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Abstract In this paper, we deal with a Dirichlet problem for linear elliptic equations related
to Gauss measure. For this problem, we study the converse of some inequalities proved by other
authors, in the sense that we study the case of equalities and show that equalities are achieved
only in the “symmetrized” situations. In addition, under other assumptions, we give a different
form of comparison results and discuss the corresponding case of equalities.
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1. Introduction

In this paper, we discuss the following problem

Z Dj(ai;Diu) + Z D;(bju)+ > diDiu+cu = fo, in Q,
(Pl) 1,7=1 1= 1=1
u =0, on 012,

where  is an open subset of R” (n > 2) with Gauss measure less than one, ¢(z) = (27)"%
exp(— ﬂ) is the density of Gauss measure, a;j;, b;, d;, ¢ and f are measurable functions on 2
such that

(1) aij/e, c/p € L>(Q), aij

(1) Zz] 1 a’l]( )5157 > SD(:E

(i) O, bi(z) + di(2))? )% < Rp(x), a.e. € Q, R> 0;

(iv) i Dibi(@) + c(z) = co(@)p(2) in D'(Q), co € L=(Q);
(v) feL*(p Q).

When € is bounded, by means of Schwarz symmetrization it is possible to compare the

z) = aji(z), a.e. z €
€%, ae. x € Q, VE € RY;

=

(
)

solutions of an elliptic equation with the solutions of a simpler one which is defined on a ball and
has spherical symmetric data [2-4,27,28]. A comprehensive bibliography on this issue can be
found in [16, 26, 31]. In [1,19, 20], Kesavan, Alvino, Lions and Trombetti have studied the case of
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equalities in some comparison results for uniformly elliptic equations without lower order terms.
They showed that equalities are achieved only in spherical symmetric situations. Ferone and
Posteraro have extended their results to more general elliptic equations [18]. The case of equalities
in some comparison results for L!-norm or L>-norm of the solutions has been discussed in [8] for
degenerate Dirichlet elliptic problems or Hamilton-Jacobi equations. However, by observing the
proofs in the articles mentioned above, we find that it is essential for the distribution functions of
solutions to “symmetrized” problems to be absolutely continuous. That is why until now there
are no conclusions on the case of equalities in comparison results for general elliptic equations
[4].

In recent years, by using Gauss symmetrization, some comparison results on an (possibly
unbounded) open subset of R™ have been obtained for some elliptic and parabolic equations
[6,12,14,15]. In this paper, we study the case of equalities in these comparison results. Compared
with Schwarz symmetrization, the excellent property of Gauss symmetrization (see Lemma 4.1)
allows us to deal with this kind of problems for general elliptic equations. Actually, we get a
conclusion that if equalities hold in the comparison results, the original problem is equivalent to
its “symmetrized” problem in the sense of weak form modulo a rotation. Moreover, we show a
different form of comparison results under other assumptions and discuss the corresponding case

of equalities.

This paper is organized as follows: In Section 2, we give some notations and preliminary
results; In Section 3, the main results of this paper are stated; In Section 4, we finish the proof

of the main results.

2. Notations and some preliminary results

In this section, we recall some definitions and some preliminary results which we shall need

in the following proof of the main results.

Definition 2.1 We say 7, is the n-dimensional Gauss measure on R", if
- |$|2 n
dy, = p(z)dx = (27) " 2 eXp(—T)dx, z e R",
normalized by v,(R™) = 1.
Set

Nl=

o0 2
(1) =y, ({x €eR" : 2y > 7}) = (27m)~ / exp <—%> dt, Vr € RU{—00,+00}.

