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Abstract A maximum (v, G,\)-PD and a minimum (v, G, A)-CD are studied for 2 graphs of
6 vertices and 7 edges. By means of “difference method” and “holey graph design”, we obtain
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1. Introduction

There is a quite long time to the research of the graph packing and covering designs, which
involved the simple graphs with less vertices and less edges [1-3], and some special graphs [4, 5].
But there are very few conclusions for the simple graphs with more than five vertices. In this
paper, the discussed 2 graphs are listed as follows. For convenience, as a block in a design, the
graphs G; and G are denoted by (a,b,c,d, e, f) according to the following vertex-label. The

related definitions and notations are referred to literature [6].

G1 G
Figure 1 Graphs G1 and G»

In what follows, we shall give the constructions of a max(v,G;, A\)-PD and a min(v, G;, \)-CD
for all positive integers v, A and 7 = 1,2, all of which are optimal. Our recursive constructions

use the following standard “Filling in Holes” method.

Lemma 1.1 ([7]) For given graph G and positive integers h, w, m, A, if there exist a G-H D (h™),
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a G-IDy\(h + w,w) and a (w,G,\)-OPD (OCD) (or a (h + w,G,\)-OPD (OCD)), then a
(mh +w,G,X\)-OPD (OCD) exists, too.

Lemma 1.2 ([7]) There exist a Gy-HD(7***) and a G-HD(14'2) for k = 1,2, ¢t > 1.

Lemma 1.3 ([7,8]) There exists a (v,G;,1)-GD if and only if v = 0,1(mod7) for i =
1,2 and (v,i) # (7,2). There exists a (v,G;,7)-GD (i = 1,2) for any v > 6.

2. Constructions of ID

It is easy to prove that there exists no Go-ID(7 4+ w,w) for w = 2,5.
Lemma 2.1 There exist a G1-ID(7+w,w) for 2 < w < 6, and a G2-ID(7+w, w) forw = 3,4,6.

Proof Let G;-ID(7 + w,w) = (X,W,B) for ¢ = 1,2, where |B| = 3 + w. Then the family B
consists of the following blocks.
[Graph Gq]
w=2: X =Z7|{x1, 22}, W= {z1,22}
(21,3,6,0,1,4), (£2,4,5,0,6,21), (2, 1,4, 21, 22,0), (1,0,3, 22, 6,4), (2,3,5,6,0,1).
w=3 X =(Z3x Z3)U{z}, W=25x{2}
(02, 2, 00, 10, 20, 21), (11, 00, 01, 0, 25, 7) mod (3, —).
w=4: X =Z7\J{x1,..., x4}, W= {21,...,24}
(0,3,1,21,x2,24), (1,4,2, 22, x3,24), (2,5, 3, x1, T3, 24), (3,6, 4, 2, T3, T4),
(4,0,5,21,x3,24), (5,1,6, 22, x3,24), (6,2,0, x3, 1, 24).
w=5 X=7Z;{x1,...,25}, W={z1,...,25}
(21,3,6,2,0,24), (x3,6,5,4,2,x5), (1, 2,4, 1,22, 24), (22,4, 6,0,5, x5),
(24,1,5,0,3,21), (25,4,0,2,1,23),(2,5,3, 2,24, 25), (1,0, 3, x3,6,4).
w=6: X =(Zsx Zg)U{z}, W =Z;x{2,3}
(02, 2,00, 10, 11, 21), (21, 03, 20, 02, 20, 25), (03, 11, 01, , 19, 20) mod (3, —).
[Graph G3] In the Ga-designs, the vertex sets are the same as those of G1-designs, and the block
sets are listed as follows.
w =3: (0s,2,11,10,01,21), (21, 02, 20, 00, 12, 01) mod (3, —).

w=4: (‘Tluoa 37 17 67 :E4)7 (.’I]Q, 27 37 57 4,.’[]3), ((Eg, 47 07 57 27 :E4)7 ((E4, 67 07 27 57 (Eg),
(xlu 27 17 47 37 :E4)7 (.’I]g, 37 47 67 1,1}4), (:E?n 67 57 17 O,.’I]l).
w = 6: (007 027 21,{[], 137 20)7 (027 017 037 117 20,1}), (107 037 007 217 027 20) mod (37 _) u

Lemma 2.2 There exist a G;-ID(14 + w,w) fori = 1,2, 2 <w < 6, and a Go-ID(14 4+ w, w)
for w =9,12.

