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Abstract We investigate the dynamics of two extensive classes of recursive sequences:

xn+1 =

c
k∑

j=0

∑

(i0,i1,...,i2j)∈A2j

xn−i0xn−i1 · · ·xn−i2j
+ f(xn−i0 , xn−i1 , . . . , xn−i2k

)

c
k∑

j=1

∑

(i0,i1,...,i2j−1)∈A2j−1

xn−i0xn−i1 · · ·xn−i2j−1
+ c + f(xn−i0 , xn−i1 , . . . , xn−i2k

)

,

and

xn+1 =

c
k∑

j=1

∑

(i0,i1,...,i2j−1)∈A2j−1

xn−i0xn−i1 · · ·xn−i2j−1
+ c + f(xn−i0 , xn−i1 , . . . , xn−i2k

)

c
k∑

j=0

∑

(i0,i1,...,i2j)∈A2j

xn−i0xn−i1 · · ·xn−i2j
+ f(xn−i0 , xn−i1 , . . . , xn−i2k

)

.

We prove that their unique positive equilibrium x = 1 is globally asymptotically stable. And a

new access is presented to study the theory of recursive sequences.
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1. Introduction

Our aim in this paper is to study the following two extensive classes of recursive sequences:

xn+1 =

c
k∑

j=0

∑

(i0,i1,...,i2j)∈A2j

xn−i0xn−i1 · · ·xn−i2j
+ f(xn−i0 , xn−i1 , . . . , xn−i2k

)

c
k∑

j=1

∑

(i0,i1,...,i2j−1)∈A2j−1

xn−i0xn−i1 · · ·xn−i2j−1
+ c + f(xn−i0 , xn−i1 , . . . , xn−i2k

)

, (1)
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and

xn+1 =

c
k∑

j=1

∑

(i0,i1,...,i2j−1)∈A2j−1

xn−i0xn−i1 · · ·xn−i2j−1
+ c + f(xn−i0 , xn−i1 , . . . , xn−i2k

)

c
k∑

j=0

∑

(i0,i1,...,i2j)∈A2j

xn−i0xn−i1 · · ·xn−i2j
+ f(xn−i0 , xn−i1 , . . . , xn−i2k

)

,

n = 0, 1, . . . , (2)

where c ∈ (0,∞), k ∈ {1, 2, . . .} and the initial conditions x−i2k
, x−i2k+1, . . . , x0 ∈ (0,∞), f ∈

C((0,∞)2k+1, [0,∞)), Aj = {(i0, i1, . . . , ij)|i0 < i1 < · · · < ij , {i0, i1, . . . , ij} ⊂ {t0, t1, . . . , t2k}},

0 ≤ t0 < t1 < · · · < t2k, and {tj}
2k
j=0 are constants.

Our research is motivated by [1–5], where the dynamics of some recursive sequences was

studied.

Hamza and Khalaf-Allah [1] investigated the global asymptotic stability of the following

rational recursive sequence:

xn+1 =

A
k∏

i=l

xn−2i−1

B + C
k−1∏

i=l

xn−2i

, n = 0, 1, . . . , (E1)

where A, B, C are nonnegative real numbers and l, k are nonnegative integers, l < k.

Nesemann [2] utilized the strong negative feedback property of [6] to study the following

recursive sequence:

xn+1 =
xn−1 + xnxn−2

xnxn−1 + xn−2
, n = 0, 1, . . . , (E2)

where the initial values x−2, x−1, x0 ∈ (0,∞).

Papaschinopoulos and Schinas [3] investigated the global asymptotic stability of the following

nonlinear recursive sequence:

xn+1 =

∑

i∈Zk−{j−1,j} xn−i + xn−jxn−j+1 + 1
∑

i∈Zk
xn−i

, n = 0, 1, . . . , (E3)

where k ∈ {1, 2, 3, . . .}, {j, j−1} ⊂ Zk ≡ {0, 1, . . . , k} and the initial values x−k, x−k+1, . . . , x0 ∈

(0,∞).