We observe in [21] that

, exp(—200)
lim (27) 2 ——— 22 =1. (1)
t—0+,1- t(2log %)5

1y% 1y3
Remark 2.1 By virtue of lim;_, o+ M = /2, limy_,; - M = 0 and observing that
t(1—logt)2 t(1—logt)2
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exp(— {),12(02) is a continuous function on (0,1), it follows from (1) that
(I)_l t 2
and
O1(t)? 1
exp (— T ) = Cat(1 —logt)¥, 1€ (0,10) ®)

where t( is any value of (0, 1), C; is a positive constant and Cs is a positive constant depending
on to. Note that v,(Q) < 1, thus (2) and (3) hold on (0, v, (£2)).

Definition 2.2 The perimeter in the sense of De Giorgi with respect to Gauss measure of §)
will be

Po(@) =sup { [ divol@hil@)de: v = (1. 00) € (CHRM)", sup o] < 1},

z€R™
For exhaustive treatment of weighted perimeter in the sense of De Giorgi we refer to [23]-[25]

and the references therein. We just mention that as 92 is (n — 1)-rectifiable,

P.(Q) = /a (@), (da),

where H,,_1 denotes the (n — 1)-dimensional Hausdorff measure.
Moreover, it follows from [23]-[25] and [11] that if u € Wy (¢, Q),

+oo
/ Vu@lp)ds = [ Pola € s lu(w)] > nhdn (1)
{zeQ:|u(z)|>t} t
The following isoperimetric inequality with respect to Gauss measure [9,17,21] can be proved
that for every measurable subset €2 of R",
P,() 2 P, (2,
where QF denotes the set {z = (21,22,...,7,) € R™ : 21 > A} with A chosen such that
T (€2) = 'Yn(Qﬁ)' Clearly, A = q)il(ﬁYn(Qﬁ))'
Definition 2.3 If u is a measurable function in €2, we denote by
(a) u* the decreasing rearrangement of u with respect to Gauss measure, i.e.,
w*(s) =inf{t > 0: u(t) < s}, se€l0,v.(Q)],

where p(t) = v, ({z € Q : |u| > t}) is the distribution function of u.

(b) uF the increasing Gauss symmetrization of u, i.e.,
uf(z) = u(®(xy)), z € QF,

where Qf = {x = (z1,72,...,2,) € R" : 21 > A} is the half-space such that v, (Q) = v, ().

(c) The decreasing Gauss symmetrization of u will be
ug(2) = un(®(11)), =€,

where
ui(s) = u (1 (Q) — ), s € (0,7(2))
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is the increasing rearrangement of u with respect to Gauss measure.
General results about the properties of rearrangement with respect to a positive measure can
be found in [13,23-25,29]. We just recall that

(d) If w and v are measurable functions, Hardy-Littlewood inequality

'Yn(Q)
/ wa(s)0* (s)ds = / wy(@)ob @)y < [ Ju(@)o(@)|dy,
0 Qf Q
VH(Q)
uf(z)vf (z)dy, = uw*(s)v*(s)ds
S/m()()dv / (s)v*(s)d

holds.

(e) The weighted LP-norm is invariant under Gauss symmetrization
[ull 2,0 = 4]l oo 06) = 0" | o0y 1< p < o0
(f) Polya-Szégo principle
VU || Lo (p08) < | VU]l Lo(p,0), 1< p < 400 (5)

holds. This result can be found in various papers, for example, [11] and [17] for Gauss measure,

[23]-[25] and [29] for all the measures which enjoy an isoperimetric inequality.

3. Statement of the main results
In this section, we state the main results of this paper.

Definition 3.1 wu is a weak solution of problem (P1), if u € Hg(¢,) and
/ a;;D;uDjipdx — / b;uD;dx —I—/ d; D;updx —I—/ cupdr = / fouvdx (6)
Q Q Q Q Q

holds for all ¢ € H}(p, Q).

At first, we give a comparison result between the solution of problem (P1) and a simpler
Dirichlet problem which is defined on a half-space and whose coefficients depend only on the first
variable [6,12,14, 15].

Let

cd (z) = max{co(7),0}, ¢y (z) = max{—co(x),0},

(@) = (@) & (2) = (e (@)F.