Proof Let G;-ID(14 4 w,w) = (X, B) for i = 1,2, where |B| = 13 + 2w.
[Graph G1] Let X = (Z7 X Zo)|U{z1,... 2} for 2 < w < 5 and X = ((Z7U{A4, B}) x
Z2) |U{C, D} for w = 6. The family B consists of the following blocks.
w=2: (0,1, 11,x2,21,40), (01,31,11, 19,40,30) mod (7,—);
(0o, 60, 10, 30,40, 20), (20, 60, 30, 50, 00, 40), (4o, 60, 50, Lo, 20, 00)-
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= 3: (09, 21,01, 22,11,30) mod(7,—); (0o,23,51,21,31,60) +ip (2 <1i<6);

(0o, 60, Lo, 20, 50, 30), (01, 21, 11, 61, 51, 31), (20, 60, 30, 40, 50, 00), (40, 60, 50, Lo, 00, 30),
(41,21,31,51,61,00), (00, 23, 51,21,61,60), (1o, 23,61, 31,41, 51).

= 4: (21,1, 00,22, 1o, 24), (00, 3, 31, 30, 20, Z4), (61, 51, 00,41, 31, 1o)

=bh mod (7, —);

mod (7, —).
(21, 21,00, 2,41, 24), (00, 3, 11,01, 41, 24
(0o, 5,31, 61,40,50) +i0 (1=0,1,2,3,5
(00, 20, 10, 60, 50, 30),

(
(

)’
);

= 6: 0070017D 40;41)+ZO (7’:051725375)3 (007A0521730;31;10) mOd(752)7
O 20710760750;30);(40;20530550710760) mOd(_72)a

(407 07417 D7 607 61)7 (607 Ca 617D7 507 51)

(40, 20, 30, 50, 1o, 60), (40, 5,01, 31, 60, 20), (60, x5, 21, 51, 50, 40)-

61

[Graph Ga| Let X = (Z7 x Z3) | J{x1, 22} for w =2 and X = Z14J{z1,..., 2w} for the other w.

The family B consists of the following blocks.
w=2: (0o,01,31,11,20,22) +i0 (i =2,3,4,6); (61,00,51,30,71,10) +io (1 <i<5);
(

00,01, 31,11, 50, z2), (1o, 11,41, 21, 00, x2), (50, 51, 11, 61, 40, z2), (61, 00, 51, 21, 30, 10),
51,60, 41, 20,30, 00), (1, 30, 22,40, 10, 20), (00, 30, 10, 20, 60, 22), (21, 5o, T2, 60, 20, o).

(
(

=3 (21,3,4,7,0,23), (z1,4,12,10,5,0), (21,8,9,12,13,4), (22,6,11,4,9,1),
(22,1,8,3,12,10), (x3, 1,12,6,13,3), (8,11, 10,7, 22,2), (3, 23,9, 2,0, 11),
(13,9,0,10,11,5), (z1,1,7,9,11, z3), (z2, 5, 3,10, 13, 11), (13,4, 5,8,0, 11),
(22,0,2,7,11,21), (12,13,6,7,5,10), (23,0, 6,8, 10, 21), (1, 13,2, 5, 10,8),
(0,1,2,4,11,6), (5,6,3,9,7,13), (23, 11,2, 12,5, 5).

(21,5,9,6, 11, 2), (22,5,12,7,6,4), (x2,10,1,11,0,z4), (13,11,2,12, 3, z2),
(22,3,7,4,13,9), (23,12, 1,6,10,21), (22,8,9,12, 1, z1), (13,0, 11,5,2,9),
(21,0,12,3,4, 24), (z1,7,11,8,12,3), (23, 1,3,8,7,9), (3, 4,6,11, 13,8),
(24,3,5,10,13,1), (24,0,2,7,5,9), (24,2, 3,6,9, 23), (21, 2,8, 10, 13, 0),
(0,1,2,4,6,23), (13,6,10,7,8,12), (23,9, 10,0,5, 13), (1,13,4,9,7, 10),
(24,4,5,8,11,2).