Li [4, 5] studied the global asymptotic stability of the following two nonlinear recursive se-

quences:

xn+1 =
xn−1xn−2xn−3 + xn−1 + xn−2 + xn−3 + a

xn−1xn−2 + xn−1xn−3 + xn−2xn−3 + 1 + a
, n = 0, 1, . . . (E4)

and

xn+1 =
xnxn−1xn−3 + xn + xn−1 + xn−3 + a

xnxn−1 + xnxn−3 + xn−1xn−3 + 1 + a
, n = 0, 1, . . . , (E5)

where a ∈ [0, +∞) and the initial values x−3, x−2, x−1, x0 ∈ (0,∞).

In this paper, by using an effective method which is different from the usual methods we

derive the global asymptotic stability of the positive equilibrium of the two extensive classes of

recursive sequences, whereas it is extremely difficult to use the method in the literature [1], to
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obtain the global asymptotic stability of the positive equilibrium of the two extensive classes of

recursive sequences.

To prove the global asymptotic stability of the positive equilibrium of the above two extensive

classes of recursive sequences, we construct the following class of nonlinear recursive sequence

(3):

First, let k ≥ 1 and i0, i1, . . . , i2k ∈ {0, 1, . . .} with i0 < i1 < · · · < i2k. Let F0(xn−i0 ) = xn−i0

and G0(xn−i0 ) = 1, and for any 1 ≤ j ≤ k, let

Fj(xn−i0 , . . . , xn−i2j
) =(xn−i2j

xn−i2j−1
+ 1)Fj−1(xn−i0 , . . . , xn−i2j−2

)+

(xn−i2j
+ xn−i2j−1

)Gj−1(xn−i0 , . . . , xn−i2j−2
)

and

Gj(xn−i0 , . . . , xn−i2j
) =(xn−i2j

xn−i2j−1
+ 1)Gj−1(xn−i0 , . . . , xn−i2j−2

)+

(xn−i2j
+ xn−i2j−1

)Fj−1(xn−i0 , . . . , xn−i2j−2
).

Then we can find out that the class of recursive sequence (1) and the following Eq.(3) give

rise to substantially the equivalent form.

xn+1 =
cFk(xn−i0 , xn−i1 , . . . , xn−i2k

) + f(xn−i0 , xn−i1 , . . . , xn−i2k
)

cGk(xn−i0 , xn−i1 , . . . , xn−i2k
) + f(xn−i0 , xn−i1 , . . . , xn−i2k

)
, n = 0, 1, . . . , (3)

where f ∈ C((0,∞)2k+1, [0,∞)) and the initial conditions x−i2k
, x−i2k+1, . . . , x0 ∈ (0,∞).

It is easy to see that the positive equilibrium x of Eq.(3) satisfies

x =
cFk

2k+1 elements
︷ ︸︸ ︷

(x, x, . . . , x) +f

2k+1 elements
︷ ︸︸ ︷

(x, x, . . . , x)

cGk (x, x, . . . , x)
︸ ︷︷ ︸

2k+1 elements

+f (x, x, . . . , x)
︸ ︷︷ ︸

2k+1 elements

=
c(x2 + 1)Fk−1

2k−1 elements
︷ ︸︸ ︷

(x, x, . . . , x) +2cxGk−1

2k−1 elements
︷ ︸︸ ︷

(x, x, . . . , x) +f

2k+1 elements
︷ ︸︸ ︷

(x, x, . . . , x)

c(x2 + 1)Gk−1 (x, x, . . . , x)
︸ ︷︷ ︸

2k−1 elements

+2cxFk−1 (x, x, . . . , x)
︸ ︷︷ ︸

2k−1 elements

+f (x, x, · · · , x)
︸ ︷︷ ︸

2k+1 elements

.

Thus, we have

(x − 1)[c(x2 + x)Gk−1

2k−1 elements
︷ ︸︸ ︷

(x, x, . . . , x) +c(x + 1)Fk−1

2k−1 elements
︷ ︸︸ ︷

(x, x, . . . , x) +f

2k+1 elements
︷ ︸︸ ︷

(x, x, . . . , x) ] = 0,

from which one can see that Eq.(3) has the unique positive equilibrium x = 1.

