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Abstract In this paper, we consider Newton’s method for a class of entire functions with infinite
order. By using theory of dynamics of functions meromorphic outside a small set, we find there
are some series of virtual immediate basins in which the dynamics converges to infinity and a
series of immediate basins with finite area in the Fatou sets of Newton’s method.
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1. Introduction

Newton’s method is a classical way to approximate roots of differentiable functions by an
iterative procedure. We can investigate the procedure in view of complex dynamical systems.
(See [1] for general references on this subject.)

Newton’s method for a complex polynomial P(z) is the iteration of a rational function Np =

z— 1133'((2)) on the Riemann sphere. Such dynamical systems have been extensively studied in recent

years. Przytycki [2] has shown that all immediate basins (Definition 3.1) are simply connected
and unbounded. Shishikura [3] has shown more generally that if a rational map has a multiply
connected Fatou component, then it must have two weakly repelling fixed points. Tan [4] gave
a complete classification of the Newton maps of cubic polynomials.

If f(z) is a transcendental entire function, then the associated Newton map Ny will generally
be transcendental meromorphic, except in the special case f(z) = p(z)e?*) with polynomials
p(z) and ¢(z) which was studied by Haruta [5]. Bergweiler [6] proved a no-wandering-domains
theorem for transcendental Newton maps that satisfy several finiteness assumptions. Mayer
and Schleicher [7] have shown that immediate basins for the Newton maps of entire functions
are simply connected and unbounded, extending a result of Przytycki [2] in the polynomial
case. They have also shown that the Newton maps of transcendental functions may exhibit a
type of Fatou component that does not appear for the Newton maps of polynomials, so called

virtual immediate basins (Definition 3.2) in which the dynamics converges to infinity. The thesis
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8] investigated the Newton map of the transcendental function f(z) = ze® and proved that
it exhibits virtual immediate basins. While immediate basins (Definition 3.1) of roots are by
definition related to zeroes of f, a virtual immediate basin often contains an asymptotic path of

an asymptotic value at 0 for f (see [9]).

In this paper, we investigate the Newton maps Ny(z) for a class of entire functions f(z) =
(e# —1)e® P where P(2) is a real coefficient polynomial with deg(P) > 2 and P(0) # 0. In
the Fatou set F'(Ny) of N¢(z), we find that there are some series of simply connected invariant
Baker domains, which are virtual immediate basin; and that there are a series of supper-attracting
immediate basins. We also show each supper-attracting immediate basin has finite area while
each is unbounded. Moreover, in case of deg(P) = 1 and P(0) = 0, we find the immediate basin

may have infinite area (see Remark 1).

Throughout this paper, In z denotes the principal branch of the logarithm function logz =
In|z| + arg z + 2kmi, k € Z.

2. Dynamics of functions meromorphic outside a small set

To investigate the dynamics of the meromorphic function Ny(z), we need to analyse the

dynamics of function in the following class M.

M = {f : there is a compact totally disconnected set E = E(f) such that f is meromorphic
in B¢ and C(f, E¢,z) = C for all 2o € E. If E = () we make the further assumption that f is
neither constant nor univalent in C}, where the cluster set C(f, B¢, z9) = {w : w = lim,, o0 f(2s)
for some z,, € E°¢ with z, — z0}.