Proposition 3.1 Assume that (i)—(v) hold. Let u € H}(p,Q) be a weak solution of problem
(P1). If the following “symmetrized” problem

—Ds(pD1v) — RpDyv + (cg, — o F)ov = fhp, in QF,
(P2)
v =0, on 90!

has a solution v(x) = v*(z), then
(I) As co(x) <0, we have

u*(s) < v*(s), s €[0,m(Q)] (7)
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(II) Ascg (z) # 0, we have

u*(s) <v*(s), s€l0,s!], (8)
/,S exp(R® 1 (0))u*(0)do < /IS exp(R® ! (0))v* (0)do, s € [sh, 1 ()], (9)

where s} = inf{s € [0,7,(Q)] : cd,(s) > 0}.

Theorem 3.1 Under the same assumptions of Proposition 3.1, if equalities hold in (7)—(9), then
uf(r) = v(z), a.e. v € QF,

Q=0F

u(z) = euf(z), a.e. v € QF,

ain(z) = 6ap(z), ae. v € QN\E, V1 <i<n,

bi(x) +di(x) = —Rojp(x), ae. x € QF\E, V1 <i<n,

f(x) =ceff(z), ae. x € QF,

(
:21 Dibi(z) + c(z) = [efy () — ¢ * ()] (@) in D'(QF)

modaulo a rotation, where E = {x € Q% : Vo(x) = 0} and ¢ = +1.
Remark 3.1 As b;(z) =0 in (P1), assumption (iv) turns into

c(z) > co(z)p(x), a.e. xz €.
In this case, the comparison results were discussed in [14]. However, we find that results given

in [14] are incorrect. Here we show the correct results (see Proposition 3.1).

In the case d;(z) = 0, to obtain a different comparison result, we need to make the following
assumption:

(vi) c(z) > co(x)p(x), a.e. x € Q.

Proposition 3.2 Assume that (i)-(iii), (v) and (vi) hold and d;(z) = 0. Let u € H}(p,Q) be
a weak solution of problem (P1). If

(p3) | ~D1(eDrv) + RDi(gv) + (e — o Jpv = fp, in QF,
v =0, on 9N
has a solution v(x) = v¥(x), then
(I) Asco(xz) <0, we have
u*(s) < v (s), s€0,7.(Q)]. (10)
(II) As cf(z) # 0, assume (iv) also holds. Then we have

u*(s) <v*(s), sel0,s], (11)
/ls u*(o)do < /ls v*(o)do, s € [sh,7.(Q)], (12)

where s} = inf{s € [0,7,(Q)] : ¢, (s) > 0}.
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Remark 3.2 As cp(x) > 0 and Q is bounded, under the assumptions of Proposition 3.2 (II),
some comparison results have been obtained in [30] by using Schwarz symmetrization. However,
as 2 is unbounded, there are no results under such assumptions up to now. Here we give a result
by using Gauss symmetrization.

In addition, we have a similar result to Theorem 3.1.

Theorem 3.2 Under the same assumptions of Proposition 3.2, if equalities hold in (10)—(12),
then

uf(z) = v(z), a.e x € QF

=0t

u(z) = eub(z), a.e. x € QF,

ain (x) = dinp(x), ae. x € Qf, V1 <i<n,

bi(x) = Rép(x), a.e. x € QF, V1 <i < n,

f(z) =cfi(z), a.e z € QF,

c(x) = [cgy(z) — ¢ F(@)]p(x), ae € QF

modulo a rotation, where ¢ = +1.

Remark 3.3 From Theorems 3.1 and 3.2, one can know that if equalities hold in the comparison
results of Propositions 3.1 and 3.2, the original problem is equivalent to its “symmetrized”
problem in the sense of weak form modulo a rotation. That is to say that the comparison results

obtained in Propositions 3.1 and 3.2 are sharp.