Remark Let k = 1, c = 1, f(xn−i0 , xn−i1 , . . . , xn−i2k
) = a. Then Eq.(3) is Eq.(E4) when

(i0, i1, i2) = (1, 2, 3) and is Eq.(E5) when (i0, i1, i2) = (0, 1, 3).

2. Properties of positive solutions of the two extensive classes of recur-

sive sequences.

In this section we shall study the properties of positive solutions of the two extensive classes

of recursive sequences (1) and (2).
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If we change Eq.(3) to the form:

xn+1 =
cGk(xn−i0 , xn−i1 , . . . , xn−i2k

) + f(xn−i0 , xn−i1 , . . . , xn−i2k
)

cFk(xn−i0 , xn−i1 , . . . , xn−i2k
) + f(xn−i0 , xn−i1 , . . . , xn−i2k

)
, n = 0, 1, . . . . (4)

Then it can be seen that Eq.(4) and the class of recursive sequence (2) give rise to substantially

the equivalent form.

Thus, we only need to discuss Eq.(3) (because Eq.(4) and Eq.(3) give rise to substantially

same dynamic behaviors, and the proof is similar).

Since

Fk(xn−i0 , xn−i1 , . . . , xn−i2k
) − Gk(xn−i0 , xn−i1 , . . . , xn−i2k

)

= (xn−i2k
− 1)(xn−i2k−1

− 1)[Fk−1(xn−i0 , . . . , xn−i2k−2
) − Gk−1(xn−i0 , . . . , xn−i2k−2

)]

= · · ·

= (xn−i2k
− 1)(xn−i2k−1

− 1) · · · (xn−i2 − 1)(xn−i1 − 1)[F0(xn−i0 ) − G0(xn−i0 )]

= (xn−i0 − 1)(xn−i1 − 1) · · · (xn−i2k
− 1),

it follows from Eq.(3) that for any n ≥ 0,

xn+1 − 1 =
c(xn−i0 − 1)(xn−i1 − 1) · · · (xn−i2k

− 1)

cGk(xn−i0 , xn−i1 , . . . , xn−i2k
) + f(xn−i0 , xn−i1 , . . . , xn−i2k

)
. (5)

Definition 1 Let {xn}
∞
n=−i2k

be a solution of Eq.(3) and {an}
∞
n=−i2k

be a sequence with

an ∈ {−1, 0, 1} for every n ≥ −i2k. {an}
∞
n=−i2k

is called itinerary of {xn}
∞
n=−i2k

if an = −1 when

xn < 1, an = 0 when xn = 1 and an = 1 when xn > 1.

From Eq.(5), we get

Proposition 1 Let {an}
∞
n=−i2k

be an itinerary of a solution {xn}
∞
n=−i2k

of Eq.(3). Then

an+1 = an−i0an−i1 · · · an−i2k
for any n ≥ 0.

Proposition 2 Let {xn}
∞
n=−i2k

be a solution of Eq.(3). Then xn 6= 1 for any n ≥ 1 ⇐⇒
∏i2k

j=0(x−j − 1) 6= 0.

Proof. Let {an}
∞
n=−i2k

be an itinerary of the solution {xn}
∞
n=−i2k

. Then it follows from Propo-

sition 1 that xn 6= 1 for any n ≥ 1 ⇐⇒ an 6= 0 for any n ≥ 1 ⇐⇒
∏i2k

j=0 a−j 6= 0 ⇐⇒
∏i2k

j=0(x−j − 1) 6= 0. 2

Proposition 3 If gcd(is +1, i2k +1) = 1 for some s ∈ {0, 1, . . . , 2k−1}, then a positive solution

{xn}
∞
n=−i2k

of Eq.(3) is eventually equal to 1 ⇐⇒ xp = 1 for some p ≥ −i2k.

Proof =⇒ is obvious.

