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Abstract It is shown that Howard’s degenerate weighted Stirling numbers can be used to
construct a fruitful summation formula for a class of formal power series involving generalized
factorials. This is achieved with the aid of a series-transformation formula due to He, Hsu and
Shiue, and several identities involving generalized Stirling numbers and Bell numbers are given
to illustrate the application of the formula obtained.
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1. Introduction

For a given positive integer p and any real or complex number § we define

p—1

(1), = [J(t =5 0). (1)

j=0
and call it the generalized falling factorial of order p with increment 6. In particular we define
(t|0)o = 1, and we may write (¢|0), = ¥ and (¢|1), = (), with (¢)o = 1.
It is known that Howard’s generalized Stirling numbers (GSN) S(p, j, A|0) (0 < j < p), also
called degenerate weighted Stirling numbers with real or complex parameters A and 6, may be
defined by the expansion

p
(t+N0)p = S(p, 5, AO) (), (2)
7=0

Consequently one may note S(p,j,A|8) =0 (j > p), and we see that S(p,7,A|0) (p > 7 >0)
satisfy the recurrence relations [3,4]

S(p+1,5,M0) = S(p,j —1,M0) + (j —p0 + A) S(p, j, Al6) 3)
with S(0,0,|0) = S(p,p, A|#) =1 and S(p,0, A|f) = (A]0),.
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Howard’s GSN may also be defined by the generating function [3]

1+ (14610 1) —j'ZSpj,Aw) (4)
p=j
which is actually equivalent to the relation (2).
Note that Carlitz’s GSN S(p, j |6) and the ordinary Stirling numbers S(p,j) of the second
kind are just special cases given in [1, 3]

S(p,jl0) = S(p,5,010), Sp,5) = S(p,4,0[0),
respectively. Frequently S(p,j) is also written as {f }

Using the difference operator A defined by Af(t) = f(t+1)— f(t) and A7 = AAT™L (5 > 2),
and applying the Newton interpolation formula to the LHS (left-hand side) of (2), we see that
71S(p, A\, A | 6) can be written in the form

J )
. - j ji—r(J
7153710 = (87t 210y = 217 (V)4 A1) )
r=0
In particular, A° = 1 denotes an identity operator so that A°f(t) = f(¢).

Both (2) and (5) suggest that Howard’s GSN can be used to sum some power series involving

(k+X|0), (k=0,1,2,...) as coefficients. Actually, Hsu-Shiue’s paper [4] provided a pair of

summation formulas as follows

- ! SpJ,A 0)

S (k4 A0t Z J'H) <1 (6)
k=0

> (k+A|0),t ZJ'Sp,],Mo) (t,n, j), (7)
k=0 7=0

where (7) holds for any given ¢, in which ¢(1,n,j) = ("jr'll), and for t # 1, ¢(t,n, j) is given by

oltn, ) = = { (v2=) — e Z(?fi)(lft)r}, (®)

As may be observed, for |t| < 1 we have
lim ¢ (t,n, 7) =#'/(1 =),

so that (6) is implied by (7) with [¢| < 1. Also, it is evident that Euler’s formula for Y-, k? tF
and Stirling’s formula for Y ;_, kP are consequences of (6) and (7) with A = 6 = 0, respectively.

2. A summation formula and its consequences

What we want to investigate is a general summation formula contained in the following
theorem.

Theorem Let a(t) = 22 ayth be a formal power series with real or compex coefficients. Then
there is a formal series identity of the form

oo

> (k4 A[0)p ax t* = Zspmw Dy, (9)

k=0
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where aU)(t) is the jth formal derivative of a(t). Moreover, (9) becomes a sum formula of
convergent power series for |t| < 1 whenever a(t) is an analytic function for |t| < 1; and for t =1
whenever ay = O(k™P=%) (d > 1,k — o).

Proof Actually, (9) may be obtained as a useful specialization of a formal series-transformation
formula provided by He, Hsu and Shiue [2], namely

oo k 00 k
> 1) 90 15 = 30 A F0) 40 (10)
k=0 T k=0 ’

where {f(k)} is any given sequence of real or complex numbers, and g(¥)(¢) denotes the jth
formal derivative of a formal power series g(t).

