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Abstract In this paper, we study the strong law of large numbers for the frequencies of occur-
rence of states and ordered couples of states for nonsymmetric Markov chain (NSMC) indexed by
Cayley tree with any finite states. The asymptotic equipartition properties with almost every-
where (a.e.) convergence for NSMC indexed by Cayley tree are obtained. This article generalizes
a recent result.
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1. Introduction

A tree is a graph G = {T, E} which is connected and contains no circuits. Thus G is a tree
if and only if given any two vertices o # t € T, there exists a unique path 0 = 21, 22,...,2;, =1t
from o to ¢t with distinct 21, 22, ..., 2. The distance between ¢ and t is defined to be m — 1, the
number of edges in the path connecting o and ¢. Select a vertex as the root (denoted by o). For
any two vertices o and t of tree T', we write 0 < t if ¢ is on the unique path from the root o to ¢.
We denote by o At the vertex farthest from o satisfying o At <t and 0 At < 0. For any vertex
t of tree T', we denote by |t| the distance between o and ¢. The set of all vertices with distance
n from the root o is called the n-th level of T'. For any vertex t of tree T', we denote the first
predecessor of t by 1;, and refer ¢ to be the son of 1;. In this article, we only investigate the tree
T, on which each vertex has two sons on the next level. In this case, there are two branches on
the next level for each vertex. In order to distinguish them, we call them the left branch and the
right branch, respectively. For any vertex ¢ of tree T', we call the son of t on the left branch the

left vertex, and the son of ¢t on the right branch the right vertex.
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Denote by T? the subgraph of T containing all the left vertices of tree 7', T" the subgraph
of T containing all the right vertices of tree T. We also denote by 7™ the subtree comprised of
level 0 (the root o) through level n, by T the set of all the left vertices on T("), and by T the
set of all the right vertices on 7. In addition, we denote by L, the set of all vertices on level
n.

Let S be the subgraph of T, X = {X;,t € S}, and denote by |S| the number of vertices of
S, x° the realization of X5,

Definition 1 Let G = {0,1,...,b— 1} be a finite state space, X = {Xy,t € T} be a collection
of G-valued random variables defined on probability space (2, F, P). Let

p=(p(x),z €G) (1)
be a distribution on G,
P = (P(yl), z.yeG (2)
PT = (PT(y|'r))7 z,y € G (3)
be two stochastic matrices on G?. If for any vertext € T, o; € T satisfies o; At < 14,1 < i <n,
we have
P(X; =yt €TXy, =2, Xy, =4, 1 <i < n)
= P(X; =y, t € T'|X1, = 2) = P(ylr), Va,y,21,...,2, € G, (4)
PX =y teT Xy, =2,X,, =z, 1 <i<n)
= P(Xt = yat € TTlet = ‘T) = P’,«(ylfﬂ), vxuyaxlu sy Ty € Gu (5)
and
P(X,=z)=p(x), Ve €@ (6)

then X = {X;,t € T} will be called G-valued nonsymmetric Markov chain indexed by Cayley
tree T with the initial distribution (1) and the transition matrices (2) and (3), or called T-indexed
nonsymmetric Markov chain with state space G.

The above definition is the extensions of the definition of T-indexed Markov chain [2] and
the definition of nonsymmetric Markov chain on Cayley tree [3].

The subject of tree-indexed processes is rather young. Benjamini and Peres [2] gave the
notion of the tree-indexed Markov chains and studied the recurrence and ray-recurrence for them.
Berger and Ye [3] studied the existence of entropy rate for some stationary random fields on a
homogeneous tree. Pemantle [5] proved a mixing property and a weak law of large numbers for
a PPG-invariant and ergodic random field on a homogeneous tree. Ye and Berger [8, 9], by using
Pemantle’s result and a combinatorial approach, studied the asymptotic equipartition property
(AEP) in the sense of convergence in probability for a PPG-invariant and ergodic random field on
a homogeneous tree (a particular case of tree-indexed Markov chain and PPG-invariant random
fields). Yang and Liu [6] studied a strong law of large numbers for the frequency of occurrence of

states for Markov chains field on a homogeneous tree (a particular case of tree-indexed Markov
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chains and PPG-invariant random fields). Yang [7] studied some strong limit theorems for
countable homogeneous Markov chains indexed by a homogeneous tree and the strong law of
large numbers and the asymptotic equipartition property (AEP) for finite homogeneous Markov
chains indexed by a homogeneous tree. Recently, Huang and Yang [4] studied strong law of large
numbers and asymptotic equipartition property (AEP) for Markov chains indexed by an infinite
tree with uniformly bounded degree. Bao and Ye [1] studied strong law of large numbers and
asymptotic equipartition property (AEP) for nonsymmetric Markov chain fields on Cayley tree.

