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Abstract In this paper, we consider the strong dissipative KDV type equation on an unbounded
domain R'. By applying the theory of decomposing operator and the method of constructing
some compact operator in weighted space, the existence of exponential attractor in phase space
H?(RY) is obtained.
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1. Introduction

The KDV type of equations have been an important class of nonlinear evolution equations
with numerous applications in physical sciences and engineering fields [7,8]. In recent years,
there has been a considerable interest in the attractor of a class of KDV equations [9-11]. Our
aim in this work is to study the existence of the exponential attractor of the following type of

strong dissipative KDV equation [1] in the phase space H*(R).
’UJ(ZE, O) = UO(I)a (2)

where a« > 0, 8 > 0, v > 0 are constants. The existence of the compact global attractor of
(1)-(2) in the phase space H?(R') has been proved in [1].

For the existence of exponential attractors, there are many classical results in a bounded
domain such as [6,9,12]. But as far as the case of unbounded domains is concerned [2,3,13],
it is difficult to do research on this respect. First, the Laplace operator in the corresponding
equation is neither continuous nor compact, and its spectrum is not discrete. Secondly, since
H*(RY) — H*'(R!) (s > s1) is not compact, it is difficult to prove the compactness of absorbing

sets and the squeezing property. In this paper, we borrow the ideas from Babin in [2,3] and use

Received October 21, 2008; Accepted May 16, 2009

Supported by the Natural Sciences Foundation of Gansu Province (Grant No. 3ZS061-A25-016) and the Education
Department Foundation of Gansu Province (Grant No.0801-02) and NWNU-KJCXGC-03-40.

* Corresponding author

E-mail address: maqzh@nwnu.edu.cn (Q. Z. MA)



1118 L. J. HAN and Q. Z. MA

the theory of decomposing operator and the method of constructing some compact operator in

weighted space to prove the existence of exponential attractor of (1)—(2) in H?(R1!).

2. Preliminaries

For convenience, we introduce some notations. We rewrite (1)—(2) as

g + auNVu + VAu + yA%u — Au + fu = f, (3)
u(z,0) = ug(x), (4)
where —A = —8‘9—;, V= %. Denote by (-, -) and ||-|| the inner product and the norm of the space

L?(R1Y), respectively, and ||-||s as the norm of the space H*(R!). In particular, we denote K as all
the real constants, C' as all the positive constants, R as all the real constants depending on time ¢.
From [1], we get the bounded absorbing set B of (1)—(2). Namely, B={u € H?(R'), |lull2 < p1}.
Let M = {u € H3R!'), ||ulls < p2}. Then M C B, and S(t)M C M.

Lemma 2.1 ([2]) Let X be a closed invariant set in a Hilbert space. If

1) There exists a covering of X by a finite number of balls of radius I;

2) The operator of semigroup S(t) has a global attractor on X;

3) For a fixed t > 0, S(t) has a strong squeezing property and is uniformly Lipschitzian on
X,

then S(t) has an exponential attractor on X.

Lemma2.2 ([3,4]) Let s, s1 be integers and s > s1. Then H*(R™)( H* (R"; (1 + 2?)dx) —
H**(R") is compact.
From [1], we find

Lemma 2.3 ([1]) Let u(t) be a solution of (3)—(4). Then
[elloos [Vulloos [[Aul| oo, |V Aulloe < C,

where C' > 0 is a general constant.

Lemma 2.4 ([5]) (Gagliardo-Nirenberg inequality)

1D ully < Cllullg D™ ul?, we L0 H™ (RY),

Where%:%—k)\(%—%)—l—(l—)\)%,lgq,r§oo,j1's1’nteger,0§j§m,
m-—j—x

<ALZL1 If

J
m

is non-negative, when % < X\ < 1, the conclusion is satisfied.

3. Main results

Theorem 3.1 Assume f € H*(R'), S(t) is the operator of semigroup derived by (3), then S(t)
has an exponential attractor in M C H?(RY).

