and e,—1 € Tr(npR + np—1R). Next, replacing ¢ by ce,—1 in Eq.(*), we obtain
np—2cby = 0 in the same way as above. Hence we have b, € rgr(npR + np—1R + n,_2R).

Continuing this process, we obtain n;yRb, = 0 for £ =0,1,...,p. Thus
(no +nix + - - + npa? ) R[z](bo + by + - - - + bg_1277 1) = 0.

Using induction on p + ¢, we have n; Rb; = 0 for all 7, j.

Let g(z) = Y21_o bj2’ € rppp)(n(z)R[z]), where n(z) = >7_ nia’ € Nz]. Thenn(z)R[z]g(x)
0. Since N is quasi-Armendariz, we obtain n;Rb; = 0 for all j = 0,1,...,¢. Since rgr(n;R) is
left s-unital, there exists e; € rr(n;R) such that e;b; = b; for all j. Take e = epe; - --e,. Then
e € N_yrr(n;R) and eb; = b; for all j. Hence e € rg(n(z)R[z]) and g(z) = eg(x). Therefore,
rRiz](n(2)R[z]) is left s-unital.

(2) = (1). Let n be an element of N. Then rg[,(nR[z]) is left s-unital. Hence, for any
b € rr(nR), there exists a polynomial f € 7g[,j(nR[x]) such that fbo = b. Let ap be the constant
term of f. Then ag € rr(nR) and apb = b. This implies that rg(nR) is left s-unital. Therefore
the condition (1) holds. O

Corollary 2.19 ([7, Theorem 3.9]) Let R be a ring. Then the following statements are equiva-
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lent:

(1) rr(aR) is pure as a right ideal in R for any element a € R;

(2) 7R (f(x)R[z]) is pure as a right ideal in R[x] for any element f(x) € R[x].

In this case, R is quasi-Armendariz.

Lee and Zhou [6, Definition 2.1] called a right R-module N quasi-Baer if the right annihilator
of every submodule of NV in R as a right ideal is generated by an idempotent. Let N be a quasi-
Baer module and n € N. Then rg(nR) = eR for some ¢? = ¢ € R, and so R/rr(nR) = (1—¢e)R
is projective. Therefore a quasi-Baer module satisfies the hypothesis of Theorem 2.18. Hence we

have the following result.

Corollary 2.20 Every quasi-Baer module is quasi-Armendariz.
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