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Incompleteness and Minimality of Exponential System
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Abstract Necessary and sufficient conditions are obtained for the incompleteness and the
minimality of the exponential system E(A, M) = {z'e** :1=0,1,...,mn, — 1;n=1,2,...} in
the Banach space E? [o] consisting of some analytic functions in a half strip. If the incompleteness
holds, each function in the closure of the linear span of exponential system E(A, M) can be
extended to an analytic function represented by a Taylor-Dirichlet series. Moreover, by the
conformal mapping ¢ = ¢(z) = €*, the similar results hold for the incompleteness and the
minimality of the power function system F(A, M) = {(log¢)'¢*™ : 1 = 0,1,...,m, — I;n =
1,2,...} in the Banach space F%[o] consisting of some analytic functions in a sector.
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1. Introduction

Following, e.g., [1] and [2], a system E = {e, : n = 1,2,...} of elements of a Banach space
X is called to be (i) incomplete in X if spanE # X; (ii) minimal in X if for all n = 1,2,... |
en & span(E — {e,}), where spanF is the linear span of the system E and spanF is the closure
of spanF in X. The incompleteness of the system F in X is equivalent to the existence of a
non-trivial functional f in the dual Banach space X* of X which annihilates the system F, i.e.,
flen) =0,n=1,2,.... The minimality of the system F in X is equivalent to the existence of a
system of conjugate functionals {f, : n = 1,2,...} in X*, i.e., fn(em) = Onm(Kronneker delta,
i.e., Oy = 1, while &y, = 0 for n # m). The system {f,,} is also called a biorthogonal system of
the system F.

Let A = {\, : n=1,2,...} be a sequence of distinct complex numbers in the open right
half-plane Cy = {z € C : Rez > 0}, and M = {m,, : n = 1,2,...} be a sequence of positive

integers. With these sequences A and M, we associate the complex exponential system

BE(AM) = {zeM*:1=0,1,...,m, — 1;n=1,2,...}.
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Let D, . be the half strip {z € C : [Imz| < s,Rez < 7}, 75, be a boundary of D, , traced
around in the positive direction with respect to Dy ,. When 0 < o < oo, let Dy = Dy,
D =C\ (DsU%s), Yo = Yo,0- When 1 < p < 0o, denote by EP[o] and E¥[o] the sets consisting

of all functions f analytic in D, and D

*
o)

respectively, such that
sup{I,(s,7, f):0< s <o,7 <0} <oo and sup{l,(s,7,f):s> 0,7 >0} < oo,
respectively. Here, I,(s, 7, f) = (f% . |f(z)|p|dz|)% By Lemma 5 in [3], E(A, M) is a subset
of E?[0], and if we define a norm on each of the sets E*[o] and EZ[o] by the equality ||f|| =

(f, |£(£)]2|dt]) 2, then the sets E2[o] and E2[o] become Banach spaces.
As in [4], we are interested in the incompleteness and the minimality of E(A, M) in Banach

space E?[o]. Our main conclusions are as follows:

Theorem 1 Suppose that A = {\, = [\,|e*" :n =1,2,...} is a sequence of distinct complex

numbers in Cy, and M = {m,, : n =1,2,...} is a sequence of positive integers, then
E(AM) = {zeM*:1=0,1,...,m, —1;n=1,2,...}
is incomplete in E?[o] if and only if

> Rel, < o0 (1)

[An[<1
and
limsup(S(r) — z logr) < oo (2)
r—00 m
are satisfied, where
1A
S(’I") = Z mn(m — r—z)cosgan. (3)
1<‘>\71‘ST "

Remark 1 Theorem 1 was proved by Vinnitskii in [3] when m,, = 1.

Theorem 2 Suppose that A = {)\, = [A\,|e??" :n =1,2,...} is a sequence of complex numbers

in Co, and M = {m, : n=1,2,...} is a sequence of positive integers, satisfying

@(A):sup{|cpn|:n:1,2,...}<g, (4)
S(A) =inf{|Apt1] — |An]:n=0,1,2,...; 00 =0} > 0, (5)

and
K(M)=sup{m,:n=1,2,...} < cc. (6)

If S(r)— < logr is bounded on (1, 00), then E(A, M) = {ZleMz:1=0,1,...,m,—1;n=1,2,...}
is incomplete and minimal in E?|o], and each function f € spanE(A, M) can be extended to an
analytic function f (z) represented by a Taylor-Dirichlet series

oo Mmp—1

f(z) = Z Z amkzke)‘"’z, z € D(B), (7)

n=1 k=0
where D(B) = {z = re? : r cos(|r—0|+©(A)) > B}, and B is a positive constant only dependent
on A, M and o.
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Remark 2 If (4)-(6) hold, S(r) — A(r) is bounded on (1, c0), here

S My
A(r) =9 anl<r [An]

0, otherwise.

