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1. Introduction

The aim of this paper is to study the two approximation characters by trigonometric poly-
nomials, i.e., trigonometric widths and best n-term trigonometric approximations. As other
approximation characters, the two approximation characters have been widely investigated and
some estimates exact in order of many classes of functions have been obtained. For best n-term
trigonometric approximation, the most general form was introduced by Stechkin [1] in the study
of the convergence of orthogonal series. The first estimates of the best trigonometric approxi-
mations for certain specific functions of one variable were obtained by Ismagilov [2]. For more
results, one can refer to the papers cited in this paper and the references therein.

It is well known that, for the Sobolev, the Holder-Nikol’skii, and the Besov classes, the
behavior of the Kolmogorov widths in the sense of weak asymptotic order coincides with the
behavior of trigonometric widths in all cases where exact orders of these widths are established.
Recently, the corresponding different extensions of the Holder-Nikol’skii, and the Besov classes
have been introduced by some researchers. In 1994, Pustovoitov [3] introduced the function class
H(T?). He first used a standard function Q(t), a prototype of which is Q(t) = t* := ] - - ]
as a majorant function for the mixed modulus of smoothness of order [ of functions f € L,

instead of the standard function t* and obtained the estimates of best approximations of classes
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H{} with some special Q(t1,...,tq). In 1997, Wang [4] introduced the Besov class B;?Q(Td)
by means of Q(t), i.e., an extension of the Besov class S’;_’e(Td), which was introduced first by
Amanov [5] and gave the asymptotic estimates for Kolmogorov n-width of this class under the
condition Q(t) = w(t1,...,tq). Similar to [3] and [4], Xu [6] introduced the generalized Besov
class B;%H(Td) which is an extension of the usual Besov space B;Q(Td) with Q(¢) = ¢* and
obtained the estimates exact in order for the Kolmogorov, the Gel’fand and the linear widths
of the classes Bﬁe(Td) in the space L,(T%) for 1 < p,q < co. Stasyuk already studied the
trigonometric widths and the best n-term approximations of the classes B;l,e (T?) given by Wang
[4] in the space L, for some values of parameters p, g in [7-9], respectively. In this paper, we shall
investigate the behavior of trigonometric widths and best n-term trigonometric approximations
of the classes Bge(Td) given by Xu [6].

Throughout this paper, we will use the following notations <« and <. For two sequences
{an}nen and {b,}nen of positive real numbers, we write a,, < b, provided that a, < cb, for
some ¢ > 0. If, furthermore, also b,, < a,,, then we write a,, < b,.

This paper is organized as follows: In Section 2, we recall some notations and definitions
on trigonometric width and best n-term approximation. Our main results will be stated in this

section. In Section 3, we will give the proofs of the main results.

2. Preliminary and main results

In this section, we first recall some notations and definitions which will be used in the for-
mulation and proofs of the main results.

Let X be a normed linear space and A a subset of X, and X,, be an n-dimensional subspace
of X. The quantity

E(AvX) = Jsclelge(fa Xﬂ)

is called the deviation of A from X,,, where e(f, X,) = infyex, || f(-) — g(-)||x. Thus E(A, X,,)
measures the extent to which the “worst element” of A can be approximated from X,,.

The n-width, in the sense of Kolmogorov, of A in X is given by

dn A7X = inf inf ) ' ’
(4, X) = inf sup = 17C) —9()lx

where the leftmost infimum is taken over all subspaces X,, C X of dimension < n. A subspace
X,, of X of dimension at most n for which

dn(A, X) = E(A, X))

is called an optimal subspace for d, (A, X).
The trigonometric width of A in X is defined by

dP(A,X) = infsup inf ) —t(Oy,- ,
DA X) = ipfsup inf 1)~ 100l

where (0,,x) = >0, cjei(kj’x), ©, = {k7}}_, is an arbitrary collection of vectors ki =
(ki,....k}) from the integer lattice Z%.
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The best n-term trigonometric approximation of A in X is given by

en(A,X):}elginf inf f(:) = P(©n, ") x,

f On P(On,x)
where P(©,,x) are polynomials of the form P(@y,x) = >0, ;e @, = {k7}7_, is a
system of vectors k7 = (ki,..., k) from the integer lattice Z%, and c;j are arbitrary coefficients.