The class M was studied in [10]-[15]. In [13] and [14], where the basic concepts such as
the Fatou set and the Julia set and the basic properties of dynamics of functions in M were
established. It was proved in [13] that the class M is closed under composition and if f,g € M,
then E(f og) = E(9) Jg ' (E(f)). For f € M, we define f° to be the identity function with
Eo=0, f*=fof" ! then fr€ M,neN, and E, = BE(f") = U;:(Jl f79(E) = { singularities
of f="}. Let Ji(f) = U2 E, and Fi(f) = C\ Ji(f). Then Fi(f) is the largest open set in
which all f™ are defined and f(Fi(f)) C Fi(f). Asin [13], for f € M, we define the Fatou set of
f, denoted by F(f), to be the largest open set in which (i) all composition f™ are meromorphic
and (ii) the family {f™} is a normal family; and the Julia set of f, denoted by J(f), to be the
complement of F(f). If the set Ji(f) is either empty or contains one point or two points, then
f is conjugate to a rational map or entire function or an analytic map of the punctured plane
C*, respectively. In these cases the condition (i) is trivial and the Fatou sets are determined by
(ii). In all other cases, by Montel’s theorem, F(f) = F1(f) and J(f) = J1(f). It is clear that
for f € M, F(f) is open and completely invariant. Let U be a connected component of F(f).
Then f™(U) is contained in a component U,, of F(f). If for any pair of m # n, Uy, # U,, then
U is called a wandering domain of f. Otherwise, U is said to be preperiodic. If for some n € N,
U, = U, namely, f*(U) C U, then U is said to be periodic, and the smallest positive n € N is

called the period of U. For a periodic component of F(f) we have the following classification
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theorem:

Therorem A ([13]) Let U be a periodic component of the Fatou set of period p. Then precisely
one of the following is true:

(i) U is a (super)attracting domain of a (super)attracting periodic point a of f of period p
such that f*P|y — a asn — 400 and a € U.

(ii)) U is a parabolic domain of a rational neutral periodic point a of f of period p such that
™|y — a asn — +oo and a € U.

(iii) U is a Siegel disk of period p such that there exists an analytic homeomorphism ¢ :
U — A, where A = {z : |z| < 1}, satisfying p(fP(p~1(2))) = e*™*'z for some irrational number
a and ¢~1(0) € U is an irrational neutral periodic point of f of period p.

(iv) U is a Herman ring of period p such that there exists an analytic homeomorphism
0 :U — A, where A = {z: 1 < |z| < r}, satisfying o(fP(¢~1(2))) = e*™*z for some irrational
number «.

(v) U is a Baker domain of period p such that f""|y — a € J(f) as n — +oo but fP is not
meromorphic at a. If p =1, then a € E(f).

As to the local structure of rationally indifferent periodic point, with similar discussion as
that of §6.5 in [1], or §3.1.6 in [16], we have the following Theorem B and C.

Theorem B Suppose that the map f € M has the Taylor expansion
f(z) =2z — 2T 4 O
at the origin. Then for sufficiently small t, f has p petals
I, (t) = {re® : 1P < t(1 + cos(ph)); |2k77T -0 < g}, k=0,1,...,p—1

lying in distinct parabolic domains at the origin, such that:
(i) f maps each petal II;(t) into itself, and f : IIj(t) — II;(t) is conjugate to T'(z) = z + 1;
(ii)) f™(z) — 0 uniformly on each petal as n — oo;
(iii) arg(f™(z)) — %T” locally uniformly on 11}, as n +— oo;

(iv) |f(2)| < |z| on a neighborhood of the axis of each petal.

Theorem C Suppose that the map f € M has the Taylor expansion
f(2) =z +azPT 4+ O(2P2)

at the origin with a # 0. Then there is a function F(z) = z — 2P + O(2?P*!) and a polynomial
p(z) = elnTaz+522+-~+*yzp!, such that Fop = go f.

As for the relation between the dynamics of two commutable functions in M, we have:

Theorem D ([16, Theorem 3.1.14]) Let f,g € M, ¢ be a meromorphic function and ¢(f(z)) =
g(p(2)). If J(f) = Ji(f) and either co € E(f) or f(oc) # oo, then J(f) = ¢~ 1(J(g)) and
E(f) = ¢~ (F(9)).

Theorem E ([16, Theorem 3.1.17]) Let f,g € M, and exp f(z) = g(e®). If o € E(f) or
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f(o0) # oo, then exp J(f) = J(g) \ {0} and exp F(f) = F(g) \ {0}

3. Immediate basins and virtual Immediate basins

Let f : C — C be an entire function. Newton’s method of finding the zero of f consists of

iterating the meromorphic function Ny(z) defined by N¢(z) = z — f,(é)). In fact, zeroes of f

are attracting fixed points of Ny(z), and vice versa. The simple zeroes of f are super-attracting
fixed points of N(z).

