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Abstract In this paper, we introduce the concept of weakly KKM map on an abstract con-
vex space without any topology and linear structure, and obtain Fan’s matching theorem and
intersection theorem under very weak assumptions on abstract convex spaces. Finally, we give
several minimax inequality theorems as applications. These results generalize and improve many
known results in recent literature.
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1. Introduction

For a nonempty set X, (X) denotes the class of all nonempty finite subsets of X.

Let X and Y be two nonempty sets, T : X —o Y denote the function from X into the
power set 2% of YV, and T(A) := [J,c 4 T'(x) for each A C X. And in view of T, define a map
T7:Y -XbyT (y)={xeX:yeT(x)} foreachy €Y.

The famous KKM theorem [1] and its generalizations are of fundamental importance in mod-
ern nonlinear analysis. Many authors have studied lots of KKM theorems and their equivalent
forms and discussed the properties of corresponding KKM mapping.

In 1996, Chang and Yen [2] made a systematic study of the class KKM(X,Y') which is defined
as follows:

Let X be a convex subset of a vector space and Y a topological space. If S, T : X — Y are
two multimaps such that T'(co A) C S(A) for any A € (X), then S is called a generalized KKM
mapping with respect to 7. A mapping T : X — Y is said to have the KKM property if for any
generalized KKM mapping S : X —o Y with respect to T, the family {% : x € X} has the
finite intersection property.

In 1998, Lin, Ko and Park [3] extended the results of Chang and Yen to generalized convex
space as follows:

Let (X, D;T) be a G-convex space [4], Y a nonempty set, T: X —oY and S : D — Y two
maps. We say that S is a generalized G-KKM mapping with respect to T if for each A € (D),
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T(T'(A)) € S(A). I Y is a topological space, T : X — Y is said to have the G-KKM property if

for any generalized G-KKM mapping S : D — Y with respect to T, the family {S(z) : z € D}

has the finite intersection property.

Later, there have appeared some generalizations of generalized KKM map with respect to a
map, for examples, s-KKM map or S-KKM map with respect to a map for convex subset of a

vector space, H-space and G-convex space, respectively [5-7].

Recently, Balaj [8] introduced the concept of weakly G-KKM mapping with respect to a map
which includes the generalized G-KKM mapping with respect to a map as special case. The

concept is following:

Let (X, D;T') be a G-convex space, Y a nonempty set, T : X — Y and S : D — Y two
maps. We say that S is a weakly G-KKM mapping with respect to T if for each N € (D) and
any x € I'(N), T(z) N S(N) # 0.

In 2007, Tang, Zhang and Cheng [9], Deng and Xia [10] extended Balaj’s definition from

G-convex space to FC-space [11] and general topological space respectively.

In this paper, we will introduce the concept of weakly KKM map with respect to a map on
an abstract convex space without any topology which generalizes and improves all the definitions
mentioned above, and obtain Fan type matching theorem and intersection theorem. At the same
time, we give some minimax inequality theorems as applications of intersection theorem. These

results generalize and improve many known results in recent literature.

2. Preliminaries

Recently, Park [12] introduced a new concept of abstract convex spaces without any topology
and a map class K having certain KKM property which are adequate to establish the KKM theory.
With this new concept, he obtained some basic results on abstract convex spaces [12,13]. These
results generalize and simplify the corresponding results in the theory on convex spaces [14],

H-spaces [15], G-convex spaces [4, 16], and others.

Definition 1 ([12]) An abstract convex space (E, D;T") consists of a nonempty set E, a nonempty
set D and a multimap I' : (D) — E with nonempty values. We may denote I"4 := T'(A) for each
Aec (D).

The examples of an abstract convex space are convex space in the sense of Lassonde [14],
C-space (or H-space) due to Hovarth [15], G-convex space of Park [4,16], and many other known
spaces. For details, see [12].

When D C E, the space is denoted by (E D D;T"). In such case, a subset X of E is said to
be I'-convex if for each A € (X N D), we have 'y C X. In case E = D, let (E;T') := (E D D;I).

An abstract convex space with any topology is called an abstract convex topological space

(Simply, A-convex spaces).

Definition 2 ([12]) Let (E, D;T') be an abstract convex space and Z a set. For a multimap
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F : E — Z with nonempty values, if a multimap G : D — Z satisfies
F(Ta) C G(A) = | G(y) forall A€ (D),
yeA
then G is called a KKM map with respect to F. A KKM map G : D — E is a map with respect
to 1E~

A multimap F' : E — Z is called a R-map if, for any KKM map G : D — Z with respect to
F, the family {G(y)},ep has the finite intersection property. We denote

R(E,Z):={F:E—Z|Fis a & map}.