The proof is based on the Lemma 2.1 and we shall prove the following Propositions.

Proposition 3.1 The operators S(t) are Lipschitzian on M C B.
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Proof Let u(t), v(t) be solutions of (3)—(4) with initial value wg, vg, respectively, and let

u(t) — v(t) = w(t), up — vo = wp. Then we obtain the equation
wy + awVu + avVw + VAw + yA?w — Aw + Bw = 0, (5)
w(x,0) = wo(z). (6)

Multipling (5) by (=A3w + w), and integrating on R!, we obtain

1d
5 3z VAW + [wl?) + 7 (IVAZw|? + || Aw]?) + | A%w]* + [ Vel + BV Aw|*+

|w]?) = —a(wVu, —A3w) — a(wVu, w) — a(vVw, —A%w) — a(vVw, w).
Controlling the right-hand side as
la(wVu, —A%w)| < |a(VwVu, VA?w)| + |a(wAu, VA?w)|
< of[Vulloo [V [ VA% w]| + o] Aul|oo | Jw]][| VA w]|
< a| Val|so| w]|# [|VA2w]| + a] At o w]| |V A2w]
< Cllwl? + VA2 + Cllwl? + 3|V A%w|?
< Clwl? + S VA%,
o (wVu, w)| < o Vul oo wll|lw]| < Cllw]?,
la(vVw, —A3w)| < |a(VoVw, VA?w)| + |a(vA w, VAR w))
< Clwl? + S VA%,
la(Vw, )| < oljv]leo || Vull|| wl| < Cllwl® + ]| Awlf*.
Thus, it leads to the differential inequality
%(HVAIUH2 +llwl?) < K(lwl® + [V Aw]?).
By the Gronwall Lemma, we find
IVAw|? + w]? < (IVAw(0)[* + [[w(0)[*)e"*, ¢ € [0,T].
The proposition is proved. O
Proposition 3.2 Let M C B, and S(t) be the operators of semigroup acting on this set. Then
for any & € (0, 1), there exists t > 0 such that S(t) has squeezing property on M.
The proof of this proposition is based on the next three technical Lemmas. Before proving

these Lemmas, we need some assumptions as follows.

Decomposing the operators of solution S(t) corresponding to (5)—(6) as S(t) = S1(t) + Sa(t).

Let
1, |z| <L,
M (x) = |z|
0, |z|>1+L.

Then Vn € (0,1), 3L(n) > 0, such that

[ = unll <0, uy = w-An(2); [lo = vyl <, vg =v- Ap().
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Let wy (t) be a solution of the following equation
wyy + VAw; + yA%w; — Aw; + fw; = —aw, V(u — Uy) — a(v — vy) Ve, (7)
w1 (z,0) = w(0). (8)

Let ws(t) be a solution of the following equation
war + VAws + vA%wy — Aws + Bws = —awsVu — aw, Vu, — avVws — av,Vwy, (9)
wa(z,0) = 0. (10)

Lemma 3.2 Let wi(t) be a solution of (7)—(8). Then
lwill, [IVws ], | Aw ], [[VAws || < Ce™, ¢ > 0.

Proof Multiplying (7) by (—Aw; + w1), and integrating on R', we obtain

1d

5 77 Vel + wnl?) + v (IVAwn* + [|Aws [2) + | Aws |2 + [[Ven |2 + B Vewr ]| + [wn]]?)

—a(w1V(u —uy), —Awi) — a(w1 V(u — uy), wr) — a(v —vy) Vwr, —Awi)—

(=3

a((v —vy)Vwr, wr).
Control the right-hand side as
o 2 7 2
la(wi V(u = up), =Awr)| < | V(u = up) [l [[wr ||| Awr || < Wllwlll + g llAwl,

(w1 V(u — 1), w1)] < |V (= up) oo |wr |* < amllun ||,
a2,,72

2y

la((v = vy)Vwr, —Aw)| < aflv — vy llool [ Vun ||| Awy || < [V || + %IIAw1II2=
o?n? B
la((v = vy)Vwr, wi)| < allv — vy|oo|[ Ve [ [lwr || < WIIWAII2 + §|Iw1||2-

Note that Vn € (0, 1), choose n such that

CY2772 a2n2} ﬁ
,am, =.
2y " Top T =3

IN

max{
We come to the differential inequality
%(HWMH2 +lwi]?) < —e([Vawr||* + [lw]]?),
where ¢ > 0 depends on . By the Gronwall Lemma, we find
[Vw ||? + Jw||> < Ce™, ¢ >0.