From the above definitions, it is obvious that
(A, X) <dE(A, X); en(A,X) < dl(AX). (1)

We now describe the classes B;%H(Td) introduced by Xu [6] that will be investigated in
this paper. Let L,(T%) (1 < p < o) denote the normed space of measurable functions on

T4 = (—m,n]%, which is 27-periodic with respect to each variable with the usual norm || - ||,
Suppose that k € N, and h € R?%. For each f € L,(T?),

k
Aff(x) =D (-1)H* ( ’; ) f(x+Ih)

1=0
is the k' difference of the function f at the point x with step h. The order k& modulus of
smoothness Qx(f,t), of f is defined by
Qe f,)p = sup |ARSp-
|h|<t

Definition 1 Let 2 denote a non-negative function on Ry ={t : t > 0}. We say that Q(t) € @,
if it satisfies:

1) Q(0) =0; Q(t) > 0 for any t > 0;

2) Q(t) is continuous;

3) Q(t) is almost increasing, i.e., for any two points t, T with 0 < t < 7, we have Q(t) <
CQ(7), where C > 1 is a constant independent of t and T;

4) For anyn € Zy, Q(nt) < Cn*Q(t), where k > 1 is a fixed positive integer, C > 0 is a
constant independent of n and t;

5) There exists o > 0 such that Q(t)/t is almost increasing;

6) There exists 3, 0 < (3 < k, such that Q(t)/t” is almost decreasing, i.e., there exists C' > 0
such that for any two points 0 < t < T there always holds Q(t)/t? > CQ(7)/75.

Definition 2 Let k € N, Q(t) € ®;,1 <0 <oo,and1 <p < oo. Wesay f € B;%Q(Td) if f
satisfies the following conditions:

1) f€Ly(T?);

2) Hbege(Td) < oo, where

400, Q s
U (= e 1<0 < oo,

Hbeg,e(Td) ~ Y sup -Q'?gfc{f)’), ) = oco.

The space Bge(Td) is a normed linear space with the norm

£ B, (ray = I £llp + [ fllog , (re)-
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When Q(t) = t°, B;%H(Td) is the usual Besov space Bge(Td). Let
Spo(T?) = {f € Ly(T%) : 1f 152, (ray <1}
Now we are in a position to state our main results of this paper.

Theorem 1 Suppose that k € N, Q(t) € ®5, 1 <p,q,0 < oo, Q(t)/t“ is almost increasing and
a > d. Then
(n~ ”d), 1<g<p<oo;
dy (Sp(T?), Lg(T?)) = § Qn=Vm!/P=12 1 <p<2<q<p/(p—1);
Qn=Ydpt/r=1/a 1<p<qg<2

( Lo

Theorem 2 Suppose that k € N, Q(t) € &}, 1 < 0 < oo, Q(t)/t* is almost increasing and

o > d. Then
Q(n=1/4), 2<qg<p<ox;
Q(n=19) 2<p<g< oo
en(Syo(T), Ly(T?)) < ’ B ’
(Sp.o (T, La(T7) Qn~Ydpl/r=12 1 < p <2< q< oo;
Q(n=Ydpt/r=1/a 1<p<qg<2.

3. Proofs of main results

In this section, we will give the proofs of our main results. To this end, we need the following
notations and auxiliary lemmas.

Let

—1+2Zcoskt+2 Z ((2m — k)/m) cos kt
k=m+1

be the de la Vallée Poussin kernel. Then, the multi-dimensional de la Vallée Poussin kernel is
defined by

d
= HVm(Ij)

for m € N. For functions f on T'%, we consider the convolution operator V;, f := f % V},, defining
the de la Vallée Poussin sum of f. The differences of successive de la Vallée Poussin sums are
defined by

(I)Of = Vlf, (I)sf = Vésf — ‘/2371'][, s = 1,2,... .

For a vector s = (s1,...,54) with nonnegative integer coordinates, we associate the set p(s)

of vectors k with integer coordinates
p(s) ={k= (ki,...,kq) : 2% < |kj| < 2%, 5 =1,...,d}.
Below, we present several statements, which will be used in the proofs of our main results.