: (21,0,4,1,11, x9),
(
(
(
(
(
(
(
(
(
(
(
(
(

g
Il
S

g
Il
ot

x1,7,11,8,13, 24), (21,2,6, 3,4, 13

( (25,1,9,7,2,4),
5,10,1,11,9, z3), (22,1,8,3,9, 13 ),
), (

(

(
(%4,3,7,4,9,0
3,25,8,0,12, 29), (25,12, 1,6,13, z4), (23,9, 11,3,7,0), (13,1,2,5,0,7),
9,21,12,5,8,13), (24,6, 7, 10,13,12), (13,4,6,11,9,8), (22,0,9, 10, 2, 12),
5,23,6,0,25,9), (x3,8,2,10,13,4), (2, 24, 12,0,9,8), (13, 3,5, 10, 2, 11),
24,5,4,8,7,25), (x3,4,10,12, 11, 21), (22, 11,2, 12, 13, z3).
1,32,3,8,24,13), (8,21,11,7,13, 23), (x1,0,4,1,13,2), (22,0,9, 10, 2, 4),

)

)

)

)
6 1'2,7 5 ,’E1,13),
)
)

/\/\/\/\

g
Il
o

5,23,6,0,13, 26), (x3,4,10,12, 1, 21), (21,2, 6, 3,4, 10), (2, 23, 10,8,7,13),

5,1,9,7,13, 22), (5,21,12,9,11,13), (0, 6, 12,7,8,5), (11, 76,9, 8,0, 13),
6,3,10,5,13,2), (z5,10,1,11,8,12), (1,13,11,6,3,4), (x5, 1, 5,2, 4, 23),
29,11,2,12, 13, 5).

0,21,4,1,x6,11), (10, 22,12, 4, 21,1), (5,21,9,6, x3,22), (7, 22,1,13,5, z5),

(
) (
) (
24,5,4,8,13,25), (3,9,11,3,13,24), (24,3, 7,4,9,13), (2,24,12,0,13,8),
6,4,10,7,8,z5), (6,22, 7,5, 21, 73), (4,235, 9,6,13,2), (0, 25,12, 3,13,6),
) (
) (1,

=09
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11, 3,1, 10, 3, x¢),
3,z6,5,10, 27, xs),
6,x7,8,13,xs,3),
8,14,9,5,0,x9),

(8,23,12,9,29,10), (7,21, 11,8, 24, x6), (5,22, 11,0, 3, x5),
(3,23,13,4, x4, x8), (4,24,13,0,x5,2), (2, 24,11,1,10, 27
(6,26,9,7,x3,11), (7, 25,12,3, 27, 13), (4, x6, 12,8, z9, x7
(7,29,8,10,12, xg), (10,27, 1,9, x5, x9), (2, 29, 5, 12,8, 11),
(2,21, 13,3, x5, x6), (6,29,13,11,1,10), (3, xs, 7,1, 29,4), (10, 24, 12,6, x5, 21),
(12,25,2,11,0,7), (2,23,7,0,9,11), (0, xs, 4,9, xg, z7), (5, 5,9, 13,1, 3),
(27,2,4,5,0,6),(8,25,0,6,1,10), (2, x2, 3, 6, x¢, 0).

= 12:(8,x3,12,9,25,0), (4,24, 13,0, z9, 10), (10, z2, 12,4, x5, x1), (3, 6, 5, 10, 29, 1),

(7,25,12,3,27,13), (11, 23,1, 10, 210, x5), (3, xs, 7, 1, x7, 11), (4, x¢, 12, 8, 27, 10),

(

(

(

(

(

(

(

(

)

)
),
)
)

10, 24,12,6, 21, x12), (0, 21,4, 1,26, z5), (2, 21,13, 3, x5, 23), (3, 3, 13,4, x4, x¢),
5,21,9,6,xs,22), (7,21, 11,8, 12, x5), (2, 4,11, 1, 26, x7), (12, 210, 8, 1, 27, 0),
2,29,5,12,10, 212), (12, x5, 2,11, 211, 212), (212, 1, 211, 6, 10, 0), (7, 211, 13, 2, 12, 210),
6, z9,13,11, 210, 212), (6, 26,9, 7, x5, X10), (7, 22, 1,13, 24, x9), (5, 25,9, 13, 3, 29),
0,2s8,4,9, 212, 210), (5, 22, 11,0, z10, x6), (10, 27,1,9, 211, z6), (8, 5,0, 6, x5, T9),
8,24,9,5,2,212), (7, 29, 8,10, 10, x12), (2, 23, 7,0, 210, 4), (4, 212, 3,11, 6, 8),
6,x7,8,13, 28, 211), (9,211,5,11,3,7), (2,22, 3,6,9,5), (3,210, 10,0, 211, x5),
x7,2,4,5,0,2171). O