Definition 3.1 Let { be an attracting fixed point of N¢(z). The basin of attraction of £ is the
open set of all points z such that (N7*(z)) converges to  as m — oo. The connected component

containing £ of the basin is called the immediate basin of §.

Definition 3.2 An unbounded domain U C C is called virtual immediate basin of Ny(z) if it
is maximal (among domains in C) with respect to the following properties:

(i) limy oo N3™(2) = oo for all z € U;

(ii) There is a connected and simply connected subdomain Sy C U such that N¢(Sy) C So
and for all z € U there is an m € N such that N3"(z) € So. We call the domain Sy an absorbing
set for U.

If f is a transcendental entire function, then the associated Newton map Ny will generally
be transcendental meromorphic, except in the special case f(z) = p(z)e?*) with polynomials
p(z) and ¢(z). Mayer and Schleicher [7] have shown that the Newton maps of transcendental
functions may exhibit virtual immediate basin that does not appear for the Newton maps of
polynomials.

Now let entire function f(z) = (e* — 1)e® F(¢7) and N;(2) be the corresponding Newton
map, where P(z) is a real coefficient polynomial with deg(P) = d > 2 and P(0) # 0. Then
N¢(z) = z+R(e*), where R(z) = —22+(Z_1Z)E§;,1()Z)_P(z)]. Let g(z) = 2efi®). Then eNs(*) = g(e?).
According to the nature of logarithmic function and e™¥+(?) = g(e*), Theorem E implies that the

dynamics of Ny in horizontal strip regions {z : (2m — 1)r < Imz < (2m + 1)7} are the same for
different m € Z. So, we just need to consider dynamics of Ny in the horizontal strip region
E={z:—rn<Imz <7}
Without loss of generality, let P(z) = agz®+ag_12% 1+ + a2+ ap with agag # 0. Then

’LU—’U}2

Ny(z) = :
1) U D™ T (@ D (@ Dagu 5 —agw v ag ¢
and 2
(z2) = zexp S .
g (d—1)agz! + ((d — 2)ag—1 — (d — 1)ag)z% + -+ —apz + ao

Theorem 3.3 In Fatou set of g(z), there are one super-attracting component V; containing 1,
one parabolic domain Vj such that g™|y, — 0 asn — +oo and d — 1 invariant parabolic domains
VE (k=0,1,...,d—2) such that g"|y;x — 0 as n — +o0.

Proof It is easy to see g(z) € M. In view of deg(P) =d > 2, R(z) — 0 as z — o0, g(z) only



924 W. F. YANG

has the pole at infinity. g(z) has two fixed points 0 and 1, moreover ¢’(0) = 1 and ¢’(1) = 0. So
by Theorem A, in the Fatou set F(g) of g(z), there is an invariant immediate super-attracting
basin Vi containing 1.

By assumption ag = P(0) # 0, g(z) has the Taylor expansion g(z) = z + %22 + 0(2%) at
the origin. Theorem B and A imply that there is an invariant parabolic domain V{ such that
9"|vy, — 0 as n — +o0.

Let o(z) = 1, and h(z) = zexp (df1)ad+((d72)ad,1(izdzizlj;:)z+~~~7a0zd+agzd+1 . Then o og(z) =
hoo(z). h(z) has the Taylor expansion h(z) = z+ mzd—i—O(zd‘H) at the origin. By Theorem
B and A, there are d— 1 invariant parabolic domains B* (k=0,1,...,d—2) such that h™|gx — 0

as n — +00. So there are d — 1 invariant parabolic domains VX = o(B*) (k = 0,1,...,d — 2)

such that 9”|Vo’g — 0 as n — +00. The proof of Theorem 3.3 is completed. O

Theorem 3.4 In the Fatou set of N;(z), there are one simply connected invariant super-

attracting basin and d invariant Baker domains in =.