Lemma 1 ([6]) Ifk € N, Q(t) € ®5,1<p,0 < oo, and f € B;%Q(Td), then f can be represented
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in the form of a series -
f = Z (I)sf
s=0
converging to it in the sense of L,(T?), and

(s (ll%{llp)@}l/e, 1<6 < oo,

Z
IfllBe, e =3 *Se;
Bp.o(T) sup Q;IZS{L';, 0 = 0.
SEZ4

Qn=1/), 1<q<p<oo;

Q(n=1/4) 2 < p<q<oo;

Q d d\\ ) > >~ >~ N
dn(Sp,G(T )qu(T )) - Q(n_l/d)nl/p_l/z, 1 Sp S 2 S q S 0;

Q(n~Y4pt/r=1/a 1<p<qg<2.

Lemma 3 ([10]) Assume that 2 < g < oco. Then for each trigonometric polynomial

M
P(Qx) = Z etk %)

j=1
and each N < M there exists a trigonometric polynomial P({x;x) containing at most N terms
such that
[1P(Qar;%) = P(Qn; x)[lg < MNTV3;

in addition Qy C Qp; and all the coefficients of P(Qy;x) are equal and have the estimate
MN—.

Let ¢(€2i,; x) be the trigonometric polynomial approximating the “block” t5(x) = > yc (s etlkx)
in accordance with Lemma 3. Consider the linear operator T acting on f(x) by the formula

(Tsf)(x) = f(x) * (Y € —4(Qn,5x)).
kep(s)

Lemma 4 ([11]) Assume that 1 < p < 2 < q < p/(p— 1). Then the norm of the operator Ty

from L, into L, (||Ts||p—q) has the following estimate:

| Tsllp—q = sup ||Tufllq < 28BN /210D,
Ifllp<1

where p' = p/(p — 1).

Lemma 5 ([12]) Let 2 < g < co. For any trigonometric polynomial P(©y,-) that contains at
most N harmonics and for any M < N, there exists a trigonometric polynomial P(©,y,-) that

has at most M nonzero coefficients and is such that

[P(ON,) = P(Our, )|l < C\/%HP(@Na')Hz

and furthermore, ©); C ©On and C' > 0.
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Lemma 6 ([13], The Hausdorft-Young theorem) Let 1 < p < 2. Then for any f € Ly,

O 1F )Y < £l
k

If a sequence {cx} is such that ), |ck|P < oo, then there exists a function f € L, for which
f(k) = i and

1l < Q1 )PP,
k

where f(k) are Fourier coefficients of f and 1/p+1/p =1.
With the help of the above auxiliary lemmas, we can establish our main results. First, let us

prove Theorem 1.

Proof of Theorem 1 We begin with the estimates of the lower bounds. From the relation (1)
and the corresponding estimates of the Kolmogorov widths dn(Sge(Td), L,(T%)), i.e., Lemma 2,
we can obtain the required lower bounds.

Now we pass to the estimates of the upper bounds. We will prove the upper bounds respec-
tively.

Firstly, for the cases 1 < ¢ <p < oo and 1 < p < g < 2, we can obtain the required upper
bounds following the proof of the linear widths given in [6].

Secondly, we prove the upper bounds for 1 <p<2<qg<p/(p—1).

Let f(x) be an arbitrary function in the class SZK})G(Td). By Lemma 1, we can represent it in

the following form:

Fx) =) @ f(x).
s=0

Let n be fixed. Taking into account the condition 2™¢ = n, we choose m € N. Set § =
(o —d(1/p—1/2))/(ac — d(1/p — 1/q)). For each s satisfying m < s < Bm, we associate the
quantity
N, = [Q 12 ™)Q27%)2% +1,

where [a] is the integer part of a. It is easy to see that the quantities N, m < s < Sm satisfy

the estimate

Z N, < 2™ < p.
m<s<fBm

We consider the approximation of the function f(x) by the polynomial
tx)= Y QS+ Y (H;X) + D5 %) * Do f(x)
0<s<m m<s<fBm
where t(Qn,;x), t(Qn,,,:X) are the trigonometric polynomials approximating the “blocks”

ts(X) = D kep(s) &%) and t,y(x) = 2 kep(st1) ¢'®%) in accordance with Lemma 3 and

p(s) ={k=(ki,....kg) € Z%: 27 < |k;| < 2°, j=1,...,d}.
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We can verify that ¢(x) brings about the required estimate of the approximation for f(x). In

fact, we have

1 (x) = t(x)llq
<Y (@ef(0) = @ () * (HQ,3%) + H QN5 lg + 1 D Baf ()l
m<s<fBm s>pBm
= Jl + JQ.