⇐=. If xp = 1 for some p ≥ −i2k, then ap = 0, where {an}
∞
n=−i2k

is the itinerary of

{xn}
∞
n=−i2k

. By Proposition 1, we have aj(i2k+1)+p = aj(is+1)+p = 0 for any j ≥ 0. Since

gcd(is + 1, i2k + 1) = 1, we see that for any t ∈ {0, 1, . . . , i2k}, there exist jt ∈ {1, 2, . . . , i2k + 1}

and mt ∈ {0, 1, . . . , is + 1} such that

jt(is + 1) = mt(i2k + 1) + t,
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from which it follows by Proposition 1 that

a(is+1)(i2k+1)+t+p = 0.

Again by Proposition 1, we have an = 0 for any n ≥ (is + 1)(i2k + 1) + p, which implies xn = 1

for any n ≥ (is + 1)(i2k + 1) + p. 2

Example 1 Consider the recursive sequence:

xn+1 =
xn−i0xn−i1xn−3 + xn−i0 + xn−i1 + xn−3 + b

xn−i0xn−i1 + xn−i0xn−3 + xn−i1xn−3 + 1 + b
, n = 0, 1, . . . , (6)

where b ∈ [0, +∞), 0 ≤ i0 < i1 < 3 and the initial values x−3, x−2, x−1, x0 ∈ (0,∞). Let

{xn}
∞
n=−3 be a solution of Eq.(6). Then

1) xn 6= 1 for any n ≥ 1 ⇐⇒
∏0

j=−3(xj − 1) 6= 0;

2) {xn}
∞
n=−3 is eventually equal to 1 ⇐⇒ xp = 1 for some p ≥ −3.

Proof 1) The conclusion follows from Proposition 2.

2) The conclusion follows from Proposition 3 since either gcd(i0+1, 4) = 1 or gcd(i1+1, 4) =

1. 2

3. Global asymptotic stability of the two extensive classes of recursive

sequences

In this section we shall study the global asymptotic stability of the two extensive classes of

recursive sequences (1) and (2). To do this, we need the following lemmas.

Lemma 1 Let (y0, y1, . . . , yi2k
) ∈ Ri2k+1

+ − {(1, 1, . . . , 1)}, f ∈ C((0,∞)2k+1, [0,∞)) and M =

max{yj,
1
yj
|0 ≤ j ≤ i2k}. Then

1

M
<

cFk(yi0 , yi1 , . . . , yi2k
) + f(yi0 , yi1 , . . . , yi2k

)

cGk(yi0 , yi1 , . . . , yi2k
) + f(yi0 , yi1 , . . . , yi2k

)
< M. (7)

Proof Since (y0, y1, . . . , yi2k
) ∈ Ri2k+1

+ − {(1, 1, . . . , 1)} and M = max{yj,
1
yj
|0 ≤ j ≤ i2k}, we

have M > 1 and either M ≥ a > 1
M

or M > a ≥ 1
M

for any a ∈ {yj,
1
yj
|0 ≤ j ≤ i2k}.

It is easy to verify that

F1(yi0 , yi1 , yi2) = (yi1yi2 + 1)yi0 + (yi1 + yi2) < (yi1yi2 + 1)M + (yi1 + yi2)yi0M

= G1(yi0 , yi1 , yi2)M,

and

F1(yi0 , yi1 , yi2)M = [(yi1yi2 + 1)yi0 + (yi1 + yi2)]M > (yi1yi2 + 1) + (yi1 + yi2)yi0

= G1(yi0 , yi1 , yi2).

From which we have

F2(yi0 , yi1 , yi2 , yi3 , yi4) = (yi3yi4 + 1)F1(yi0 , yi1 , yi2) + (yi3 + yi4)G1(yi0 , yi1 , yi2)

< (yi3yi4 + 1)G1(yi0 , yi1 , yi2)M + (yi3 + yi4)F1(yi0 , yi1 , yi2)M
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= G2(yi0 , yi1 , yi2 , yi3 , yi4)M,

and

F2(yi0 , yi1 , yi2 , yi3 , yi4)M = [(yi3yi4 + 1)F1(yi0 , yi1 , yi2) + (yi3 + yi4)G1(yi0 , yi1 , yi2)]M

> (yi3yi4 + 1)G1(yi0 , yi1 , yi2) + (yi3 + yi4)F1(yi0 , yi1 , yi2)

= G2(yi0 , yi1 , yi2 , yi3 , yi4).

