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1. Introduction

Let X be a Banach space and X* its dual space. Let C' be a nonempty subset of X. Recall
that a mapping T : C — C is said to be asymptotically nonexpansive [1] if there exists a sequence

{kn} of positive real numbers with k, — 1 such that
[Tz = Ty < Eullz -yl (1.1)

for all z,y € C'and all n > 1.

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [1] in
1972. They proved that, if C is a nonempty bounded closed convex subset of a uniformly convex
Banach space X, then every asymptotically nonexpansive self-mapping 1" of C' has a fixed point.
Further, the set F(T') of fixed points of T is closed and convex. Since 1972, host of authors have
studied the weak and strong convergence problems of the iterative algorithms for such a class of
mappings (see [1-3] and the references therein).

It is well known that, in an infinite-dimensional Hilbert space, the normal Mann’s iterative
algorithm has only weak convergence, in general, even for nonexpansive mappings. Consequently,
in order to obtain strong convergence, one has to modify the normal Mann’s iteration algorithm,

and the so called hybrid projection iteration method is such a modification.
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The hybrid projection iteration algorithm (HPIA) was introduced initially by Haugazeau
[4] in 1968. For 40 years, HPIA has received rapid developments. For details, the readers are
referred to papers [5-13] and the references therein.

In 2003, Nakajo and Takahashi [6] proposed the following modification of the Mann iteration
method for a nonexpansive mapping 7" in a Hilbert space H:

xg € C chosen arbitrarily,

Yn = QnZpn + (1 — an) T2y,

Crn={2€C:|lyn — 2|l < [|zn — 2|}, (1.2)

Qn={2€C:{x,—2z,20—xp) >0},

Tnt1 = Po,nq. (7o),
where C' is a closed convex subset of H, and Px denotes the metric projection from H onto a
closed convex subset K of H. They proved that if the sequence {a,} is bounded above from
one, then the sequence {x,} generated by (1.2) converges strongly to Pp(ry (o).

In 2006, Kim and Xu [7] extended the result of Nakajo and Takahashi [6] from nonexpansive
mappings to asymptotically nonexpansive mappings. They proposed the following modification
of the Mann iteration method for asymptotically nonexpansive mapping T in a Hilbert space H:

xg € C' chosen arbitrarily,

Yn = WnZn + (1 — )T 2y,

Cr = {2 € Ct g — 2 < llwn — 22 + 0}, (13)
Qn={2€C:{(x,— 210 — ) >0},

Tn+1 = Pcann (900)7

where C' is a bounded closed convex subset and
0, = (1 — ay) (k2 —1)(diam C)? — 0 as n — oo.

They proved that if the sequence {a,} is bounded above from one, then the sequence {z,}
generated by (1.3) converges strongly to Pp(ry(o).
They also proposed the following modification of the Mann iteration method for asymptoti-

cally nonexpansive semigroup < in a Hilbert space H:

xp € C chosen arbitrarily,

1 tn
Yn = @y + (1 — an)t— / T(s)xnpds,
0

Cpn={2€C:|lyn — 2| < llzn — 2% + O},
Qn={z€C:{(xy—220—24) >0},

Tni1 = Po,nq, (o),

where C' is a bounded closed convex subset,

f, = (1- an)[(ti /0 " L(s)ds)? — 1](diam C)2 — 0 as n — oo,

n

and L : (0,00) — [0,00) is a nonincreasing in s and bounded measurable function such that,
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L(s) > 1for all s >0, L(s) — 1 as s — 0o, and for each s > 0,
1T(s)x = T(s)yll < Ls)llz —yl, =yeC.

They proved that if the sequence {a,} is bounded above from one, then the sequence {z,}
generated by (1.4) converges strongly to Pp(g)(z0), where F(3) denotes the common fixed point
set of 3.
In 2005, Matsushita and Takahashi [8] proposed the following hybrid iteration method with
generalized projection for relatively nonexpansive mapping 7' in a Banach space E:
xg € C chosen arbitrarily,
Yn = J HoanJz, + (1 — ap)JTxy,),
Cn ={2€C:8(z,yn) < (2, 2n)}, (1.5)
Qn={2€C:{(x, — 2z, Jxg— Jx,) >0},
Tnt1 = e, nq, (o)

They proved the following convergence theorem.