To deduce (9) from (10), it suffices to take f(t) = (t + A|0),, g(t) = a(t) in (9), and to make
use of (5), so that

AFF0) = [ARE+X]0)p],_, = k!1S(p. k. A60), gP(t) =P (1)

Note that S(p,k,A|6) =0 for k > p. Hence the right-hand side of (9) follows from that of (10).
The other part of the conclusion in the theorem is obvious, since the analyticity of a(t) (Jt] <
1) implies that of the power series in (9) for |t| < 1; and the order condition a, = O(k~P~%) (d >
1) sufficiently ensures the absolute convergence of the infinite series in (9) with ¢t = 1. O
It is easy to observe that Hsu-Shiue’s formulas (6) and (7) are included in (9) as particular
consequences when «(t) is taken to be

= th=1/1-1), [t|<1
k=0
and .
D= tk= -1, lil<1
respectively. Indeed, we have the jth derivatives
o () =107t (1) =jléltn, )/t
where ¢(t,n, j) as given by (8). More consequences will be presented in the next section.
3. Some identities involving Stirling and Bell numbers

Note that Howard’s generalized Bell numbers W (p, A|0) can be defined by the expression

W(p,\16) : ZSpme (11)
7=0
The classical Bell number is of course given by W (p) = W (p,0|0). Let us rewrite (4) in the form
1+o)M((1+0t)/7 - /j'—zsp],)\|9 (4 bis)
p=0

and sum the both sides of (4 bis) for all j (0 < j < 00). Then we obtain [1 3]

(1406 exp[(1+01)Y7 — ZW p,/\|9 (12)
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This is the exponential generating function for the number sequence {W(p, Al 9)}
According to the theorem in Section 2 and taking

aft) = f(t) = if(k)(o)tk/k!

k=0
with ay = f®(0)/k! = O(k™"~9) (d > 1, k — 00), we see that (9) yields an exact identity for
t=1: -
5 LA po o) ZS (9,1, A 0)FD(1). (13)
k=0
This formula may be used to produce various 1dent1tles of some interest.
1°  Taking f(t) = €' so that f*)(0) = 1 and f*)(1) = e, we find that (13) gives an identity
of the form

é S EEADs gy a10). (14)

This may be called the Dobinski-type identity for Howard’s GSN. Clearly (12) and (14) with
A =0 and 6 — 0 reduce to the classical formulas for the ordinary Bell numbers

=W/l YRk = W),
=0 k=0

2°  Here we would like to adopt Knuth’s notations for the ordinary Stirling numbers of the
first and second kinds, namely

n n 1 " B
[kj ’ kl[Dk() ]t:O’ {k} = ﬁ[Akt L:o_s(nuk)a

where D = d/dtand D* = (d/dt)*. To use (13), let us take f(t) = (t)n, so that f*)(0) = k![}].
We may compute f*)(1) as follows

PO = [D00] = [P0+ Dy = [0 = 0P 0y + (§) 1P 00]
=6 (" 1+ G20
Thus (13) implies the identity
S (k+A16),] Zspmw ([ i}+[";1]). (15)
k=0

This may be compared with the known identity [4]:
n P
(n
k = ] jl2n=d .
>+ 210 () = st itz () (10
k=0 7=0
Certainly, (15) and (16) involve the following pair of combinatorial identities for n > p > 1:

Sl =y (1) )

k=1 Jj=1 J

;:1 v (Z) - é j! 2n—j{?j?} (?) 18)
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As summation formulas, it is clear that (15)—(18) may be practically available when n is much
bigger than p. Here we also guess that there does not seem to exist simple sum formulas (with
numbers of terms depending only on p) for the following finite series

SoR{T) and Y (k+Al0),{) ).
k=1 k=1

3°  Recall that Carlitz’s degenerate Stirling numbers are given by S(p,j|6) = S(p,4,0]6),
so that the case A =0 of (13) is of some interest, viz.

>~ &L 4i0)0) - 3~ 509,10 19 0. (19)
7=0

k=0
Note that for # = 0 and § = —1 we have

S@JHU=S@J)={§}

S(p,jl —1)= %[Aj(ﬂ ~ 1)), :?_!!{Aj(H—i_ 1)L:0

pl/p—1 pl/p—1 .
20T ) =50 = el
J'\p—1 Ji\g—1

where |L(p, j)| are known as Lah numbers, with |L(0,0)| =1 and |L(p,j)| =0 (p < j). Conse-
quently (19) implies the following identities

(k-Hk?! )pf(k) Z|ij |f(])( ), (20)
k=0
Py e S ) (1)
k=0 ’ Jj=0

In particular, taking f(t) = (¢), we find that (20) yields the identity
- k—i—p—l)n P (p—l) n—1 n—1
g = g ) . + ) . 22
k—l( p Ly mS\p-J ([J—l] [ J D 22
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