Bao and Ye [1] studied strong law of large numbers and asymptotic equipartition property
(AEP) for nonsymmetric Markov chain fields on Cayley tree with two states, and in that paper,
P, and P, have a unique common invariant probability measure. In this paper, we generalize
the nonsymmetric Markov chain to be any finite States, and only require the stochastic matrix
P = %(Pl + P,) to be ergodic. Rather different from [1], the approach used in this paper is the
improvement of [7], that is, by constructing a martingale, we first study the local convergence
theorem for finite nonsymmetric Markov chain indexed by Cayley tree, then obtain some limit
theorems for the frequencies of occurrence of states and ordered couples of states for nonsymmet-
ric Markov chain indexed by that tree, and finally, we obtain the strong law of large numbers and
asymptotic equipartition property (AEP) with a.e. convergence for finite nonsymmetric Markov

chain indexed by Cayley tree. In fact, our present outcomes can generalize the result of [1].

2. Strong limit theorem

Lemma 1 Let X = {X;,t € T} be a T-indexed nonsymmetric Markov chain with state space
G as defined in Definition 1, and {g.(x,y),t € T} be functions defined on G*. Let Lo = {o},
Fn = J(XT("))7

AL rermn oy 9t (X1, X0)

th( A\ w) = ,
[Licreon oy Eler XX | Xy ]

(7)

where X is a real number. Then {t,(\,w), F,,n > 1} is a nonnegative martingale.

1, teT! 1, teTr
oty =4 Lo =4 ’ 8
®) {O,teTﬁ ®) {O,teTﬁ ®

Proof Let

Obviously, we have
PE"") = PX" =a™) = PlXo =] ] [Pilwdlan) OLP (ailar, )70, (9)
teT™\{o}
Hence
P(xT(n) )

Ln _ Ln T(nfl) . T(nfl) _
P(X =z |X =z )= W

= [1 [Bitaelz1,))® Q1P (o], ). (10)
teL,

Then
E[e)‘zteLn gf(Xlt’Xt)|_7-'n,1] = Z e Xiery, gf(Xlwmt)p(XLn — pln |XT("*1))

zln
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=Y Beenn G TT [P (a] X0,))7 O [P (2] 0,)) 0
xln teL,

IT > o Xuem [Py X1,)) O1P (2] X1,))

teL, Tt

H Eler XXX, ] ae. . (11)
teL,

On the other hand, we also have

e tery, 9¢ (X1, X0)

th(A,w) = th-1(\,w) ey, Bl Xo[x, ] (12)
Combining (11) and (12), we arrive at
Elt,( A\ w)|Fn1] =th—1(\,w) ae..
Thus we conclude the proof of the lemma. O
Theorem 1 Let X = {X;,t € T} and {g:(x,y),t € T} be defined as Lemma 1, and
Gn(w) = Z Elg:(X1,, X¢)| X1, ], (13)
teT(™\{0}
{an,n > 1} be a sequence of nonnegative random variables. Let oo > 0. Set
B= {nlirrgo an = 00}, (14)

and

: 1 o
D(a) = { lim sup— 7 Blg(Xy,, X)Xy | = M(w) < 00} (B, (15)
" teTm\{0}

Hyw)= Y ¢X1,,X). (16)
teT(™\{0}
Then " o
lim Hn(w) = Gnlw) =0 a.e we D(a). (17)
n—oo an

Proof The proof of the theorem is similar to that in [4], so we omit it. O

Corollary 1 Let X = {X;,t € T} be a T-indexed nonsymmetric Markov chain with state space
G as defined in Definition 1. If {g,(z,y),t € T} are the uniformly bounded functions defined on

G2, then

Jim T =0 ae. . (18)

Proof Let a,, = |[T™)]| in Theorem 1. We notice that {g(x,y),t € T} are uniformly bounded,
and then D(«) = Q for Yoo > 0. This corollary follows from Theorem 1 directly. O

Definition 2 Let

SUT™) = [{t € T X, = kY|, SW(T)) = [{t € Ths Xy = kY, Su(T}) = [{t € T3: X, = kY.
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Obviously, we have

> LX), (19)

teT(
Se(Th) = > I(X)d (), (20)

teT(m\ {0}
STy = Y (X6 (1), (21)

teT(™\{0}

where
1 =k,

Ik(l)—{ 0. itk (22)

Theorem 2 Let X = {X;,t € T} be a T-indexed nonsymmetric Markov chain with state space
G as defined in Definition 1. Let Sy(T') and Si(T) be defined as (20) and (21), respectively.