Theorem MT Let E be a uniformly convex and uniformly smooth Banach space, C be a
nonempty closed convex subset of E, T be a relatively nonexpansive mapping from C' into itself,
and {a,} be a sequence of real numbers such that 0 < a,, < 1 and limsup,,_, . a,, < 1. Suppose
that {x,} is given by (1.5), where J is the normalized duality mapping on E. If F(T') is nonempty,
then {x,} converges strongly to Ilp(ryxo, where Ilp(7)(+) is the generalized projection from C
onto F(T).

Recently, Zhou, Gao and Tan [12] extended the result of Kim and Xu [7] from asymptot-
ically nonexpansive mappings or asymptotically nonexpansive semigroup to a family of quasi-
¢-asymptotically nonexpansive mappings and the result of Matsushita and Takahashi [8] from
relatively nonexpansive mappings to a family of quasi-¢-asymptotically nonexpansive mappings.
They proposed the following hybrid iteration method with generalized projection for a family of
closed and quasi-¢-asymptotically nonexpansive mappings in a Banach space E:
xp € C' chosen arbitrarily,

Yni = J HanJz, + (1 — an)JT ),

Ch,i= {Z eC: ¢(Zayn,i) < o(z,2n) + <n,i}7

Co =[] Cnsi (1.6)
il

Qo=0C,

Qn=4{2€Qn-1:{xn—2z,Jxog— Jz,,) >0},

ZTnt1 = e, ng, (20).

They proved the following convergence theorem.

Theorem ZGT Let C be a nonempty bounded closed convex subset of a uniformly convex
and uniformly smooth Banach space E, and let {T;};,c; : C — C be a family of closed and
quasi-¢-asymptotically nonexpansive mappings such that F = (,c.; F(T;) # 0. Assume that
every T; (i € I) is asymptotically regular on C. Let {«,} be a real sequence in [0,1) such that
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limsup,,_, o, @n < 1. Suppose that {z,} is given by (1.6), then {x,} converges strongly to Ilpxy,
where G, ; = (1 — ap) (ki — 1)M, M > ¢(z,xy,) for all z € F,x,, € C and Ilp is the generalized
projection from C onto F.

At this point, we put forth the following two questions:

Question 1 Can Theorem ZGT be extended to more general reflexive, strictly convex, smooth

Banach spaces with the property(K)?

Question 2 Can the algorithm in Theorem ZGT be replaced by another simpler one?

The purpose of this article is to solve above questions by introducing a new and simple hybrid
projection iteration algorithm and by proving a strong convergence theorem for a family of closed
and quasi-¢—asymptotically nonexpansive mappings which are asymptotically regular on C by
using new analysis techniques in the setting of reflexive, strictly convex, smooth Banach spaces
with the property(K). The results of this paper improve and extend the results of Nakajo and
Takahashi [6], Kim and Xu [7], Matsushita and Takahashi [8], Zhou, Gao, Tan [12] and others.

2. Preliminaries

Let X be a Banach space and X™* its dual space. We denote by J the normalized duality

mapping from X to 2% defined by
Jr={feX":(z,f) =zl = | fI*},

where (-,-) denotes the generalized duality pairing. It is well known that if X* is uniformly
convex, then J is uniformly continuous on bounded subsets of X.

It is also very well known that if C' is a nonempty closed convex subset of a Hilbert space
H and Po : H — C is the metric projection of H onto C, then Po is nonexpansive. This
fact actually characterizes Hilbert spaces and consequently, it is not available in more general
Banach spaces. In this connection, Alber [14] introduced a generalized projection operator ¢
in a Banach space X which is an analogue of the metric projection in Hilbert spaces.

Next, we assume that X is a real smooth Banach space. Let us consider the functional
defined as in [8] by

d(z,y) = [[«]* = 2(z, Jy) + |ly||* for z,y€ X. (2.1)

Observe that, in a Hilbert space H, (2.1) reduces to ¢(x,y) = ||z — y||?, x,y € H.