4. Proof of the main results
In this section, we give the proofs of Theorems 3.1-3.2 and Propositions 3.1-3.2.

Proof of Proposition 3.1 We give a brief proof since the arguments are the same as in [4]
and [14].
Letting h > 0, ¢ € [0,sup |u|] and

sign(u(z)), if Ju(z)] >t + b,
P(z) = QuloltsienCul@)) i 4 < y(a)| < ¢+ b (13)
0, otherwise

in (6), we obtain

d

w(t)
- ul?ode <exp (— -1 ox “1(, (g _
d {\u|>t}|v pde <exp (~Re (M(t)))/o p (R~ (0)) [f*(0)

Co(0)u* (o) + ¢ *(0)u*(0)] do (14)
and

—u*/(s) <2mexp (@_1(5)2) exp (—R@_l(s)) /OS exp (R@‘l(o)) [f (o) —

cou(0)u*(0) + cg " (o)u*(0)] do, s € (0,7 (). (15)
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Furthermore, considering the “symmetrized” problem (P2), we can proceed in the same way

except for that the inequalities should be replaced by equalities. Thus we can get

d

v(t)
i IVt = (<R W) [ exp (RE70) (1 (0) -

cgo(0)v*(0) + ¢ *(0)v* (0)] do, (16)
and

—v'(s) =2mexp (@‘1(5)2) exp (—R@‘l(s)) /OS exp (R@_l(a)) [f*(o) —
()0 (0) + g *(0)v*(0)] do, s € [0,7,(Q)], (17)

where v(t) is the distribution function of v.
Thus we complete the proof of Proposition 3.1 by following the same steps as in [4]. O

Before proving Theorem 3.1, we recall the following lemma.
Lemma 4.1 ([7,11]) Let Q be a measurable subset of R™ and u € H}(p,). Then
[Vub]| p2p.00) = VUl L2(p,0)
holds if and only if Q = QF and |u| = u* modulo a rotation.
Proof of Theorem 3.1

Case I ¢o(z) <0.
Since u*(s) = v*(s), s € (0,7,(f2)), integrating both sides of (14) and (16) between 0 and

+o00, we can deduce that

/|Vu|2g0dac§/ Vo2 pda. (18)
Q o
It follows from Polya-Szégo principle and (18) that
/ |Vuu|2g0dx§/ |Vu|230d:10§/ |VU|2cpdx:/ |Vt | pda. (19)
ot Q o Qi
Thus
/ |Vuu|2g0d:v=/ |Vu|*pd. (20)
o Q

By Lemma 4.1, we have
Q= 0% and |u| = v modulo a rotation, (21)

which imply that v depends only on the first variable.
Letting ®(z1) = s, we set u(s) = u(®71(s)) = u(z1). Thus

[a(s)| = u(s), s € [0, ()] (22)

Since u € Hg(p,Q), by Polya-Szégo principle, we have u* € HE(p, %) and

4 *
|Vt |2 pdr = L e |du (s)]Pexp (—@~'(s)?) ds (23)
Qt Ly 0 ds P '
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Taking into account the fact that exp (—®~'(0)?) = 0, we obtain

'Yn(Qu) du* VH(Qu) du*
/ | . (5)]2ds < C/ | (s)]?exp (=@~ '(s)?) ds

ds
< C/ |Vuu|290dx, (24)
Qt

where 0 < a < 7,(€2) and C' is a positive constant depending on a.

Hence u* € Ny ,r, () H'[a,v,()]. From (22) we can see that u € No<a<m (@) Hlla,v,(Q)].
By the imbedding theorem in Sobolev space, we get # € C°(0, 7, (Q)].

Now we claim that % dose not change sign on (0,7,(2)). In fact, by maximum principle for
(P2), we get v¥ > 0 a.e. on QF. Thus u* = v* > 0 on (0,7,(Q)), that is [a| > 0 on (0,7,(2)). The
continuity of @ on (0, 7,(£2)) implies that @ > 0 on (0,7,(2)) or & < 0 on (0,7,(2)). Therefore,
u>0ae. onQf oru<0a.e onQF.