In order to continue the upper estimates, we need to estimate J; and Jy separately.

First, let us estimate J;. For 1 < 6 < oo, we get

T2 < D0 1 2sf()llg < D [[@sf (x)]|p220 /P70

s>pBm s>pm
Q@2™™) sd(1/p—1/q)—as)8'\1/6’ [@sf ()]
< SETD ( Z 2( d(1/p—1/q) )6 )1/0 ( Z ( 9(275) P)G)l/@
s>0Bm s2>pBm
< %gdu/mlmmmm’ @)

which together with 8 = (o — d(1/p —1/2))/(a — d(1/p — 1/q)) and 2™? < n implies
Jo < Q27™)2mAA/P1/2) O (n Y d)pl/p=1/2,
For 6 = 1, 00, the estimate (2) is also true.

Next, we proceed to estimate J;. For this purpose, for each s € N satisfying m < s < fm

we consider the linear operator T acting on f(x) by the formula

(Th)x) = f) (> e —t(Qy,ix) — H(Qn,,,; X))

kep(s)Up(s+1)

We will divide two cases p > 1 and p =1 to estimate J;.

In the case p > 1 and 1 < @ < oo, according to Lemma 4 and 2™? < n, we can obtain

TS Y 1Rf(x) = Do f(x) * (H(Q,:%) + HQ 115 %)) g

m<s<fBm
= > e s Y @Y =t x) — H i 0) g
m<s<fBm kep(s)Up(s+1)
< Z | Tsllp—qll s f (%)l
m<s<fBm
< Y 2N e f(0)l,
m<s<fBm
. _ 17205\ 125 (X))l
Ql/2+1/p 9—m 2sd(1/p 1/2)Ql/p 1/2 95 || p
< CRONDY ™) G
m<s<fm
< Q(2fm)2md(l/p71/2) < Q(nfl/d)nl/pfl/? (3)

For 6 = 1, 00, the estimate (3) also holds.
In the case p = 1, let pg be a quantity such that 1 < py < 2, which we specify below. Then
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for J1 we can write (see (3))

< D R fx) (Y e Qi x) — H, %) g

m<s<fBm kep(s)Up(s+1)
< Z sl po—qll @5 f (%) po

m<s<fBm

s —(1/24+1/p}

< 3 2N f ()

m<s<fBm
< Z 2SdN-;(1/2+1/p6)2Sd(1_1/p0)||@Sf(x)”1

m<s<fBm

Qe2™m) sidj2—a(1/2—1/py)] |25 f(X)[1

< Sam= ) m<§<:ﬁm2 ey

We now choose pg such that d/2 — a(1/2 — 1/p{) < 0. Clearly, there exists such pg € (1,2) by
the hypothesis of Theorem 1. Then we have

Ji < Q27™)2mY2 « Q(n~Vdnt/2,

The required upper estimates are established. This completes the proof of Theorem 1. [

In the following, we give the proof of Theorem 2.

Proof of Theorem 2 We start with the estimates of the upper bounds. For 1 < p < ¢ < 2,

according to the relation (1) and Theorem 1, we have
en(S20(T)., Ly(T%) < Qn="/ 't /r=1/1,
For the remaining three cases, by the relation
en(Spo(T), La(T)) < en(S20(T?), Lo(T),  p =2

note that it suffices to prove the upper bounds for 1 < p <2 < ¢ < .
Let f(x) be an arbitrary function from the class S;?Q(Td). We represent it in the following

form:

fR =)0 )+ Y. B+ Y Bf(x), (4)

s<m m<s<fBm s>pBm
where 8 > 1 is a certain real number (we fix it below).
Let n € N be fixed. We choose m such that 2% =< n. For each s € N satisfying m < s < fm
we associate the quantity
N, = [Q Y2 ™)Q((27%)2%] + 1,
where [a] is the integer part of a and show that
> N.<2m<on
m<s<fBm
We consider the approximation of the function f(x) by the polynomial