The generalized projection Il¢ : X — C' is a map that assigns to an arbitrary point z € X
the minimum point of the functional ¢(z,y), that is, Ilcx = Z, where Z is the solution to the

minimization problem

¢(Z,x) = min ¢(y, x), (2.2)

yeC
existence and uniqueness of the operator Il follow from the properties of the functional ¢(z,y)
and strict monotonicity of the mapping J (see [14,15]). In Hilbert spaces, Il = Pe. It is obvious
from the definition of function ¢ that

(lyll = llzl)? < ¢y, @) < (lyll + |z]))* for all 2,y € X. (2:3)
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Remark 2.1 If X is a reflexive strictly convex and smooth Banach space, then for z,y € X,
¢(z,y) = 0 if and only if = y. It suffices to show that if ¢(x,y) = 0, then z = y. From (2.3),
we have ||z|| = ||y||. This implies (z,Jy) = ||z||* = ||Jy||?>. From the definitions of .J, we have
Jxr = Jy. Since X is strictly convex, J is strictly monotone, and hence, x = y. One may consult
[15] for the details.

Let C be a closed convex subset of X, and T a mapping from C into itself. We use F(T') to
denote the fixed point set of T. A point p in C is said to be asymptotic fixed point of T if C
contains a sequence {x,,} which converges weakly to p such that lim, . ||z, — T2z,| = 0. The
set of asymptotic fixed point of T will be denoted by F/'ZI/“)

A mapping T from C into itself is said to be relatively nonexpansive if F/'Zf) = F(T) and
o(p, Tx) < ¢p(p,x) for all x € C and p € F(T).

A mapping T from C into itself is said to be quasi-¢-nonexpansive if ¢(p, Tx) < ¢(p, z) for
all z € C' and p € F(T).

A mapping T from C into itself is said to be quasi-¢-asymptotically nonexpansive [9] if there
exist some real sequence {k,} with &k, > 1 and k, — 1 and F(T) # 0 such that ¢(p, T"z) <
knd(p,x) for alln > 1, z € C and p € F(T).

Remark 2.2 The class of quasi-¢-asymptotically nonexpansive mappings contains properly
the class of quasi-¢-nonexpansive mappings as a subclass and the class of quasi-¢-nonexpansive

mappings contains properly the class of relatively nonexpansive mappings.

Remark 2.3 An asymptotically nonexpansive mapping with a nonempty fixed point set F(T)
is a quasi-¢-asymptotically nonexpansive mapping, but the converse may be not true.
A mapping T : C — C is said to be asymptotically regular on C' if for any bounded subset
C of C, there holds the following equality:
lim sup{||T"*'z — T"z|| : z € C} = 0.
n—oo
We present some examples which are closed and quasi-¢-asymptotically nonexpansive in

Zhou, Gao and Tan [12].

Example 2.1 Let E be a real line. We define a mapping T': E — E by
1
{ Esin—, if x#0,
2 T
0, if z=0.

T(z) =

Then T is continuous quasi-nonexpansive and hence it is closed and quasi-asymptotically non-

expansive with the constant sequence {1} but not asymptotically nonexpansive.

Example 2.2 Let X be a uniformly smooth and strictly convex Banach space and A C X x X*
is a maximal monotone mapping such that A=10 is nonempty. Then, J, = (J +7A4)"1J is a
closed and quasi-¢-asymptotically nonexpansive mapping from X onto D(A) and F(J,.) = A~10.

Example 2.3 Let II¢ be the generalized projection from a smooth, strictly convex, and reflex-

ive Banach space X onto a nonempty closed convex subset C' of X. Then, Il is a closed and
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quasi-¢-asymptotically nonexpansive mapping from X onto C with F(Il¢) = C.

Recall that a Banach space X has the Kadec¢-Klee property (property(K) for brevity) if for
any sequence {z,} C X and z € X, if z,, — « weakly and ||x,| — |z, then |z, — z| — 0.
For more information concerning property(K) the reader is referred to [16] and references cited
there.

Now we are in a position to prove the main results of this paper.

3. Main results

Theorem 3.1 Let X be a reflexive, strictly convex, smooth Banach space such that X and
X* have the property(K). Assume C is a nonempty closed convex subset of X. Let {T;}ier :
C — C be a family of closed and quasi-¢-asymptotically nonexpansive mappings such that
F =,er F(Ti) # 0. Assume that every T; (i € I) is asymptotically regular on C. Let {c,;} be
a sequence in [0, 1] such that liminf,,_,. ay; < 1. Define a sequence {z,} in C' by the following

algorithm:

xg € C chosen arbitrarily,

Cl,i =C,C = ﬂ Ol,ivxl = Hcl (xo),

iel

Yni = I (anidzn + (1 — ang)J (T]'2n)), n> 1, (3.1)

Crt1,i ={2€Chi:d(2,yn;i) < (2, 2n) + Cnyits '

Cpy1 = m Chti,is

iel

Tnt1 = e, 0, n >0,

where
Cn,i = (1 - an,i)(kn,i - 1) sup (b(zu :En)a
z€A

and

A={yeF:lly—pil <1}, p1=Tlpwxo.

