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1. Introduction

In [1, 2], small time asymptotics were obtained for the standard Ornstein-Uhlenbeck process
on classical Wiener space and general Ornstein-Uhlenbeck process with unbounded linear drifts.
Zhang [3] established the small time large deviation principle and the small time asymptotics for
diffusion processes on Hilbert spaces under the Lipschitzian condition. In this paper, we further
extend a small time large deviation principle of Zhang [3] to the case of the non-Lipschitzian
condition. For the proof of the conclusion, our idea is to construct a family of positive increasing
function (®,),>0 on Ry so that the Gronwall inequality can be applied. In fact, this idea is also
taken in [4-6].

Let H be a separable Hilbert space and E be another separable Hilbert space such that
H is imbedded in E densely and continuously and imbedding is Hilbert-Schmidt. Let u be a
mean zero Gaussian measure on (E,B(E)) with the reproducing kernel space H, where B(E)
denotes the Borel o-field. The (H, E, 1) is an abstract Wiener space in the sense of Gross. More
generally, to cover solutions of stochastic evolution equations, let A be a self-adjoint operator on
H. The associated semigroup is denoted by T} = e~ 4. Define Hy = D(\/Z) with inner product
(hi,ho)m, = <\/Zh1,\/Zh2)H. In next section, we introduce the small time large deviation
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principle for diffusion processes on Hilbert spaces. Finally, the proof of main theorem is given in

Section 3.

2. A small time large deviation principle

In this section, we introduce a small time large principle for solutions of a class of stochastic
equations under the non-Lipschitzian condition. This corresponds not only to small noise but
also small drift perturbation where an unbounded operator A and unbounded drifts are involved.

Let W, t > 0 be an E-valued Brownian motion with the reproducing Hilbert space Hj
defined on some probability space (€2, F;, P). Let L(2)(Ho, H) denote the set of all Hilbert-
Schmidt operators from Hy into H with the Hilbert-Schmidt norm || - [[(2y. Given z € E, we

consider the following stochastic evolution equation

t t t
U =T — / Ausds —I—/ b(ug)ds —I—/ o(us)dWs. (1)
0 0 0

In general, us, t > 0, will not belong to the domain of A and Eq.(1) is interpreted in the

following sense . .
up = Ttx—|—/ T(t—s)(b(us))ds —I—/ Ti—s)0(us)dWs.
In what follows, we assume i ’
(I) b: E— E,0: E — L3 (Ho, H) satisfy the non-Lipschitzian condition
[b(z) = b()lp < colo = yler(le —ylE), o) —oW)lfy < cile = ylpr(le — ylk),

where 7 : (0,1) — R, is a C!-function satisfying the conditions

(i) limy,_o r(n) +o00, nr(n) is an increasing function and lim, .o nr(n) = 0;

. MO
(ii) lim, o & (n) =0;
(i) Define ¢g(a) = 5 — S)+9’ Va, 6 > 0. It follows that

o(a) = 400, 911115021/)9(@) = 400, a > 0.

(IT) |b(z)|e < c2 + c3lz|m, sup, ||o(x)||(2) < M, where c1, c2, c3 and M are constants.
Similarly to the discussion of Fei [6], we can prove the existence and uniqueness of Eq. (1)
under non-Lipschitzian condition. Let € > 0. It is easy to see that the process u.; coincides in

law with the solution of the following equation

t t
'Lbi = Tstx + E/ Ta(t—s) (b(ui))ds + 51/2 / Ta(t_s)a(ui)dWS.
0 0

Let 2 be the law of u¢ on C([0,1] — E) by

I(f) = inf {% /|h )2, dt,

hely

where

I'y ={h e C([0,1] — Hp); h is absolutly continuous and such that

£t =2 +/0 o(f(5))h(s)ds, 0 < t < 1}.
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We state the main result in this paper.

Theorem Assume that the coefficients of Eq. (1) satisfy the conditions (I) and (II).
Then pu? satisfies a large deviation principle with the rate function I(-), that is:
(1) For any closed set F,

lim sup elogpul™(F) < — inf (I(f)).

—04, fer

(2) For any open set G,
lim inf elogul®(G) > — inf (I(f)).

e—=0xp—w fed

3. The proof of the small time large deviation principle

While proceeding, we provide the several lemmas for completing the proof of the small time

large deviation principle under the non-Lipschitzian condition.
The Proof of Theorem Let v, be the law of solution v¢ of the following stochastic equation
t
vy =z + 51/2/ o(s)dWs, t>0.
0

Then it is known (see, Da Prato and Zabczyk [7]) that v, satisfies a large deviation principle on
C(]0,1] — E) with the rate function I(-). Thus, by Theorem 4.2.13 in [8], it suffices to show
that the two families {u.}, {v.} of probability measures are so-called exponentially equivalent.