P(eﬂvx) = Z (I)sf(x) + Z P(GNsvx)v (5)

s<m m<s<fBm
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in which, according to Lemma 5, for every ®,f(x), there exists a polynomial P(Oy,,x) such

that gud
[®sf(x) — P(On,,x)[lq < (F)WII@J(X)HZ

Taking into account (4) and (5), we have

1£ () = P(On,X)lg = | Y ®f(x) = D> PON, X4

s>m m<s<fBm
< Z (s f(x) = P(On,,x))llg + |l Z P, f(x)]lq
m<s<fBm s2>pBm
= 11 + IQ. (6)

Further, we estimate each term in (6) separately. For the second term, taking f = (a —
d(1/p—1/2))/(a—d(1/p—1/q)), just as the estimate of J5 in Theorem 1, we have

I < Q27 ™)2md1/p=1/2) « (= 1/d)p1/p=1/2,

Now let us estimate I;. According to Lemma 5, the Nikolskii inequality of different metrics
for ®,f(x) and 2™¢ < n, we get

h< Y 8.6 - PO, %),

m<s<pfm

Q(2™m) sld(1/p—1/2)—ay2 [ ®sf ()l
< 9—am/2 Z 2 9(275)

m<s<fBm
< Q(27m)2md /P12 « ()t /=2,

In the proof of the lower bounds, we use the following duality relation ([14, p.42]):

en(f)g =inf  sup f(x)P(x)dx, (7)
o regiigp I

where L*(©,,) is the set of functions orthogonal to the subspace of trigonometric polynomials
with “indices” of harmonics from the set ©,, = {k’ 7y and 1/¢+1/¢" = 1. We will divide our
consideration into three cases.

Firstly, for 1 < p < 2 < ¢ < oo, note that it suffices to establish the lower bounds in the case
q = 2. In this case, we need to construct a special function which belongs to the class S;%H(Td)
and a concrete function P(x) which satisfies the conditions of the right-side of relation (7). For
this purpose, we need the following notations.

For fixed n € N, we can choose m € N such that for the number of elements of the set
pim) ={k = (ki,...,kq) € Z¢: 2™ < |k;| < 2™, j=1,...,d},
we have |p(m)| > 2n and |p(m)| = 2™¢ < n. Consider the polynomial

D,,(x) = Z efkx),

kep(m)

It is known that the convolution operator V;, (see [13, p.92]) is bounded, i.e.,

[Vinllp—p < 3%, 1 <p < oo,
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From this, it is easy to find that the operators ®,, s € Z; are also bounded.
Taking into account the relation [15, p. 214]

l
1> coskal, = (1—n)'""7, ¥n,leN, I>n, pe(1,00),
k=n

and ||®||,—p < 3%, we get

- H(I)m—le”p 0 H(I)mDm”p 041/6
HDWHB;{S(TUZ) - {( 9(2_(7”_1)) ) +( Q(2fm) ) }

[ Dl

md(1-1/p) —-m
e <2 /@™,

<

For 6 = oo, we also have
1Dl gg _(zay < 2™/ j(27m).
The above estimates imply that the function
fo(x) = CQ27™)2m/P=UD,,(x), C>0, 1<6 < oo, (8)

belongs to the classes S;%H(Td).
Now we construct a function P(x) that satisfies the conditions of the right-side of relation

(7). Consider the polynomial

F(x) = Dpn(x) — Z Iei(kj,x)7

ki€cO,,
where the prime means that the summation is carried out only over k/ € ©,, that are contained
in p(m). If 2 < g < oo, then 1 < ¢’ <2 and
. J .
IEOlle < IFCllz < 1DmGllz +11 Y- ™).
kic®©,

Further, let us estimate each term in the last inequality. By virtue of the Parsevale equality, we

H Z /ei(qu')H2:( Z /1)1/2 < \/ﬁ

ki€O, ki€O,,

have

and
[ D ()2 = |p(m)|M/? =< 2m4/2,

Hence we get
IF()lly < 272 4 v/m.
Let
P(x) = C1 (2™ + /n)"'F(x), C1 >0, (9)

which satisfies the conditions ||P(-)||’ < 1, P(-) € L+(0,).
Substituting (8) and (9) in (7), we obtain the following relation:

en(Spo(T?), Lg(T?)) = en(Syp(T7), L2(T7))
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D,, (X) _ Ekjegn/ei(kj,x)