Then we have

ST ST ) _
nlinéo{ 70| _l; 2T (=] Pl(k”)} =0, ae, (23)
b—1
. Sk(Tﬁ) ST(T(n_l)) _
nlgrgo{ e —; T Pr(k|l)} —0, ae.. (24)

Proof Let g;(z,y) = Ix(y)d'(t) in Theorem 1. Then we have
Huw)= Y I(X)d'(t) = Sk(Ty), (25)

teT(m\{0}

Gn(w) = Z Z Ii(x¢) (5l Pz X4,)

teT(\{0} z:€G

b—1
= Y dmPEXy,) = Y D SO Rk
teT\{0} teT\{0} [=0
b—1 b—1
=3 > S OnX) k) = ST D) Pk, (26)
=0 teT(™\{0} 1=0

Let a, = |T™)|. Obviously {g:(z,y),t € T} are uniformly bounded functions defined on G2,

then from Corollary 1, we have

Tim |T( [Sk (1) Zsl (=1 py( k|l)] =0 ae. .
That is X
SKT) = ST Y)
nlinéo{ RO > 2T (1| Pl(k”)} =0 ae. (27)
=0

Similarly, let g:(z,y) = I (y)d" (¢t). We have

b—1
o S(T) S(r-Y) _
nh_}rrgo{ T ;:0 2TT] PT(k|l)} =0 ae.. (28)
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Thus we have completed the proof of this theorem. O

3. Strong law of large numbers and Shannon-McMillan theorem

Theorem 3 Let X = {X;,t € T} be a T-indexed nonsymmetric Markov chain with state space
G as defined in Definition 1. Let Sy(T™) be defined as (19). Suppose that stochastic matrix
P = (P, + P,) is ergodic. Then we have

(n)
77,11—>Ir;o % =mn(k) a.e., (29)

where (7(0),...,m(b— 1)) is the invariant probability measure determined by P.

Proof Obviously

Si(TL) + Sk(T7) = Sp(T™) — I (Xo). (30)
y (23),(24) and (30), we have
O ST™) ST _

Multiplying the k-th equality of (31) by P(m/|k), then adding them together and using (31) once

again, we have

b—1 b—1
- ST P(mlk) S (T D) G (T D) Si(T=1) (2)
lim {Z 7] AR + RGO Z 71| P (m“)}

n—oo

) Sm(T(nJrl)) b—1 SZ(T(nfl)) @)

where P(N )(m|l) is the N-step transition probability determined by the stochastic matrix P. By

induction we have

. S (TN X (T (D) (N+1)
nlirrgo{ T —; T P (m|l)} =0 ae.. (32)
Noticing that:
b—1
1

- (n—1)\ _
and

lim PN (k[l) = n(k), ke G, (34)

then (29) follows from (32), (33) and (34). O

Corollary 2 Let X = {X;,t € T} be a T-indexed nonsymmetric Markov chain with state space
G as defined in Definition 1. Let Sy(T!) and Si(T7) be defined as (20) and (21), respectively.
Suppose that stochastic matrix P = l(Pl + P,) is ergodic. Then we have

Sk Tl b—1

. 1
nh_)OO ] =3 Zw (k|D),  ae., (35)
1=
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w(1)P-(k|l), a.e. . (36)

Proof This corollary follows from Theorems 2 and 3 directly. O

Corollary 3 ([1]) Let G = {0,1}, X = {X4,t € T} be the T-indexed nonsymmetric Markov
chain with state space G. Let Sp(T.) and Si(T") be defined as (20) and (21), respectively.
Suppose that P, and P, are two strictly positive 2 x 2 stochastic matrices defined on G2 with a

unique common invariant probability measure (7(0),m(1)). Then we have

ST 1

nh_)Oo ] =3 lE:O w(D)P(k|l), a.e., (37)
ST 1y

77,11—>Ir;o T~ 2 w(1)P-(k|l), a.e. . (38)

=0

Proof Obviously, 7 is the unique invariant probability measure for P. Let b = 2 in Corollary

2. This corollary can be obtained from Corollary 2 directly. O
Definition 3 Let
S (T NA{O}) = [{t € T+ (X1, Xy) = (k,m)},
St (T NA{0}) = [{t € T}, : (X1, Xo) = (k,m)}],
Sk (TWNA0}) = {t € Ty : (X1, Xe) = (k,m)} .