Proof Since e™7(*) = g(e?) and Ny(2), g(z) € M, based on Theorem 3.3 and E, there is an
invariant immediate super-attracting basin Uy = In(V4) in the Fatou set F(Ny) of Ny(z), and
the corresponding super-attracting fixed point is 0. According to Theorem 2.7 in [7], Uy is simply
connected.

On the other hand, by Theorem 3.3 and B, g(z) has a parabolic domain Vj such that g™ |y, — 0
as n — +o00, and for positive number ¢ small enough, V) contains an absorbing petal with an
absorbing axis [ = {re?" : § = 7 + arg(ag),0 < r < t}. Consequently, Theorem E implies
N¢(z) has a component Uy = In(Vp) such that N}|y, — oo as n — +oo. Considering that

P(z) is a real coefficient polynomial, R(z) = —Z2+(Z712)Ej;,1()z)7p(z)] is a real coefficient rational

function, then the Newton map Ny(z) = z + R(e*) maps Ly = {z + iy : —o0 < & < Int,y =
7+ arg(ag) + 2kn} (k € Z) to itself, where Ly, is the image of [ of a branch of the logarithmic
function log z, and Ly = In{ lies in Uy. So Uy is not a wandering domain but a Baker domain.

Proceeding with similar discussion, we can show Ny(z) has other d — 1 Baker domains UX, =
In(VE) (k=0,1,...,d —2). The proof of Theorem 3.4 is completed. O

Theorem 3.5 In the Fatou set of Ny(z), each Baker domain is virtual immediate basin.

Proof From the proof of Theorem 3.4, each Baker domain in the Fatou set F'(Ny(z)) comes
from parabolic domain of g(z).

On the other hand, from the proof of Theorem 3.3, in a neighborhood of the origin, g(z) =
z+ (%022 +0(2%), h(2) = 2 + —+—2% + O(2%*"). Theorem C implies g(z) is conjugate to a

(d—1)aq
function Fy(z) = 2z — 22 + O(2?) via p(2) = ;—012 and h(z) is conjugate to a function Fh(z) =
2z — 2% + O(2%*1) via a polynomial 1(z) = Az + 822 + --- + 724~ V" near the origin, where

_ arg(ad)i

A= ((d—1)]ag]) TTe T
Using Theorem B, at the origin, for sufficiently small positive numbers t1, t2, s1 and sa, F1(2)
has a petal
I(t) = {re? : r < t;(1 4 cos); 0] < 7}
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with repelling axis L = {re® : 0 < r < s;,6 = 7}, and Fy(z) has d — 1 petals
T (ts) = {re® : 171 < to(1 + cos(d — 1)0); |2 _g| < —" 1
d—1 d—1
with repelling axis LF = {re? : 0 < r < 59,0 = Qk“ 7w} (k =0,1,...,d — 2). Consequently,
the Baker domain Uy = In(V}) has an absorbing set ln o~ 1(II(t)), and the Baker domain UX =
In(VX) has an absorbing set In oo o ¢~ (Il (¢)) (k= 0,1,...,d — 2). So each Baker domain is a

virtual immediate basin. The proof of Theorem 3.5 is completed. O

Theorem 3.6 In =, complement of the union of all virtual immediate basins of N;(z) has finite

area.

Proof Theorem 3.5 implies each Baker domain of Ny(z) has an absorbing set, therefore, the
complement of the union of all virtual immediate basins of Ny(z) is a subset of the complement
of union of these absorbing sets. To complete this proof, we need only to show: in =, the
complement of union of these absorbing sets has finite area.

Following the Proof of Theorem 3.5.