Similarly, when Z is a topological space, a R€-map is defined for closed-valued maps G, and

a KD-map for open-valued maps G. In this case, we have
R(E,Z) CREC(E,Z)NKRO(E, Z).

Now, we introduce the concept of weakly KKM map with respect to a map on an abstract

convex space without any topology and linear structure as follows.

Definition 3 Let (E, D;T) be an abstract convex space, Y a nonempty set, S : D — Y and
T:FE — Y two maps. S is said to be a weakly KKM map with respect to T, if there exists
a KKM map H : D — E with respect to ig such that for each N € (D) and any x € H(N),
T(x)NS(N) # 0. And H is said to be the companion of (S,T).

Remark Definition 3 generalizes and improves the corresponding definitions in [8-10] for G-
convex space and FC-space and general topological space, respectively.

Let X and Y be two topological spaces and R a real space.

A map T : X — Y issaid to be upper [resp. lower| semicontinuous, if {z € X : T(z)NC # (0}
is closed [resp. open] for each closed [resp. open] subset of Y.

A function f: X — R is said to be upper [resp. lower] semicontinuous if for each A € R, the
set {x € X : f(z) < A} [resp. {x € X : f(x) > A\}] is open.

3. Matching and intersection results

We begin with the following known result.

Theorem 1 ([12]) Let (E,D;T") be an abstract convex space, Z a set, and F : E — Z a
multimap. Then F € &(F, Z) if and only if for any multimap G : D — Z satisfying F(I'y) C
G(N) for each N € (D), we have F(E)N({G(y)ly € N} # 0 for each N € (D).

Remark ([12]) If Z has any topology and F' € 8D(FE, Z) [resp. F € RE€(E, Z)], then we have
to assume that G is open-valued [resp. closed-valued].

From Theorem 1, we obtain the next result.

Theorem 2 Let (E,D;T) be an abstract convex space, Z a set, and F : E — Z and G, T :
D — Z three multimaps and F € R(E, Z). If
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(i) G is a KKM map with respect to F; and
(ii) for each N € (D), G(N) C T(N).
Then F(E)N({T(y)ly € N} # 0 for each N € (D).

Remark If Z has any topology and F € RO(FE,Z) [resp. F € RE€(E,Z)], then we have to

assume that T is open-valued [resp. closed-valued].

From Theorem 2, we obtain the following particular form.

Theorem 3 Let (E, D;T') be an abstract convex space, ig € R(E,E). If twomaps G, T : D — E
satisfy

(i) G is a KKM map with respect to ig; and

(ii) for each N € (D), G(N) C T(N).

Then {T(y)|y € D} has the finite intersection property.

Furthermore, if E has any topology and (1, Mm is compact for some M € (D), then

ﬂyeD T(y) #0.

Remark If E has any topology and ig € RO(E, E) [resp. ig € RC(FE, E)|, then we have to

assume that T is open-valued [resp. closed-valued].

Theorem 4 Let (E,D;T') be an abstract convex space and ig € R(E,E) and G : D — E
a multimap. If there exist A € (D) and a family of subsets {M, : z € A} of E such that
E = U{M.|z € A} and G is a KKM map with respect to ig. Then there exists B € (A) such
that G(B) N({M.|z € B} # 0.

Proof Suppose that the result is not true. Then G(B) N({M,|z € B} = 0 for each B € (A),
hence G(B) C |J{M.“|z € B} for each B € (A). Define F : A — E by F(z) = M, for
each z € A and let G’ = G|4. Then it is easy to check that F' and G’ satisfy all requirements
of Theorem 3 on new abstract convex space (E,A;T"). Hence {F(y)|ly € A} has the finite
intersection property, particularly ({M.%|z € A} = N{F(y)ly € A} # 0, which implies that
U{M.|z € A} # E, leading to a contradiction. O

Remark If E has any topology and ig € RO(E, E) [resp. ig € KC(E, E)|, then we have to
assume that {M, : z € A} is a family of closed subsets [resp. open subsets] of E.

Next, we will obtain intersection theorems.

Theorem 5 Let (E,D;T) be an abstract convex space, Y a nonempty set, i € R(E,FE),
S:D—oY andT: E —Y two maps. If S is a weakly KKM map with respect to T, then for
any A € (D), there exists an x¢g € E such that T'(xo) N S(z) # 0 for all z € A. Furthermore, if
T is a single valued map, then (), , S(z) # 0.