3. Packings and coverings for A =1

In what follows, the symbols C,,, P,, and St(n) denote the graphs respectively: cycle with n

vertices, path with n vertices, and star with n terminal vertices.

Lemma 3.1 There exist a (74 w,G1,1)-OPD (OCD) for 2 < w < 6, and a (7 4+ w,Ga,1)-
OPD (OCD,) for w = 3,4,6.

Proof Let (7+w,G;,1)-OPD = (X, A;(w)), where X is taken from the definition of vertex sets
in G;-1D(7 + w,w) except for specification, and generally A;(w)= (B;(w)—C)|JC'|JD, where
B;(w) is the block set of G;-ID(7 4+ w,w) constructed in Lemma 2.1, ' is the modification of C.
B (z — y) (or By(z < y)) denotes that we replace x with y (or exchange x and ) in the mth
block of B;(w).

Forw=2,3and i=1,2, a (T4 w,G;,1)-OPD is just the G;-ID(7 + w,w), and L(A4;(2)) =
Py, L(A;(3)) = C3 except that (i,w) # (2,2) (ref. Lemma 2.1). As well, the leave-edge graph
L(A;(6)) = Py, i = 1,2, will be omitted, since the value of the end point in P> does not affect
the constructions from OPD to OCD and from A =1 to A > 1.

Ai(4): C: By,Bs,Bg,Br; C':Bi(ze — x3), Ba(xg — 0), Bg(xqa — 0), Br(z4 < 0).
L(A14) = {(21, 23), (x1, %4), (%1, 22), (2, T3), (T2, T4), (72, 0)}.
Ai(5): C:By,Bs; C':B1(0— z3), Ba(2 = x2); D: (w5,72,71,T4,x3,0).
L(A1(5)) ={(2,23), (w2, 74), (3, 74) }.
A16): D :(x1,x2, 3,24, Ts5,26), (T5, Ta, T, Ta, T3, T1).
As4): C:By; C': B1(6 — x3). L(A2(4)) = {(6, 1), (x1, 22), (X1, x4), (2, 24), (T2, x3), (x3,24)}.
Asx6): X = Z11 U{x1, 22} (3,0,5,1,x1,22) mod1l.
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Obviously, each L(A;(w)) is a subgraph of G;, so each OCD can be obtained by adding a
block containing this L(A;(w)). O

Lemma 3.2 There exists a (14 + w,G;,1)-OPD (OCD) for2 <w <6, i =1,2.

Proof Let (144w, G;,1)-OPD = (X, A;(w)), where X is taken from the definition of vertex set
in G;-ID(14 + w, w) except for specification, and generally A;(w)= (B;w)—C)JC'|JD, where
B;(w) is the block set of G;-ID(14 4+ w, w) constructed in Lemma 2.2, C’ is the modification of C.
Forw=2,3andi=1,2,a (144w, G;,1)-OPD is just the G;-ID(14+w, w) and L(A;(2)) =

Py, L(A;(3)) = C3. By the same reason stated in Lemma 3.1, L(A;(6))= P2 (i = 1,2) can be
omitted.
A1(4): C:(21,21,00, 72, lo,74), (31,71, Lo, T2, 20, Z4), (01, 61, 10, 51, 41, 20).

(00, 23,31, 30, 20, Z4), (51, 21, 30, T2, 40, T4);

"1 (21,21, 00, 22, 10,31), (31, 20, Lo, X2, x3, 24), (01, 61, 19, 51,41, 21),

(00, 23, 24, 30, 20, 31), (51, 21, 30, 2, 40, 31)-
L(A14) = {1, 21), (w1, 22), (1, 23), (21, %4), (32, 3), (¥2,74) }.
Ai1(5): C:(21,21,00,72,41,24); C' (21,00, %1, 72,41,24); D :(z4,73,T5,T2,00,21).