By the conformal mapping ¢ = ¢(z) = e*, each half strip D, , (0 < s < 7) is mapped to
the sector Dy, = {( =re?? : 0 <r <e™,|0| <s <7} =¢(Ds), ksr = ¢(7s.-) is a boundary
of D, traced around in the positive direction with respect to D; ;, k¢ = Ko,0, and Dy = Dy g.

Denote by F?[o] the linear space of functions F' analytic in D, such that
sup{J,(s,7, F): 0 < s < 0,7 < 0} < o0,

where J,(s, 7, F) = (f,y B |J(Z)|p|dz|)%

The conformal mapping ¢ = ¢(z) transforms D, onto D,, and

[ wFr= [ reere e
then the mapping £ : F({) — f(z) = |F(¢(z))||¢'(z)|% defines an isomorphism between F?[o]
and EP[o]. Define a norm in F?[s] by the equality ||F|| = (fm |F(t)[|d])2, then F2[o] is a
Banach space.

Suppose that A’ = {\, = |\, [e» : n =1,2,...} is a sequence of distinct complex numbers
in C_; ={z€C:Rez> —1}, then the incompleteness and the minimality of F(A/, M) =
{(logO)I¢M :1=0,1,...,mp,—1;n=1,2,...} in F2[o] are equivalent to the ones of E(A, M) =
{ZleM:1=0,1,...,m, —1;n=1,2,...} in E?[o], WhereA:A’—F%: {/\;14—% n=1,2,...}

is a sequence of distinct complex numbers in Cy.

Corollary 1 Suppose that A’ = {\, = |X,|ein : n = 1,2,...} is a sequence of distinct

complex numbers in C_1 and M = {m,, : n = 1,2,...} Iis a sequence of positive integers, then

1
3
F(N, M) = {(log¢)!¢M :1=0,1,...,my, —1;n=1,2,...} is incomplete in F2[o] if and only if
A’ satisfies

Z muyRe\y, < 0o
[An]<1

and

lim (S(r) — g logr) < o0,
T

where X\, = |An|e??" = X, + 3, and S(r) is defined by (3).

Corollary 2 Suppose that A’ = {\, = |\, |e¥?» :n =1,2,...} is a sequence of complex numbers
in (C_%
A=AN+1={ = \e" =N, +1:n=1,2,..} and M satisfy (4)—(6). If S(r) — Zlogr
is bounded on (1,00), then F(A',M) = {(logC)lC)‘; 1l =0,1,...,m, — Iin = 1,2,...} is

incomplete, minimal in F?[c|, and each function F € spanF(A’, M) can be extended to an

and M = {m,, : n =1,2,...} is a sequence of positive integers such that the sequence
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analytic function F(C) represented by weighted lacunary power series

oo Mmp—1

FQO =Y anr(log¢)f¢™, ¢eD(B),

n=1 k=0
where D(B) = {¢ € C: cos O(A) log|¢] + sin ©(A)| arg (| + B < 0}, and B is a positive constant
only dependent on A, M and o.

2. Proof of Theorems

Denote by HP the space counsisting of all functions f analytic in Cq satisfying || f|| :=
sup{(f,~ |f(rei®)|Pe=Porlsinflgrys . |g| < 2} < oo, and H(A, M) the class consisting of all
functions f # 0 analytic in Cy and having zeros of orders m,, at the points A,. Hereafter we
denote a positive constant by A, not necessarily the same at each occurrence. In order to prove

our conclusions, we need the following lemmas.

Lemma 1 Suppose that A = {\, = |\,|e??" :n = 1,2,...} is a sequence of complex numbers

in Co and M = {m, : n=1,2,...} is a sequence of positive integers satistying (4)—(6), then the

function
B b 1—z/A,\mn Mpz  MpZ
G<Z)‘H(1+z/xn) exp (7 + %) (®)

is analytic in the closed right half plane Cy = {z € C : Rez > 0}, and satisfies the following
inequalities
|G(2)] < exp{2zA(r) + Az} (9)

for all z € Cy, and
|G(2)] > exp{2zA(r) — Az} (10)

for all z € C(A,dp), where r = |z|, 400 = 6(A) and C(A,d0p) = {z € Cp : |z — \p| > o, =
1,2,...).

Remark 3 When O(A) =0, my, =1, G(z) is Fuch’s function [5].