Proof Suppose that the conclusion is not true. Then there exists an A € (D) such that for any
x € E there exists a zg € A such that T'(x) N S(zo) = 0.
Let M, = {x € E : T(x) N S(z) = 0} for each z € A. Then E = U{M, : z € A} by
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assumption. Since S is a weakly KKM map with respect to T, there exists the companion H of
(S,T). Since H is a KKM map with respect to ig and ig € R(E, E), there exists a B € (4)
such that H(B) N({M, : z € B} # ) by Theorem 4. Take y € H(B) N({M, : z € B}, then
y € H(B) implies T(y) N S(B) # 0 by Definition 3. On the other hand, y € N{M, : z € B}
implies T'(y) N .S(z) = 0 for all z € B, hence T'(y) N S(B) = 0. This is a contradiction. O

Remark If F has any topology and ig € RO(E, E) [resp. ig € KC(E, E)|, then we have to
assume that for z € D, the set {x € E: T'(z) N S(z) # 0} is open [resp. closed].

Theorem 6 Let (E,D;T) be a compact A-convex space, ip € RC(F,E), Y a nonempty set,
S:D—oY andT :E — Y two maps. If

(i) S is a weakly KKM map with respect to T';

(ii) for each z € D, {z € E: T(x) N S(z) # 0} is closed.

Then there exists an xg € E such that T'(zo) N S(z) # () for each z € D.

Proof Suppose that the conclusion is not true. Then for any x € E there exists a z9 € D such
that T'(z) N S(z0) = 0.

Let M, = {x € E: T(z) N S(z) = 0} for each z € D. Then M, is open by (ii) for each
z € D and E = [J{M, : z € D} by assumption. Hence there exists an A € (D) such that
E =U{M., : z € A} by the compactness of E. The remainder proof follows from the proof of
Theorem 5 and its Remark. O

Remark IfY is a topological space, then the condition (ii) of Theorem 6 can be replaced by S

having closed values and T being an upper semicontinuous mapping.

3. Ky Fan type minimax inequalities

As applications of intersection theorems, we give Ky Fan type minimax inequalities on ab-
stract convex spaces.

In the next theorems, as in the other minimax theorems established, we shall suppose
inf, sup, f(z,y) > —oo in our paper. As to the case inf,sup, f(z,y) = —oo, all these re-

sults remain true evidently.

Theorem 7 Let (X,D;T) be an abstract convex space, Y a nonempty set, ix € R(X,X),
H: D — X a KKM map with respect toix and T : X — Y a map. Let ¥ : D xY — R and
¢ : X xY — R be two functions and 3 = infzex Supycr(s) o(z,y). Suppose that for any A\ <
andy € T(X), each A€ ({z€ D :Y(z,y) < A\}) implies H(A) C {x € X : ¢(z,y) < A}, then

inf sup p(z,y) £ inf sup inf sup ¥(z,y).
2€X yeT(z) (@) A€(D) zeX 2€A yeT(z) (2:9)

Proof Let A < 8 be fixed and define a map S : D — Y as follows
S)={yeY :¢(z,y) 2 \}, Vz€D.

Now we prove that S is a weakly KKM map with respect to T' and H is the companion of (S, T).
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In fact, otherwise, there exits N € (D) and T € H(N) such that T(Z) N S(N) = 0. Hence for
eachy € T(Z), N C {z € D:¢(z,y) < A\}. Therefore T € H(N) C {z € X : p(z.y) < A} for all
y € T(T), this is, p(F,y) < A for all y € T(T), which implies that 5 = infre x sup ez p(2,y) =
A. This is a contradiction with A < .

S and T satisfy all requirements of Theorem 5. Hence for each A € (D), there exists an
xo € X such that T'(zg) N S(z) # 0 for all z € A. For any z € A, there exists y, € T(x¢)
such that y. € S(z). Hence ¢(2,y.) 2 A, which implies that A = inf,c 4 supyer(s,) ¥(2,9), and
therefore A < sup,¢yinf.ca supyeT(w)w(z,y). Let A — (3. Then inf,cx supyeT(I)gp(a:,y) <
SUp,e x Inf.ea SUPyer(a) ¥(2,y) for each A € (D). Hence

inf sup ¢(z,y) £ inf sup inf sup ¢(z,y). O
IEXyET(w) ( ) Ae(D)IEXZEAyET(m) ( )

Theorem 8 Let (X, D;T") be an A-convex space, Y a topological space, ix € RE(X, X)) [resp.
ix € RO(X,X)], H: D — X a KKM map with respect to ix, and T : X — Y an upper
semicontinuous map [resp. lower semicontinuous/ map. Let v : D xY —Rand ¢ : X xY — R
be two functions and 3 = infyex supyer(,) ©(,y). Suppose that

(i) for each z € D, 1(z,-) is upper semicontinuous [resp. lower semicontinuous] on Y’;

(ii) for any A < f andy € T(X), each A € ({z € D : ¢Y(z,y) < A}) [resp. A€ {({z € D :
¥(z,y) < A})] implies H(A) C {x € X : o(z,y) < A} [resp. H(A) C {z € X : p(z,y) < A}].