Using (21), we have

u = euf a.e. on OF, (25)

where € = £1. Furthermore, taking u as a test function in (6), we obtain
/ a;;DiuDjudx — / b;uD;udzx —|—/ d;uD;udx +/ cu’dr = / foudz. (26)
Q Q Q Q Q
Thus (ii) and (20) imply that
/ |Vu! Podr = / |Vu|*pdz < / ai; DiuDjudx
Qi Q Q
= / fupdx —|—/ b;uD;udx — / d;uD;udr — / cu?dz. (27)
Q Q Q Q
By using (25), (iii), (iv) and Hardy-Littlewood inequality, it follows from (27) that

/ |Vuu| gada:</ efu gada:—|—/ bu D; uﬁdx—/ diuuDiuﬁdx—/ cut?de
QF Qf
/ |f|u god:v—/ (bi—l—di)uuDiuﬁdx—i-/ 2biuﬁDiuﬁdx—/ cuf?dz
Qf Qf

fuuﬁcpdx—i—R/ uﬁDluﬁcpdx—/ cout?da
Qf Qt Ot
fuuﬁcpdx—i—R/ uﬁDluﬁcpdx—i—/ cauuﬁzdx
Qf Qt Ot
fuvcpdx—i—R/ UDlvcpdx—i—/ cguvzd:v
Q Q Q
= / |Vo2pdr = / V! | pda. (28)
Q Q
Thus equality holds through (27) and (28). In particular, we have

u |V 2pda = /’j aijDiu® Djufde, (29)
Q Q

/ (bi + di)u*D; uﬁdx—R/ uf| Vb pda (30)
Ot
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and
/ efutpdr = / | flufodz = / frutpda. (31)
Qf Q Qf
By ellipticity condition, we have
aile-uﬁDju‘i > |Vuﬁ|2<p, a.e. x € QL.

Thus (29) yields
aijDiuf Djuf = |Vuf g, ae. z € Q. (32)

Since A(z) = (a;;(z)) is a symmetric matrix, ellipticity condition implies that the first eigenvalue
of A(x) is larger than or equal to ¢(z) for almost all z € Qf. On the other hand, by virtue of
co(z) <0in Q, from (17) and the fact u* = v* we can see that

—u*(5) >0, s€(0,7(9Q)). (33)

Hence
Vil (z) = (u¥(21),0,...,0) #0, ae. v € Q% (34)

That is to say Q\E = QF up to a zero measure set.
From (32) and (34), we can observe that the first eigenvalue of A(z) is indeed p(z) with

Vut(z) as eigenvector for almost all z € Q¥ that is
A(z)Vuf (z) = p(z) Vil (), ae z € QF

which shows that
air(r) = dpnp(x), ae x € QF V1 <i<n.

In addition, taking into account the fact that

—(bi(z) + di(2))uf () Diu® (x) < Ro(x)uf(x)| Vb ()], ae. z € QF
by (30), we get

—(b1(z) + dy (2))u? (x1)u? (1) = Ro(x)uf (1) )u? (x1), ae. x € QF,

which gives
bi(z) + di(z) = —Rp(z), a.e. z € QF,

Thus the above equality and (iii) imply that
bi(x) +di(z) =0, ae.z € Q) 2<i<n.

Moreover, since p(t) is continuous in this case, we can proceed similarly to the Appendix in [1]
and conclude from (31) that f(z) = ef*(x), a.e. x € QF.
Finally, by Definition 3.1, we have

/ DyufDyappda —R/ Dluﬁ¢<pdx+/ (=b:D;(u*y) + cup) dz
Qf Ot Ot

= /Q u fbpda, Vb € Hi (0, 9Q). (35)
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On the other hand, u* also satisfies
DyutDypoda — R/ Diufpedr — / caﬁuﬂd)(pdx = / frbpdr, Vi € H (9, Q). (36)
Qt ot Qt Qt

(35) and (36) allow us to state that

/m ~b;D;(u*) + cutpdr = —/

o foutypdr, Y € HE (o, Q). (37)
o

Hence
D;(bi(2)) + elw) = —c5* (x)p(x) in D'(QF). (38)

Thus we get the desired result.