Lemma 2 ([3]) Each continuous linear functional ® on E?[0] is associated with a unique function
g € E?[o] such that the value (®, f) of the functional ® at f € E?[o] is given by the relation
(@, f) = f% f(®)g(t)dt. In this case, the norm of the functional ® is equivalent to the norm of
the function g and the space (E*[0])* (strongly) dual to E*[o] can be realized as E?[0].

Lemma 3 ([3]) The equality

1 * —zw
£2) = o= [ fiw)e (11)

determines a one-to-one correspondence between the functions f; € H? and fo € E?[o]. The
following duality relation is valid
1

fi(w) = m /g fa(z)e*dz. (12)
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Furthermore, || fo|[/A < [[f1]| < 3|.f2]-

Lemma 4 ([3]) In order that a function f € H2 N H(A, M) exists, it is necessary and sufficient
that conditions (1) and (2) are satisfied.

Lemma 5 ([3]) If f € EP[o], then, almost everywhere on v, f has angular limit values belonging

to L?[v,] and, moreover,

Ry O P S

2mi ), t— 2 0, z € Dj.

Proof of Lemma 1 By (4)-(6), >.o-, mn|An| 2 < o0, and the product (8) defines an analytic
function in Cy, which has zeros of orders m,, at each point A,. Let
en(2) =

zZ—An

2 4x| A | cos pn
z—i—Xn

- |2+ A2

and

1-— " " 1
L 05en 4 Liggen(a),

z A
E, () =1 A LN ‘:2
(2) = log 1+ 2/ eXp(/\n+An) T T2

where © = Rez > 0. When |\, | > 8|2/,
|An |? 288 |z|
< adl

=R S T
and
1—en(z) = 74$|)\H|SOS Pn < min{é, 7A\/m},
|z 4+ An|? 7 Anl
SO -
(el = [P ate) = 5 3 g1 enle))
hence
B (2)| < Azlreosen g, (13)

Anf? 7
By (4)—(6) and 0 < e,(2) < 1,

log|G(z)| <22 Y Mn COSPn 4 Ao 3 Mn COS P

[An|<8r [An] [An|>8r [An?
< 22A(8r) + Azr |AZ|>:8 % < 22A\(r) + Auz.

Thus inequality (9) holds. In order to prove inequality (10), we note that

10g|G(2)] = > muEn(2) = > ma|Bn(z)| =10 - IL,.
[An| <87 [An|>87
Inequality (13) yields Il = O(z) if 2 > 0. Let n(r) =3, <, mn. Then n(r) = O(r) by (4)-(6).
We consider the following two cases for I1;:
(i) ze{z€C(Ad0):ON)+2e1 < 0] < T}
(i) z € {z€ C(A,d): 0] < O(A) + 2¢1}, where z = re'?, and 4e; = 5 — O(A).
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In case (i), let 6, = sin® ¢;. Then

|z + Xn|2 > 2r|An| + 27|\ cos(|0 — wn|) = 4r|An| (1 + 61)

and sxlh
| A | cos ¢p, T
0<1l—en(z)= — < .
() |Z+/\n|2 T(1—|—51)
Since 116 )
+ 1,2
log(l—t)> —t———42>—At, tel0,—],
Og( )_ 201 - [ 1+51]

by taking ¢t = 1 — e, (z), then e,(z) > exp{—A%}. Moreover,

My, COS Oy 1
I, > 2x Z le - Z imn loge,(z)
[An|<8T [An| <87

A
> 2z A(8r) — —xn(Sr) > 2xA(r) — Az.
r
This implies that inequality (10) holds in this case.
In case (ii), let Ay be the set {\, € A : In,s.t.my, = k}. Then Ay,..., Ag(ar) are disjoint

and A = AyUAU---UAg ). Let Ay = { )\, :n=1,2,...}, and ng(r) be the number of A <r
and A € Ax. When |z — \,| > do, (4)—(6) and Stirling’s formula yield

N,
[T == 0 @)V = @)t = ()™
AEAL,|A|<8r
and
H X+ 2| < (Ar)Ne
AEAL,|A|<8r

where N = ng(8r),k =1,2,..., K(M). Thus,

coscpn

I > > Ni(log Ni —log(Az)) + 22 Z
1<k<K(M) n|<8

> xA(r) — Az,

n

and in the last inequality, we use N(log N —loga) > —ae~! for a > 0. Therefore inequality (10)
holds. O

Proof of Theorem 1 According to Lemmas 2 and 3, similarly to the proof of Vinnitskii in [3],
the space dual to E?[o] can be realized in the form H2. In this case, the value (f1, f)* of the
functional f; € E?[o] is determined by the equality
(fi, /)" = [ f(t)f(t)dt
Yo

where f is defined by (11). In view of (12), we have
() ey = [ it e = Vamif )