By induction we have that for any 1 ≤ j ≤ k,

Fj(yi0 , yi1 , . . . , yi2j
) < Gj(yi0 , yi1 , . . . , yi2j

)M

and

Fj(yi0 , yi1 , . . . , yi2j
)M > Gj(yi0 , yi1 , . . . , yi2j

).

Thus
1

M
<

Fk(yi0 , yi1 , . . . , yi2k
)

Gk(yi0 , yi1 , . . . , yi2k
)

< M.

Therefore, we get

1

M
<

cFk(yi0 , yi1 , . . . , yi2k
) + f(yi0 , yi1 , . . . , yi2k

)

cGk(yi0 , yi1 , . . . , yi2k
) + f(yi0 , yi1 , . . . , yi2k

)
< M. 2

Let n be a positive integer and ρ denote the part-metric on Rn
+ (see [7]) which is defined by

ρ(x, y) = − log min{
xi

yi

,
yi

xi

|1 ≤ i ≤ n} for x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ Rn
+.

It was shown by Thompson [7] that (Rn
+, ρ) is a complete metric space. Krause and Nussbaum [8]

proved that the distances indicated by the part-metric and by the Euclidean norm are equivalent

on Rn
+.

Lemma 2 ([9]) Let T : Rn
+ −→ Rn

+ be a continuous mapping with unique fixed point x∗ ∈ Rn
+.

Suppose that there exists some l ≥ 1 such that for the part-metric ρ,

ρ(T lx, x∗) < ρ(x, x∗) for all x 6= x∗.

Then x∗ is globally asymptotically stable.

Theorem 1 The unique equilibrium x = 1 of the two extensive classes of recursive sequences

(1) and (2) is globally asymptotically stable.

Proof Let {xn}
∞
n=−i2k

be a solution of Eq.(3) with initial conditions x−i2k
, x−i2k+1, . . . , x0 ∈

Ri2k+1
+ such that {xn}

∞
n=−i2k

is not eventually equal to 1 since otherwise there is nothing to show.

Denote by T : Ri2k+1
+ → Ri2k+1

+ the mapping

T (xn−i2k
, xn−i2k+1, . . . , xn)

= (xn−i2k+1, xn−i2k+2, . . . , xn,
cFk(xn−i0 , xn−i1 , . . . , xn−i2k

) + f(xn−i0 , xn−i1 , . . . , xn−i2k
)

cGk(xn−i0 , xn−i1 , . . . , xn−i2k
) + f(xn−i0 , xn−i1 , . . . , xn−i2k

)
).

Then solution {xn}
∞
n=−i2k

of Eq.(3) is represented by the first component of the solution {yn}
∞
n=0

of the system yn+1 = Tyn with initial condition y0 = (x−i2k
, x−i2k+1, . . . , x0). It follows from
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Lemma 1 that for all n ≥ 0 the following inequalities hold:

xn+1 > min{xn, xn−1, . . . , xn−i2k
,

1

xn

,
1

xn−1
, . . . ,

1

xn−i2k

},

xn+1 < max{xn, xn−1, . . . , xn−i2k
,

1

xn

,
1

xn−1
, . . . ,

1

xn−i2k

}.

Thus, for x∗ = (1, 1, . . . , 1) and the part-metric ρ we have

ρ(T i2k+1(yn), x∗) < ρ(yn, x∗)

for all n ≥ 0. It follows from Lemma 2 that the positive equilibrium x = 1 of Eq.(3) is globally

asymptotically stable. Therefore, the positive equilibrium x = 1 of the two extensive classes of

recursive sequences (1) and (2) is globally asymptotically stable. 2
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