Case IT ¢ (x) £ 0.

In this case, we have that
/S exp (R (0)) u*(0)do = /S exp (R® ™' (0)) v*(0)do, s € [0,7,()]. (39)
0 0

Moreover, we observe that exp (R®~!) u*, exp (R®~1) v* € L'(0,7,(€2)). In fact, it suffices to

show the first one, since another is the same. By (3) and Holder’s inequality, we obtain
Tn (£2)
/ exp (R®™!(0)) u*(0)do
0

_ /Ovn(ﬂ) exp [_ ( 1(1)—1(0) _ @)2 + 3—]%2} eXP(M)“*(U)dU

6 2 2 0
n () 1 %
< C/O WU (0)do < cllullr2(p,0)-
Then (39) implies
u*(s) = v*(s), s € (0, (). o)

Thus, we can proceed as Case I and obtain
Q= OF and u = eu® modulo a rotation, (41)

where ¢ = £1.
Taking u as a test function, we also have (29)—(31) hold. Observing

Vil (z) = (u¥(21),0,...,0) #0, ae. 2 € Q\E, (42)
we obtain
ai1 () = dnp(x), ae.x € QN\E, V1 <i<n, (43)
and
bi(x) + di(z) = —Réi1p(x), ae x € Q\E, V1<i<n. (44)

However, we cannot get f(r) = cf#(z) a.e. x € QF from (31) as before because p(t) may not be

continuous in this case. Instead, we take ew as a test function in (6), where

T1 72 +o0 o2
w(z) = wk (z) =A exp(?)/ exp(—;)dadT
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is the weak solution of
—D1(pD = in Qf
(P4) 1(pD1w) = ¢, in QF
w =0, on 90F.

By (43), (44), (iv) and Hardy-Littlewood inequality, we get

Dyufwedr = /

/ @DluﬁDlwdx —R
Ot Ot

auDluﬁDlwdx + / (bl + dl)Dl’UJﬁde

Ot Ot

:/ [biDi(uﬁw)—cuﬂw]dx—F/ efwedr < —/ couﬁuxpdx—l—/ | f lwedz
ot ot Qt ot

S/ (—caru—l—caﬁ)uﬁwgadx—k/ fﬁwgpdx:/ oD Dywde — R | Divfwedz. (45)
Qf Qf Qf Qf

Then
/ efwedr = / |flwedz = frwpdz. (46)
Qf QF Qt

Since 7, ({w > t}) is continuous on [0, ess supw], it follows that f(z) = ef*(x) a.e. x € Q. On

the other hand, we also have
Dibi() + c(x) = [efy(@) — ¢ (@)]p(z) in D'(QF).
Thus we complete the proof of Theorem 3.1. O

Proof of Proposition 3.2 Taking ¢(z) (see (13)) in (6) and letting h tend to 0, we have

d d
- |Vul2pdr < —— biuD;udx + / (Ifle — clu|)dz. (47)
dt J(jui>y At J(jui>ty {ul>t}
As co(z) < 0, we have ¢o(z) = —c (x). Thus
[ fle-cpluyds= [ (Iflo+cielul de 20, (48)
{lu|>t} {Ju|>t}
As ¢f (z) # 0, using (iv) gives
— i bjuD;udr = lim l / biuD;udx
At J{ju)>ty h=0 b Jrcju|<t+h}

1
= lim (—/ biD;u(|u| — t)sign udz + t—/ bﬁignqudx)
h=0 \h Jticiul<t+n) b Jge<ul<eny

= }1112% (t/ﬂ(biDi(WD —cly))dz +t/ﬂc|¢|dx)