In addition, multiplying (A%w;+w1) and (—A3w; +w1) with (7), respectively, and integrating

on R!, like the above proof, we come to the similar conclusion . That is || Aw |2+ ||w: [|? < Ce™¢,

t>0; |[VAw|]? + ||w1]]?> < Ce™<t, t > 0.
Lemma 3.3 Let ws(t) be a solution of (9)—(10). Then

[wa, [[Vwall, | Awsl], [[VAws|| < R, ¢ >0.
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Proof Multiplying (9) by (—Aws + ws), and integrating on R}, we have

1d

5 37 IVl + wal?) + AV (IVAws|* + [[Aws?) + | Aws|* + [|Vews||* + B(| Vo ||* + wa|?)

I

—a(waVu, —Aws) — a(wa Vu, we) — a(wr Vg, —Aws) — a(w Vi, we)—

a(vVws, —Aws) — a(vVws, we) — a(vy,Vw, —Aws) — a(v,Vwr, wa).
Control the right-hand side as
|(wa Vu, —Aws)| < o Vo llwe || Aws || < Cllwal|* + %||Aw2||2,

< a| Vul|so Jwz* < Clluw]f?,

g
< ol Vuy|lwillocf|Aws]| < C + L[ Awsf?,

|ae(we Vu, we
|a(wy Vg, —Aws
(w1 Vywa)| < offwa oo Vg [|wa]| < € + Cllwa |,
| (vVwa, —Aws)| < a|vl|oo| Vw2 [[| Aws ]| < C|[Vawa|* + %HAWHQ,
< o]l Vwz |l we]| < CVwa|* + Clwall?,

(v Vwr, = Dws)| < af| Vws [loo [[og ||| Awall < C + %Ilﬂwzll2,

)
)
)
)
)
)
)
(v Veor, w2)| < o[ Ve[| o [[[lwa]| < € + Cllwa >,
Thus, from the above estimates we come to the differential inequality

STl + ) < KVl + fual).
By the Gronwall lemma, we conclude

[Vws|)? + |lws|? < Ce~Xt =i R, te[0,T).

In addition, multiplying (A%ws+ws) and (—A3wse+ws) with (9), respectively, and integrating
on R, as the above proof, we achieve the similar conclusion. That is ||Aws||? + |w2]|? < R,
t € [0, T; [|[VAws|? + lw2|* < R, t € [0, T7.

Lemma 3.4 Let ws(t) be a solution of (9)—(10). Then
[zws, [#Vwsll, [[eAws] < R, te€0,T].

Proof Multiplying (9) by x?ws, and integrating on R!, we obtain
1d
2dt

= 3(wa, zAws) — 4y(Aws, xVws) + 2| Vws||* + (Aws, 22ws) — a(ws Vu, 2°wy)—

lzwa|* + 7z Aws || + Bl|zws||?

2wg) — av, Vwr, xws).

(w1 Vg, 22ws) — a(vVws, x
Control the right-hand side as
[3(wg, 2Aws)| < 3l|lwall[|zAws| < R+ %HIAWHZ)v
|[47(Awg, 2Vws)| < dyllzlwel|[|Vwe|| < %HﬂﬁszII2 + R,

29|wa* < R,
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[(Dws, a?ws)| < ||lzws||zLws|| < Cllzws|? + —||$Aw2||27
(w2 Vu, 2%ws)| < oVl [lzws|* < Clzws |,
(w1 Vg, z°ws2)| < allwi |||z Vuy|llzws]| < C + ||lzws|?,
|a(vVws, 2?ws)| < %Ilwlloollﬂmzll2 +[lwe[[v]loo|zwe | < Cllzws|? + R,
|a(vy Vo, 2%ws)| < o Vwr||so|lzvy [l zws || < C + [|lzws .
Thus, from the above estimates it leads to

d
&||xw2||2 < R||zws|)* + R.