L(A1(5)) = {(21, 23), (x3, 22), (x2,00)}.

Aq16): D: (Ao, A1, Bo,B1,C, D), (C, B1,D, A1, By, Ag).
Ax4): C:(21,5,9,6,11,29); C': (21,5,9,6,z3,22).

L(A24) = {(11,21), (z1, 22), (21, 24), (2, T4), (2, 73), (3, 74) }-
C: (x1,7,11,8,13,24), (w2, 11,2,12,13, x3), (x3,8,2,10,13,4);
C':(x1,7,11,8, x5, 24), (2, 11,2,12, 24, x3), (23, 8,2, 10, 21,4);
D : (x1,13,23, 22,24, x5). L(A2(5)) = {(23,24), (x4, x5), (x5, 22)}.
Aa(6): X = (Zg x Zz)\J{z1, 72}

(20, 01, 30, 1o, 1, x2), (01,00, 11, 31, 21, 22), (30, 00, 41, 51, 70,01) mod (9, —).
Obviously, each L(A;(w)) is a subgraph of G;, so each OCD can be obtained from the OPD

by adding a block containing this L(A;(w)). O

As(5):

Lemma 3.3 There exists a G;-HD(7*) fori =1,2.

Proof Let G;-HD(7*) = (X, B;) and X = Z; x Z,. Then the family B; is listed in the following.
Bi: (0o,53,62,11,01,19) mod(7,4); (0o,33,02,31,32,30) +i; (0<i<6, j=0,1).
By: (53,62,11,00,01,19) mod(7,4); (33,02,31,00,01,03) +i; (0<i<6, j=0,1).0

Lemma 3.4 There exist a (28+w,G2,1)-OPD (OCD) for w = 2,5,9,12 and a (14+w, G2, 1)-
OPD (OCD,) forw =9,12.

Proof (30,Ga,1)-OPD X = (Zr x Z4
(00, x1,52,61,x2,50), (43, 22,01, 52, 21,3
(32,02, 53, 12,61,42), (33, 03, 20, 13, 32, 23), (51, 62, 00, 23, 63, 13), (22, 43, 41, 00, 21, 63)mod(7, —);
(09, 01, 49, 50, 60, 61), (60, 11, 1o, 5o, 61, 30), (0o, 21, 60, 20, 40, 30), (10, 31, 30, 00, 60, 40),

(20, 41, 40, 10, 30,60), (30, 51, 20, 50, 61,40)-

U{z1, 22}

)
3), (42,00, 32, 11,60, 20), (31, 01, 63, 11, 50, 30),
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(33,G2,1)-OPD X = (Z15 x Z2) | U{x1, 22,23}

(50, 00, 30,61, 1, x2), (01, 71,21, 00, T2, x3), (40, 00, 51, 81, x3, 1), (101, 00, 91, 111, 61, 31),
(20,01, 30, 10,80, 10¢) mod (15, —).

(23,G2,1)-OPD X = (Z3 x Z7)|U{z1, 22}

(00, 21, 02,21, 2, 12), (03, 21, 15,04, 15, 11), (16, 22, 04, 25, 21, 14), (01, 2, 13,02, 14, 04),
(22,00, 26, 14,01, 14), (03, 0o, 11, 05,21, 01), (03, 01, 04, Og, 12, 11), (15, 02, 1, O3, 25, 12),
(20, 02,04, 05, 19, 22), (13, 0o, 16, 24, 06, 01), (0o, 01, 15, 23, 04, 16), (02, 09, Og, 25, 26, 11) mod (3, —).
(37,G2,1)-OPD X = (Z5 x Z7)|U{z1, 22}

(00, 21,22, 11,22,31), (03,21, 25,24, 14, 35), (46, T2, 04, 15,21, 01), (43, 2,01, 32, 15, 30),
(02,00, 03, 40, 30, 23), (34, 00, 15, 20, 14, 40), (45, 01, 44, 11, 21, 42), (45, 01, 4g, 21, 11, 26),
(44,02, 45, 12,20, 40), (46, 02, 45, 22, 1, 09), (45, 03, 4g, 13, 41, 20), (46, 04, 13, 14, 32, 01),
(36,00, 16,01, 30, 26), (26, 05, 34, 03, 35, 46), (14, 16, 20, 05, 36, 43), (22, 01, 20, 03, 45, 14),
(24,01, 15,02,05,35), (42, 00,41, 04, 19, 46), (45, 06, 02, 05, 46, 03) mod (5, —).
(26,G2,1)-OPD X = Zy3\J{z1, 22,25}

(0,5,1,7, 21, 22), (0,10,2,11, 23, 5) mod 23.