Q™ 2md(1/p—1)Dm d
> /Td (27™) (x) iz 4 x
Q(2-m)2md(/p=1) ) o
- 2md/2+\/ﬁ ( T4 Dm(X)dX+ rd Dm(x) Z e dX)
ki€,
> Q2 (D, () - | Y I)R)
ki€cO,,

> Q(27™)2md1/p=3/2) (gmd _ )
> Q(27m)2mAAPTL) s )t/ 2,

We finish the proof of the lower bounds for 1 < p <2 < ¢ < oc.

Secondly, for 2 < ¢ < p < o0 and 2 < p < ¢ < 00, we deal with the lower estimates using
the duality relation (7). The idea is similar to the above proof. In this case, we shall use the
following Rudin-Shaprio [16, p. 155] to construct the functions we need.

For every s; € N, there exists a polynomial

2% —1
Rs;(x;) = Z et imi) g =41,
kj=2%""
such that
1Ry, ()00 < 2%72. (10)
For givenn € N, we choose m such that, for the number of elements of the set F,, = U, < ,<,,, p(5),

we have |F,,,| > 2n and |F,,| < 2™ < n. Consider the function

d
> T Bs=)).

1<s<m j=1
For 1 < 6 < oo, taking into account (10) and ||®]|,—, < 3%, we get
[@sg]l
HgHBf}’e(Td) ={ Z (W,SP)H}IN

1<s<m ( )
d d

={ > @@ )2(]] Reley) + [T Rova(e))llp)’3°

1<s<m _]:1 j:l

<O (27N Z (Il HR (@i)llp + |l HRs-i-l z;)|lp) }1/9

1<s<m j=1

<<Q —m{ Z 2sd9/2}1/0

1<s<m
< Q72 m)2md/2,

For 6 = oo, we have

d d
H(I)ngp 1/e—
Sup ————= = su NN Ps( o1 (s
||9HBQ (Td) = 1gs£m9(2’5) p )i ]1;[1 ]1;[1 +1(@)lp

lgsgm
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d
<Q7'27™) suwp [ T] Ro(@))lly

1<s<m .~
=° > j=1
< Q7 (27m)2md2,
Thus the function
fi(x) = CoQ(27™)27m2g(x), Cy >0, 1 <0< oo, (11)

belongs to the classes SQQ(Td)

We now construct a function P(x). We set

d
F(x) = H s(z5),

1<s<m
where the prime means that the sum contains only the harmonics of the function g(x) with
“indices” from ©,,.

Taking into account that 1 < ¢’ < 2, we get

d
IFOlle < IFOl2 < lgCllz+ 13 T Rele)llz < 27 + V.

1<s<m j=1
Then
P(x) = C3F(x)/(2™%% + /n), C3 >0, (12)

satisfies the conditions of the right-side of relation (7).
Substituting (11) and (12) into (7), we obtain

—md/2 1 d
en(Sge(Td),Lq(Td)) > %(/ gQ(X)dx — /ng HRS x;)dx)

1<s<m j=1
> Q(27m)2 ™.

(lg()I2 - / 3 HR (@) 3 HR z; dx—/ ’f[RS

1<s<m j=1 1<s<m j=1 1<s<m j=1
ki€e, kicoe,

> Q27™)27m42md — ) > Q(n V).

Thirdly, for 1 < p < g < 2, we will give the lower estimates by the definition of best n-
term trigonometric approximation. By virtue of the function fo = CQ(2-™)2m4(1/P=1 D, (x) €
S;%Q(Td) given above where D (X) = > yc () €' k%) with |p(m)| > 2n, [p(m)| < 2™¢ < n and

Lemma 6, we can obtain

en(Sﬁe(Td),Lq(Td))zen(fo,Lq(Td)):ian(in 1fo() = POl

On,x)

> inf 1nf Z|fO P(©,, k)| )/

> Q(2fm)2md(l/p71)2md/q
> Q(n_l/d)nl/lu_l/q,
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where P(0,, k) denote Fourier coefficients of P(©,,, ).

The proof of Theorem 2 is completed. O
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