Then

inf sup p(z,y) £ inf sup inf sup ¥(z,y).
IGXyeT(m)( ) A€<D>16XZ€Ay€T(m)( )

Proof Let A < 3 be fixed and define a map S : D — Y as follows
S(z) = {y € Y :¥(z,y) 2 Mresp. S(z) = {y € Y : %(z.) > A}], V=€ D.

Then S(z) is closed [resp. open] by (i), and therefore, {z € X : T'(x) N S(z) # 0} is closed
[resp. open] by upper [resp. lower] semicontinuity of 7T'.

Now we prove that S is a weakly KKM map with respect to 7" and H is the companion of
(S,T). In fact, otherwise, there exists N € (D) and T € H(N) such that T(z) N S(N) = 0.
Hence for each y € T(T), N C {z € D : ¢¥(z,y) < A}resp. N € ({z € D : ¢¥(z,y) < A})].
Therefore T € H(N) C {z € X : p(z.y) < A} [resp. T € H(N) C {z € X : ¢(z,y) < A}] for
all y € T(Z) by (ii), that is, ¢(T,y) < A [resp. ¢(T,y) < A] for all y € T(Z), which implies that
B = infrex Supyer(q o(z,y) < A, a contradiction with A\ < .

S and T satisfy all requirements of Theorem 5 and its Remark. Hence for each A € (D), there
exists an xg € F such that T'(z9)NS(z) # 0 for all z € A. For any z € A, there exists y, € T(x¢)
such that y. € S(z). Hence ¢(2,y,) 2 A, which implies that A = inf.c 4 sup,er(y,) ¥(2,9), and
therefore A\ = sup,cy infoeasupyer) ¥(2,y). Let A — B. Then infiex supyer) (T, y) =
SUp, ey infrea sup e ¥(2,y) for each A € (D). Hence

inf sup ¢(z,y) £ inf sup inf sup ¥(z,y). O
T€X 4T (z) (@9) A€(D) zeX 2€A yeT () (=)

Theorem 9 Let (X, D;T') be a compact A-convex space, Y a topological space, ix € RE€(X, X),
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H : D — X a KKM map with respect toi1x and T : X — Y an upper semicontinuous map. Let
Y:DxY —Rand¢: X XY — R be two functions and (3 = infgze x Sup,ep(y) o(z,y). Suppose
that

(i) for each z € D, 1(z,+) is upper semicontinuous on Y’;

(ii) for any A < f andy € T(X), each A € ({z € D : ¢(z,y) < A\}) implies H(A) C {z €
X p(z,y) < A}

Then

(a) infrex supyer(z) 9(2,y) S supex infzep supyer(r) ¥(2, ).

(b) If T has compact values, then there exists an xo € X such that

nf e plz,y)  inf S (2, y).

Proof Let A < 3 be fixed and define a map S : D — Y as follows
S(z)={y €Y :¢¥(z,y) =2 A}, Vze D.

Then by (i), S(z) is closed for each z € D, and since T is upper semicontinuous, {z € X :
T(x) N S(z) # 0} is closed for each z € D. On the other hand, from (ii) and the proof of
Theorem 7, we know that S is a weakly KKM map with respect to 7' and H is the companion
of (S,T). Hence there exists an zg € E such that T(z9) N S(z) # 0 for each z € D by Theorem
6. For each z € D, there exists y, € T(zo) such that y, € S(z). Hence ¢(z,y,) = A, which
implies that A < inf,¢p SUPy e T(20) Y(z,y), and therefore A\ < sup,x inf.ep SUPy e () U(z,y).
Let A — 3. Then we have infyex supyer() ¢(2,y) = sup,cx infoep supyer(y) ¥(z,y). This
completes (a).

Further, if T has compact values, then x — inf,cp supyeT(w)d)(z,y) is upper semicon-
tinuous on X because T is upper semicontinuous on X and t(z,-) is upper continuous on
Y (see [17, Proposition 3.1.21]). Since X is compact, there exists an zp € X such that
inf.ep SUPyer(ny) Y(2,Y) = Sup,ex infoep supyer(y) ¥(2,y). And therefore conclusion (b) fol-

lows from (a). This completes our proof. O

Remark Theorems 7-9 generalize and improve the corresponding results in [8-10] for G-convex
space, FC-space and general topological space respectively. Hence many known Fan type mini-

max inequality theorems become special cases of ours.
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