(40,G2,1)-OPD X = Zs7 | J{z1, 22,23}

(0,7,1,10, 21, 22), (0,12, 1,14, 23,9), (0,17, 2, 18,4, 7) mod 37.

It is easy to see that L(B) = P, for v = 30,23, 37 and L(B) = Cj; for v = 33,26, 40. Obviously,
each L(B) is a subgraph of G3, so each OC'D can be obtained from the OPD by adding a block
containing this L(B). O

By Lemmas 1.1, 2.1, 3.1, 3.3 and 3.4, we get the following lemma.

o —

Lemma 3.5 There exists a (28 + w,G;,1)-OPD (OCD) for2 <w <6, i =1,2.
Theorem 3.1 There exists a (v,G;,1)-OPD (OCD) fori=1,2, v=2,3,4,5,6 (mod 7).

Proof For clearance, we list Tables 1 and 2 to prove the theorem.

v(mod14) w=2,34,56 T+w=0910,11,12,13
HD 14t+2 72t+1
ID(v,w) (14 4+ w, w) (7 + w,w)
OPD(OCD)(v) 14+ w, 28+ w T+w

Table 1 Construction of a (v,G1,1)-OPD (OCD) (t > 1)

v(mod 14) w=2,34,56,912 w=10,11,13

HD 14t+2 72t+1
ID(v,w) (14 +w,w) (7T+w,w)
OPD(OCD)(v) 14+ w,28+w 74w

Table 2 Construction of a (v,G2,1)-OPD (OCD) (t > 1)

The desired designs in the tables refer to Lemmas 1.2, 2.1, 2.2, 3.1, 3.2, 3.4, 3.5. O
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4. Packings and coverings for \ > 1

Lemma 4.1([5]) Given positive integers v, A and u. Let X be a v set.

(1) Suppose there exists a (v, G, \)-OPD = (X, A) with leave-edge graph L(A) and L(A)C
G. Then there exists a (v, G, \)-OCD with the repeat-edge graph G\ Lx(A).

(2) Suppose there exist both a (v, G, \)-OPD = (X, A) (with leave-edge graph L(A)) and
a (v,G,n)-OPD = (X, B) (with leave-edge graph L, (B)). If |[Lx(A)|+|L,(B)|= lx+,, then there
exists a (v, G, A + u)-OPD = (X, Al B) and its leave-edge graph is just Lx(A)J L, (B).

(3) Suppose there exist both a (v, G, \)-OCD = (X, A) (with repeat-edge graph R(A)) and
a (v,G,pn)-OCD = (X,B) (with repeat-edge graph R, (B)). If |Rx(A)|+|Ru.(B)|= ratu, then
there exists a (v, G, A+ pu)-OCD = (X, A|JB) and its repeat-edge graph is just Rx(A)J R.(B).

(4) Suppose there exist both a (v, G,\)-OPD = (X, A) (with leave-edge graph L(A)) and a
(v,G, 1)-OCD = (X, B) (with repeat-edge graph R, (B)). If Lyx(A)D R, (B) and |Lx(A)|—|R,.(B)|=
Ixtp, then there exists a (v, G, \A+pn)-OPD = (X, A|J B) with the leave-edge graph Ly (A)\R,(B).
(5) Suppose there exist both a (v,G,\)-OCD = (X, A) (with repeat-edge graph Ry (A)), and a
(v,G, 1)-OPD = (X, B) (with leave-edge graph L,,(B)). If Rx(A)D L, (B) and |Rx(A)|—|L.(B)|=
T'x+p, then there exists a (v, G, \+u)-OCD = (X, A|J B) with the repeat-edge graph Ry (A)\L,(B).

In this section, we only need to consider 1 < A < Anin, where Ap,;, denotes the minimal A
such that there exists a (v, G;, \)-GD for v > |E(G)|, i = 1,2. Here Apin = 7.