Let 0 < t < min{t¢y, 2}, 7r<91<7r 7r<92<d1

, 4(d )
"= {Tew cr =t(1+cosh);0; <0 <7},

={re" :r =t(1 +cos);—6; >0 > —7},

i _ 2km 2km m
fy{c:{ree:,rd 1:t(1—|—cos(d—1)9),m+92<9<m"—m},
; 2km 2km s
_ 0, ,.d—1 __ _ _ -
={re" : r*7" =t(1 4 cos(d 1)9),d_1 92>9>d_1 d—l}
(k=0,1,...,d—2). Then ; and 72 are two simple curves in I1(¢;) and ¥ and +} are two simple

curves in Ilx(t2). Accordingly, I'y = ¢~ !(y1) and Ty = ¢~ !(72) are two simple curves in the
parabolic domain in the Fatou set F(g(z)). Choose 1)~ the branch of the inverse function of ¢
which fixes 0, namely, v 7'(z) = 24+ a2 + @22 +---. Then I'f = ¢! (7f) and I'5 = v~ (74)
are two simple curves in the parabolic domain in the Fatou set F(h(z)).

Since eN7(2) = g(e*) and 0 0 g(z) = hoo(z), I'1 = Inop™ (1), Ty = Inop~!(y,), Tk =
Inoo oy~ (7F) and T§ = Inog o 9p~1(75) are simple curves in above-mentioned Baker domains
in the Fatou set FI(Ny(z)).

For ¢™1(2) = |ag| etarg(—a0) > we have

= {X(e) Lav(ey: X =maolt(1+cos0)), ¥ (6) =0 +9?ri<9—iozr, }
fy = {X(H) +iY(6) X (0) =In(|ap| t(1 + cosh)), Y (0) = 6 + arg(—ap), } '

-0, >0 > —7

Furthermore, the curve I'; is monotonously decreasing, and has an asymptote Y = 7w+ arg(—aop)

as § — 7, T'y is monotonously increasing, and has an asymptote Y = —m + arg(—ao) as 6 — —.



926 W. F. YANG

Write =1 (2) = rpe’z, where r, = |5 +arz+ag2®+- - | and 0, = arg(5 + a1z +az2?+--+)
are continuous functions. Then
X(0) = —In(ry(t + tcos(d — 1)(9)%)7 Y(0) = —0 — 0.,

I} = ¢ X(0) +iY(0) : 2% %k+1 ¢,
d_lﬂ'—|—92<9< = 17T
i X(0) = —1In(ry(t + tcos(d — 1)0)77),Y (6) = —0 — 6,,
5= X(0)+iY(0) : 2%k Bl
1" — 02> 0> T
In view of r,(z) — |3| and 6,(2) — argi as z — 0, the curve I'¥ is monotonously decreasing,
and has an asymptote ¥ = —%w — arg )\ as 0 — 2;”11# while the curve I‘k is monotonously
increasing, and has an asymptote Y = 2; ;T —arg A as § — %w.
In the same way, repelling axis L = {re?® : 0 < r < 51,60 = 7} and L* = {re? : 0 < r <

2k+1ﬂ'} respectively produce repelling axis of Nf(z) as follows:

0<r<syp,
r) =m + arg(—ap),

5259_

Inop (L) = {X(T) +4iY(r):

Inoo oy YLF) =< X(r) +iY(r) : 2k +1 1 0<r<ss
= T —arg —,
A

It is easy to see that the asymptote of I'; or Ty is the horizontal line in which In op="(L) lies
and the asymptote of f"f or 1:"5 is the horizontal line in which In oo o 9)~1(LF) lies.

Next we show that the area of each unbounded wedge sharped region between above curve
and the corresponding asymptote is finite.

The area of unbounded wedge sharped region W, between I'y and the corresponding asymp-

tote Y = 7 4 arg(—ap) is the following integration:

91 91
/ (m 4+ arg(—ap) — Y (0))dX (0) = / (m — 0)d(In(Jao| t(1 + cos b))
o1 _ (7 — 6)sin0 ™01 gsind =g
:/ &cw:/ Slindozzx/ ’ 49 < 2(m — 61),
” 1+ cosf 0 1—cosf 0 tan 6
where X (0) = In(|ag| t(1 + cosd)), Y (0) = 0 + arg(—ap). So the area of W is finite.
To analyse the area of unbounded wedge sharped region W{ between f"f and the correspond-

ing asymptote Y = —LJTW arg )\, we construct another unbounded wedge sharped region WF.