That is, the following proposition holds:

Proposition Assume that the coefficients of Eq. (1) satisfy the conditions (I) and (II). For any
6 > 0, we have

lim elog P( sup |uj —vi|g > 0) = —oc.
e—0 0<t<1

Proof Let
t

t
Y;fa = (Tatl' - ,T) + 5/ Ts(tfs) (b(ui))ds + 51/2/ (T(tfs) - I)U(ui)dWsu
0 0

¢
AR 51/2/ (o(us) — o(vg))dWs.
0
We have u; —v; =Y+ Z;. We need the following two lemmas for the proof of Proposition.

Lemma 1 Let § > 0. Then

lim elog P( sup |Y|g > J) = —o0.
e—0 StSl

0

Proof Following the discussions of Lemmas 3.3 and 3.5 in [3], we can easily obtain the claim of

Lemma 1.

Lemma 2 Let § > 0. Then

lim elog P( sup |Z{|g > ¢) = —oc.
e—0 0<t<1
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Proof For p > 0, from the assumptions (i) and (i) on r, we can introduce & = |Z{|% and

stopping times
i =inf{t > 0 |Y7| > p}, 75 =inf{t > 0;¢ > 6%, r(&) + &7 (€7) < 0},

and put 7 = 7f A 75. By It6 formula, we deduce

£ = 2012 / < 75, (o(u) — o (o5))AW, > + / etr(o(uS) — o(05)) (0(uS) — o(v))")ds.

Let ®,(&,,) = e*¥e&ar) X\ > 0. Thus we have
1

Enrr(Ein) +
(& 7‘(&;\ )+ p)2 (A= (r(&ar) + gtEATT/(ﬁfAT)))

1 < )\_2(1) (55 ) (2)
(gf/\TT(gtE/\T) +p)2 - p2 PASEAT )

From &, = 62, we have ®(¢5,.) = (%)) Since

! (¢€ £ A €
q>p(§t/\‘r) = /\(I)P(é.t/\f) < ;(I)P(gt/\T)v

q):)/ (ftsAr) = /\q)p (ftEAT)

< N, (En,)

[uinr = VinelTs < 2(Yinr 5 + | Zins1T0) < 200° + §nr) < 2(0° +6%),
by the condition (I), we have
lo(uine) — o(Wir)lIfy < elluiny = vin Bl (lufnr — vin %) +1)
< e(2(p% 4+ 6H)r(2(p* + 6%)) + 1),
tr((Zine @ Zinr (0 (uinr) = 0 (i, )) (0 (Uin,) — o (v7))")
<N ZipelBluin: — vinelt < 2650, (0 + €0nr) < 28%(p7 + 6%). (3)

From It6 formula, it follows that

tAT
B, (E5n,) =1 + 2612 / B (€5) < 72, (0(uS) — o (D)W, > +
0
tAT
: / & (€) o (uS) — (v |12 s+

tAT
25/0 @ (65)tr (25 ® Z35) (o (ug) — o (vf)) (o (ug) — o(v5))")ds. (4)
Thus, taking the expectation for Eq.(4) together with (2) and (3), we deduce

20 + 82)r(2(02 + 52 40%(p* +0%), [*7
o + )r(pip o)) te, (ppf )) | Bl (D)Nds

— 1 k()Y [ B ()

B[®,(&,)] <1+ Xe(

where

2c(p? + ) (2(p2 + 62)) + ¢ 462%(p? + 62
k(p) = (p )(p}(\p Nte (pp2 )

Therefore, by the Gronwall inequality, we get

E[®,(&r,)] < exp (k(p)Ae).
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Consequently,

P(sup & > 6%, sup [Y7] < p)exp (Mp,(6%)) < P(r5 < 1,77 > 1) exp (A, (62))
0<t<1 0<t<1

< E[®,(&5n,)] < exp (k(p)A%€).
Hence, we have

P(sup 28] > 6, sup [YF] < p) < exp(k(p)Ae — M,(62)).
0<t<1 0<t<1
Taking A = %, we get
452 2 52
limsup <log P( sup 2] > 6, sup (V7| <p) < LTy 2)
e—0 0<t<1 0<t<1 P

Thus, from Lemma 1 we have
lim sup e log P( sup |Z;| > 9)
£—0 0<t<1

< (tmsupelog P( sup |Z] >4, sup [Y] < p))
e—0 0<t<1 0<t<1

46%(p? 4 62)

v (limsup e log P( sup V7| > p) < =2 T8y (52), (5)
e—0 0<t<1 P
Since lim,_ 1,(6%) = +o00, lim,_o p?1), (%) = +o00, we have
. A6%(p* +6%) L 46%(p? + 6%) B
;IL%(T —Pp(0)) = ;g%%(&(W —1) = —cc.

Hence, setting p — 0 in (5) gives

limsup elog P( sup |Z;| > §) = —o0.
€0 0<t<1

Thus, the claim of Lemma 2 holds.
Finally, from Lemmas 1 and 2, we get the Proposition, and the proof of Theorem is com-
pleted. O
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