Lemma 4.2 There exist a (74w, G1,\)-OPD (OCD) for A > 1, w= 2,6 and a (7T+w, G2, \)-
OPD (OCD,) for A > 1, w=6.

Proof By Lemmas 3.1 and 4.1, for 1 <A <6, Ly = L1 |JLx_1, Rx =G;\ L). O
Lemma 4.3 There exists a (7 +4,G;,\)-OPD (OCD) for A\ > 1 and i = 1,2.
Proof By Lemmas 3.1 and 4.1, for 1 <A <6, Ly = Lyx_1\ R, Rx =G;\ L). O

Lemma 4.4 There exist a (7+ 3,G;,\)-OPD (OCD) for A\ >1,i=1,2 and a (T+5,G1, \)-
OPD (OCD) for X > 1.

Proof By Lemma 3.1, L(A;(5)) = Py. Further, for i = 1,2, in G;-1D(10,3) = (Z; |JW, W, B)
constructed in Lemma 2.1, there exists an x € W such that x adjoins with a pendant vertex, so
it is easy to obtain the desired OPD with leave-edge Py. We list Table 3 for clearance.

A 1 2 3 4 5 6
l)\ 3 6:211 2:ll—T2 5:ll—|—13 1213—7”2 4:ll+l5
L}\ P4 .—[:[_. P3 .—[:[ P2 C4
T 4 1 5 2 6 3
Ry Gi\ Py Py Gi\ P Gi\ Ly Gi\ P Gi\ Cy

Table 3 Leave (repeat)-edge graphs of the OPDs (OCDs)

Lemma 4.5 There exists a (14 + w, G;, \)-OPD (OCD) for A\ > 1,2 <w <6, and i =1,2.
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Proof For w = 2,4,6, the conclusion holds by the proofs of Lemmas 4.2 and 4.3; For w = 5,
by Lemma 3.2, L(A;(5)) = P4 for i = 1,2; For w = 3, similarly to Lemmas 4.4 and 4.5, we can
obtain a (14 + w, G;, \)-OPD with the leave-edge graph P;.

A1(3): C: (00,271,071, 22,11,30); C": (00,01, 21,22, 11, x3).

Ax(3): C:(21,3,4,7,0,23); C':(21,3,4,7,29,23). O

Lemma 4.6 There exist a (28 + w,G2,\)-OPD (OCD) for A > 1, w = 2,5,9,12, and a
(14 4+ w, G2, \)-OPD (OCD) for A > 1, w=9,12.

Proof By Lemma 3.4, for v = 30,23, 37, the leave-edge graph of the (v, Ga,1)-OPD is P5. In

the following, we will obtain (v, G2,1)-OPD with leave-edge graph P, for v = 33, 26, 40.

(33,G2,1)-OPD C : (59,00,30,61,x1,22), (41,111, 61, 40, 22, 23), (00, 119, 11,41, x5, 21).
C': (x3,00, 30, 61,21, 22), (41,111, 61, 40, x2, 50), (00, 110, 11, 41, 50, Z1).

(26,G2,1)-OPD C:(0,5,1,7,21,22),(5,15,7,16,x3,10), (7,17,9, 18, x5, 12).
C':(x3,5,1,7,21,22),(5,15,7,16,0,10), (7,17,9,18,0,12).

(40,G5,1)-OPD C:(0,7,1,10,21,x2), (7,19,8,21, 25, 16), (10,22, 11, 24, 23, 19).
C':(x3,7,1,10,21, 22), (7,19, 8,21,0,16), (10,22,11, 24,0, 19).

So the lemma holds by Lemmas 4.2 and 4.4. O

By Lemmas 3.3, 4.2-4.5, we derive the following lemma.

Lemma 4.7 There exist a (28 + w,G1,\)-OPD (OCD) for 2 < w < 6, A\ > 1, and a (28 +
w, G2, \)-OPD (OCD) for w=3,4,6, A > 1.
Similarly to the proof of Theorem 3.1, by Lemmas 1.1, 1.2, 2.1, 2,2, 4.2-4.7, we obtain the

following result.

Theorem 4.1 There exists a (v, G;, \)-OPD (OCD) forA > 1, i =1,2 andv = 2,3,4,5,6 (mod 7).
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