By the Gronwall lemma, we get
|lzws||? < R.

Furthermore, using the operator V acting on (9) and multiplying (9) by #?Vws, and inte-
grating on R!, we have ||[zVws||? < R; using the operator A acting on (9) and multiplying (9)
by 2wy, and integrating on R}, it follows that ||[zAws||? < R.

Proof of Proposition 3.2 Let ¢ be large enough. Vé € (0, %), due to Lemma 3.2, we obtain
|20 < 2w (0)].
According to Lemmas 3.3 and 3.4, we conclude
|V Aws||? + |zAws || < R. (11)
The left-hand side of (11) can be written in the form (Lws,ws), where
Lws = —N3ws 4+ 22 A%wy — 2Aws.

According to Lemma 2.2, the set By defined by (11) is compactly embeded into H2(R!). Hence
L~1 is compact. Let {e;j}32, be an orthonormal basis in H?(R'), where the corresponding

eigenvalue is A;, and
A1 S)\QSS)\] < .- ,)\j—>+OO,j—>+OO.

Let -
Bo = {wz(m ij(wz(t),ejf < RQ}.

Take N large enough such that
16 R?

TS

62[Jw(0)[|?

Let Ex = span{ej,es,...,en}, Py be the orthoprojector onto En. Obviously, if ws(t) € By,
then

(12)

o0 R2 62
(I = Py)wa(t)3 = Z (wa,e;)? < — < 1_6”w(0)||2’
J=N+1 N

that is,
(I = Py)wa(t)|l2 < Z[lw(0)]]. (13)
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Let
30
By = {u € Bol||Pnul2 > IHU(O)H}a By = By \ Bi.

Let wo(t) € By. Then

(I = Pn)w(®)|l2 < (I = Pn)will2 + (I = Pn)wz|l2 < |lwil2 + [|(I — Pn)wz|l2

1) 1) 1)

< g”w(O)H + ZHUJ(O)H < 5”“’(0)”7 (14)
| Pnwll2 = [[Pywi + Pywall2 > ||Pnwz|l2 — [ Pyw: |2

30 ) 1)
> 2 0 > . 1
z - [|[w(0)]] 8”w(0>H > 2Hw(O)H (15)

Hence
[ Pnwll2 > [|(I — Py)w|2. (16)

Now let wa(t) € Ba. We have

1042
lwsl|3 < || Prvws||3 + (T = Py)ws 3 < <= llw(0)], (17)
and /TG
0 109
lwll2 < flwill2 + flwzll2 < S llw(O)]] + == Illw(O)] < d]lw(0). (18)

Take into account that ug — vg = wp, u(t) — v(t) = w(t) = S(t)ug — S(t)vo, we deduce from (16)
and (18) that either

(I = Pn)(St)uo — S(t)vo)ll < [P (S(t)uo — S(t)vo)ll

or

1S (t)uo — S(t)vol| < dllug — vol|
and the Proposition 3.2 is proved.

Proposition 3.3 There exists an invariant set M C B, which can be covered by a finite number

of balls of radius «.

Proof It is proved in Proposition 3.2 that, Vu € M, u € H*(R™) (| H*(R'; (1 +2?)dz), we have
M — H?(R') is compact. Since M is bounded, M is compact set in H?(R!). Hence, M can be
covered by an infinite number of unit balls, and there exists a finite number of balls of radius e

covering M.

Proof of Theorem 3.1 According to Propositions 3.1, 3.2 and 3.3, all assumptions of Lemma

2.1 are fulfilled. Therefore, S(t) possesses an exponential attractor on M C H?(R!).
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