< I —
< Jim (= [ elvledo+ [ civlae)

= t/ (¢ — cop)da < / (¢ = cop)|uldz. (49)
{ul>t} {Jul>t}
It follows from (47) and (49) that
[ Ufle=cludo= = [ (e cop)lulds (50)
{lul>t} {lul>t}

which yields
[l coclulc > 0. 1)
{lul>t}
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Thus we have proved that under the assumptions of (I) or (II), (51) holds whatever the sign of

co(x).
On the other hand, by the second equality in (49), we obtain
d 1
- — bjuD;udxr = lim t—/ bisign uD;udx
dt Jiju>y h=0 h Jcjul<i+ny
1 d
< lim Rt—/ |Vulpdr = —Rt—/ |Vulpdz. (52)
h=0 I Jcjul<tny At J{juy>ey
Applying (52) and (vi) to (47), we get
d d
G [ s <-reg [ (Vulpdok [ (Ifle - coplude (53
EJgun E St {lul>t}
(1) and the isoperimetric inequality with respect to Gauss measure imply
O (u(t))? d 3
v varen( UL (-2 [ 9upeds)” a2 (54)
2 dt J{jul>1y

By (51), (54), Holder inequality and Hardy-Littlewood inequality, (53) turns into

d / N\
- = [Vu|*pda

< Rt(— /()% + V27 exp(

[N

) — eoplulds
FORH W [ 1Sl eaplud

L -1 2 L [e@)
< mi(-p @)t +varen "4 ot [T o) - a0+
¢ *(o)u*(o)]do. (55)

Using (54) again, we get
1
—(t)

<V2rR exp(w# + 2mexp(®H(u(t))?) x

w(t)
/0 [f*(0) = cg. (0)u*(0) + 5 *(0)u*(a)]do. (56)

Using the properties of rearrangements, we deduce that

—u(s) <vBResp(C Lt + 2re (87160 [ 1700~
(010 (0) + 6 (@)t (@)da, s € [0,7a()]. 657)
Then
~(exp(-RE (5)u*(s)) <2 exp(@ ! (5) exp(-RE () [ 17(0) — e o) (o)+
(o) (@)ldo, s € [0, 7a(@)]. (5%)

Now let us consider “symmetrized” problem (P3). Proceeding in the same way except for that

the equalities are now replaced by inequalities, we have

o~ (v(t)?

d 3 Sl rrn v(t) N
(— En /{u|>t} |V’U|2spdx) =Rt(—1'(t))2 + \/%exp(f)(—y ()2 /0 [f*(0)—
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co.(0)0"(0) + cg *(0)v* (0)]do, (59)

where v(t) is the distribution function of v. Then

—1 s 2 s
—(s) =V Rexp( T )0t () + 2mexn (@ 6)?) [ [74(0)-
0

o (0)0*(0) + ¢5 " (0)v*(0)]da, 5 € [0,7(Q)]. (60)
That is
—(exp(—R® ™ (s))v*(s)) =2m exp(® ! (s)?) exp(—RD ' (s)) /Os[f*(a) — g (0)v* (o) +
g (o)™ (0)ldo, s € [0,y ()] (61)

Thus we get the desired results by following the same steps as in [4].

Proof of Theorem 3.2 Firstly, by the same arguments as in Theorem 3.1, we have that
u*(s) =v*(s), s€[0,7,(Q)]. (62)

Moreover, observing (51) in the proof of Proposition 3.2, we know that

[ 150~ 00t (@) + @ )] do 2 0. s € @)
It follows by using (61) that
— (exp (~R®7(5)) v*(5)) > 0, 5 € [0,7()]. (63)
Since exp (—R®(s)) is a positive and strictly increasing function on [0,7,(€2)], (63) yields
0(5) <0, s € (0,7a(). (64)

By observing (55), (59), (62) and (64), we proceed as Case I in Theorem 3.1 and complete the
proof. O
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