For positive numbers §; and da, we define WF to be the region between curve

6
X(6) = —ln(ﬁ(t(l + cos(d — 1)9))71),
- . 1 2k +1
“ oo o G0 = § XO) 1Y) Y0) = 0 g - - 52 L),
k 2k +1
d_17T+6‘2<9< 1-1 s
and its asymptote ¥ = —28tlx — arg 1 where (2) = ‘5A1| ciare X =023 7=0)  For some

appropriate small positive numbers §; and d3, and z € ¥, the Euclidian distance from the point
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Inoo o 1)(z) to the line Y = —%—+117r — arg + is greater than that from the point In(o o 1/_;*1(2))
to the same line, namely, '} lies above I"f. Moreover, the difference between areas of W§ and

W} is finite. The area of W is the following integration:

2k+1 2b41 2k+1 :
T 2% + 1 T (02 4 1)(FFr T — 0)sin(d — 1)0
Y(0)+ ——m +arg —)dX (0 / de
%7‘(-‘1—92( ( ) d 1 A) ( ) %_’_02 1 +COS(d— 1)9
179 (5, + 1) sin(d — 1)0 2(89 + 1) (7 — (d — 1)6s)
= do < 5
0 1 —cos(d—1)0 (d—1)2

where X (6) = — In( \/\I( (1+ cos(d— 1)9))ﬁ), Y(0) = —0 — (arg + — 62(ZEL 7w —6)). So W and
then WF has finite area.
The symmetry implies that the area of the wedge sharped region W5 between I'» and the

corresponding asymptote Y = 7 4 arg(—ag) takes the same value as the area of W7, and the area

2k+1_ 1
T —arg x

of wedge sharped region W¥ between f’§ and the corresponding asymptote ¥ = —
takes the same value as the area of WF.

Denote union of these wedge sharped regions by W and Inop~!(II(t)) U ( Z;g (Inoo o
= Ik (t)))) by II. In view of that Inop=1(II(t)) and Inoc o ¢p~1(II;(t)) are also absorbing
sets of those Baker domains respectively, and that those asymptotes alternately exist with alter-
nation as 27 and 25 respectively, Z\ (W UII) is bounded domain, and Z\II = WU (Z\ W UII)
has finite area. So the complement of the union of all virtual immediate basins of Ny(z), a subset

of 2\ II, has finite area. The proof is completed. O
Corollary 3.7 Each immediate basin of N;(z) has finite area.

Remark 3.8 In the case deg(P) = 1, ie., P(z) = a1z + ag with (a1 # 0), f(z) = (e* —

—Zz 2z z Z*Z

, Ni(2) = 2z — ==—%— and g(z) = ze=*~@0=Fa0. Then 1 is super attracting fixed

a1+ape
1)6 e2% —ape*+ag

point of g(z), and zero is either rational indifferent fixed point or essential singularity of g(z). For
example, P(z) = a1z, then g(z) = ze%, zero is essential singularity of g(z), and the attracting
basin of 1 contains region © = {reie (1< 0] < S}

In fact, if 2 € O, g(z) = z(1+ L(=2)m), and |12| = (=2reos64r%y5 < 1. Therefore,

mlm' z T

—z\m +o0
|g(2)—1| |Z_1+sz 1ml(1z ) |:|Zi(1_z)m—l|
z—1 z—1 oz

<§ <Z—<1

This implies that the attracting basin of 1 contains region O, hence, in =, the immediate basin
Up of Ny(z) has infinite area.

Remark 3.9 Let M;(z) = Ny(2)+2mi. Then Uy, Uy and UE, (k =0,1,...,n—2) are wandering
domains of M(z).
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