Obviously, we have

Skan(TWN{OY) = Y LX) Ie(X1,), (39)
teT™\{0}

St} = Y Ln(X)Ik(X1,)8'(8), (40)
teTm\{0}

ShamTWN{O}) = 3" (X Ik(X1,)07 (8), (41)
teT(m\{0}

e (TN A{0}) = Sp 1 (TN {0}) + SE, (T \ {0}). (42)

Theorem 4 Let X = {X;,t € T} be a T-indexed nonsymmetric Markov chain with state space
G as defined in Definition 1. Let S,lcym(T(") \ {0}), S,:ﬁm(T(") \ {0}) be defined as (40) and (41),

respectively. Then we have

Skm(TWA{O}) 1

C SEan(TN{0}) 1
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Proof Let g:(x,y) = Ix(x) ()6 (t), an = |T™]|. Then we have

Hyw)= Y In(X)I(X1,)8'(t) = St (T \ {0}), (45)

teT(m\{0}

Guw)= D > Ie(X1) I (200 (£) Plae| X1,)

teT\{0} =t

= > (X)d (O)F(mlk)

teT(M\{0}

S L(X)Pi(mlk) = Sp(TTD)P(mlk). (46)
teT(n—1)

Obviously, {g:(z,y),t € T} are uniformly bounded, then from Corollary 1, we have
i (S 00D Su(r)
n—0o0 |T ()] 2|T(n=1)|
Then (43) follows from (29) and (47).
Similarly, let g;(x,y) = Ir(2) L, ()7 (t), an = |T™)|, (44) can be obtained in the same way.
Thus we have completed the proof of this theorem. O

H(m|k)} =0 ae.. (47)

Corollary 4 Let X = {X;,t € T} be a T-indexed nonsymmetric Markov chain with state space
G as defined in Definition 1, S, ,,(T™ \ {0}) be defined as (39). Then we have

Sem (T {0 1
nh_)rrgo % = iw(k)(Pl(me) + P.(mlk)) a.e.. (48)
Proof Combing (42)—(44), we obtain (48) directly. O

Let T be a tree, (X;)icr be a stochastic process indexed by tree T with state space G. Denote

P(T") = P(XT“” 2T, Let

folw) = — !

(n)
] InP(XT). (49)

Then f,(w) is called the entropy density of X T (Xt)ter is a T-indexed nonsymmetric
Markov chain with state space G, then we have

(n) (n) (n)
Py = P(xT 27y = o) [[ Piwilar,) T] Pr(ailas,). (50)
teTl teTyr

Obviously, by (49) and (50), we have

folw) = — !

|T(n)|{1nP (Xo)+ > mP(X,[X1,) + Y P (XX, )} (51)

teTy, teTy

By (51), we have

lim f,(w)=— lim ———

1M
“,?

m(Xe) In P (m|k)—

te }l =0m=0

-1 b—1
lim_ T n)| > Z > L(X1,)In(Xe) In Py(mk)

teTy k=0m=0
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b—1 b—1

k=0m=0
b—1 b—1
T 0
Z lim Mlnlﬂ(m“ﬁ). (52)
R L

The convergence of f,,(w) to a constant in a sense (L1 convergence, convergence in Probability,
a.e. convergence) is called the Shannon-McMillan theorem or the entropy theorem or the AEP

in information theory.

Theorem 5 Let X = {X;,t € T} be a T-indexed nonsymmetric Markov chain with state space
G as defined in Definition 1, f,(w) be defined as (52). Then

b—1 b—1
lim f(w) = %Z > w(k)Pi(mlk) In P (m|k)—
k=0 m=0
1 b—1 b—1
S>> w(k)P(mlk) In P (m|k) ace. . (53)
2 k=0 m=0

Proof This theorem can be obtained from (52) and Theorem 4 directly. O

Corollary 5 ([7]) Let {X,t € T} be G-valued Markov chain indexed by Cayley tree T with
the initial distribution (1) and the transition matrix P = (P(y|z),z,y € G). Suppose that P is
an ergodic stochastic matrix. Let f,(w) be the entropy density of X 7™ Then we have

b—1
lim f,(w E
n—oo

k=0

where (7(0),...,m(b— 1)) is the invariant probability measure determined by P.

b—1
Zw P(ml|k)In P(m|k) a.e., (54)

m=0

Proof Let P, = P, in Theorem 5. (54) can be obtained from (53) directly. O
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