Hence, the well-known criterion of completeness implies that system E(A, M) is incomplete in
E?[o] if and only if there exists a function f; € H2 N H(A, M). Therefore, Theorem 1 follows
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from Lemma 4. O

Proof of Theorem 2 Taking inequality (9) and (10) into account and properly choosing the

number M, we can see that the function

exp{—Mz — 2 zlog z}

U(z) = G
(=) — )
satisfies the following inequalities
exp{oly[}
U < —"= 14
UG < TR (14)

for all z € Cyp, and

exp{—Az — alyl}
U(2)] =
1+ z|
for all z € C(A,dp), where G(z) is defined by (8).
Let D, ={z:|z—An | < o} and A, ; be the coefficients of the principal part of the Laurent
in D, — {\n}, i.e.,

(15)

series for the function

W
1 Mn, e
TN 7’ n I D'n, - nJ 1
5 = iy ) 2D () (16)
where g¢,,(2) € H(D,). Then
— Jj=1
An ! (2 = An) dz.

According to inequality (15),
max{|A, ;| : 1 <j<my,} <exp{B(| |+ 1)}, (17)

where B is a constant only dependent on A, M and o. Let

mp—k
n k—i—l o ) _
an Z kl l’ k_ovla"wmn_Ln—1,2,....
By inequalities (14), (17) and Maximum Module Principle, we have

Aexp{oly|}
Hn < _ 7
| )k(2)| - |1+Z|—250

Then H, (z) € HZ, and ||Hy k|| g2 < Aexp{B|An|}. By Lemma 3, each function

1 [ .
hnﬁk(z) = E/O Hnﬁk(t)e tdt

exp{B|\.|}.

belongs to E?[o] and satisfies

||hn,kHEE[a'] < AeXp{B|)\n|}

and the duality relation

1
Hnyk(z) = / hnﬂk(t)etzdt, Rez >0

V2mi Jy,
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holds. Next we will prove that

Hr(Ll,)k()‘j) = OnjOn1, i.e

1
. \/ﬁz/ tlerith, p(t)dt = 6,0k, (18)

where [ =0,1,...,m; =1, k=0,1,...,m, —1;n,j =1,2,.... It is obvious that if j # n, then
HY.(\) =0,1=0,1,...,m; — 1. If j = n, then by (16), for z € D, and k =0,1,...,m, — 1,
n=1,2,...,

2= ) A A,
Hy k() = U(Z)(T) > m
’ I=k+1

z — )\n k 1 r An,
- vt <U<z>‘z<z_§n>l‘g”(z)>

=1

-\ k e
— % + Z Bn,l(Z—/\n)l,

l=m,
where B,,; are the coefficients of the Taylor expansion of H,, (z) at A,. Thus (18) holds. Define

a linear functional T}, ; on E?[o] by

= L z z zZ z 2 g
T = o= / has(2)f(2)dz, f(2) € E?[o].
Then .
Il € =l elze) < Aexp{BIA) (19)
and

1
Tn)k(zle)‘jz) = - hmk(z)zle)‘jzdz = Hnl)k()\J) = 0, Okl
)
V .

Hence {T,, k1 k=1,2...,my;n =1,2,...} is a biorthogonal system of E(A, M) in (E?[s])* and
E(A, M) is minimal in E?[o].
If f € spanE(A, M), there exists a sequence of exponential polynomials

Pi(z)=>

my—1
azlykzke’\”z € span E(A, M)
k=0
such that
If = Pillg2o) — 0, j — oo. (20)
Let f(z) be defined by (7), where an ;. = T1(f), D(B) = {z = re' : rcos(|m — 0] + O(A)) >
B}. By (19), the function f(z) is an analytic function in D(B). Since = € L*[v,], z € Dg, by
Lemma 5,
7 = B < 5 lf =~ Pl 2 et (21)
Note that
Jank = @l = 1Tk () = To k(B < W Tkl - 1 = Pyl m2(o1 (22)

so for z € D(B) N D,

|f(2) = F(2)| <If(2) = Pi(2)| + [Pi(2) = f(2)]
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J mp—1
<If(2) = P3(2) + Z lag,, — | rFeRee?)
n=1 k=0
o0 my—1

Z Z |ank|'f'k€Re()\kz).

k=j+1 k=0

Letting j — 0o, by (19)-(22), we see that f(z) = f(z) for each z € D(B) N D,. This completes
the proof of Theorem 2. O
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