Then {x,} converges strongly to p1 = lpxg.
We remark that the sets {k,;}, {on,i} and {(,,;} in Theorem 3.1 are nets when I is an infinite

uncountable set; otherwise, they are all sequences of real numbers.

Proof We split the proof into six steps.

Step 1. Show that IIpxg is well defined for every xo € C.

To this end, we prove first that F(T;) is closed and convex for each ¢ € I. Let {p,} be a
sequence in F(T;) with p, — p as n — oco. We prove that p € F(T;). From the definition of
T;, one has ¢(pn, T;p) < k1,id(pn,p), where 1 < ky; < co. This implies that ¢(pn, Tip) — 0 as

n — oo. Noticing that

¢(pn, Tip) = llpnll® = 2{(pn, J(Tip)) + I Tip|*. (3.2)

By taking limit on the both sides of (3.2), we have

Xim_¢(pn, Tip) = [|pl|* = 2(p. J(Tip)) + I Topll* = (. Tip)-
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Hence ¢(p,T;p) = 0, which implies that p = T;p. Hence F(T;) is closed, for all i € I. We
next show that F(T;) is convex. To this end, for arbitrary p,q € F(T;),t € (0,1), by setting
w = tp+ (1 —t)g, it suffices to show that T;w = w. Indeed, in view of definition of ¢(z,y), we

have
$(w, Tf'w) = |lw]|* — 2(w, JT'w) + || T} w||?
= |[wll* = 2t(p, JT{'w) — 2(1 = t){q, JT}'w) + | T]"w]?
= [[wll* + to(p, T'w) + (1 = )¢(g, T{w) — tllpl* = (1 = t)llql®
< Nwl? + kn,itd(p, w) + ki (1 = )d(q, w) = ¢pl* = (1 = )]ql|?
= (kni = D(tIpI* + (1 = )]l = wll?).

It follows from k,; — 1 that ¢(w,T*w) — 0 as n — oo. Note that 0 < (|Jw|| — || T w]])? <
¢(w, T/w). Hence ||[T/w| — ||w| and consequently ||J(T7*w)|| — ||Jw||. This implies that

{J(T"w)} is bounded. Since X is reflexive, X* is also reflexive. So we can assume that
J(T]w) — fo e X* (3.3)

weakly. On the other hand, in view of the reflexivity of X, one has J(X) = X*, which means
that for fo € X*, there exists € X, such that J(z) = fo. Noting that

S(w, T]'w) = [[wl® = 2(w, J(T{'w)) + || T]w||?
= llwl? = 2(w, J(T7"w)) + || J(T]w)||*
and using weakly lower semi-continuity of || - |2 and (3.3), we have
it e, T) = T (ol? = 20, I 0)) + (T 0)] )
> [Jwll? = 2(w, fo) + |I.fol®
= [lwl? - 2{w, Jz) + || J|*
= ¢(w, x).

From ¢(w,T*w) — 0 as n — o0, we have ¢(w,z) = 0 and consequently w = z, which implies
that fo = Jw. Hence
J(T'w) — Jw e X*

weakly. Since ||J(T7*w)|| — ||Jw| and X* has the property(K), we have
1 J(T{"w) = Jwl|| — 0. (3.4)
Noting that J~=!: X* — X is demi-continuous, we have
Ti'w — w
weakly. Since ||T"w| — ||w]||, by using the property(K) of X, we have
17w — wl| — 0. (3.5)

Since T; is asymptotically regular, we have T;(T/'w) = Ti”Hw — w as n — oo. Since T; is

closed, we see that w = T;w. Hence F(T;) is closed and convex for each ¢ € I and consequently
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F = ;e F(T3) is closed and convex. By our assumption that F' = (., F/(T;) # (), we have
Il pxzq is well defined for every zg € C.

Step 2. Show that C,, is closed and convex for all n > 1.

It suffices to show that for each ¢ € I, Cy, ; is closed and convex for every n > 1. This can be
proved by induction on n. In fact, for n =1, C; ; = C' is closed and convex. Assume that C,, ;

is closed and convex for some n > 1. For z € C,,11,; C C,,;, one obtains that

(b(za yn,z) S ¢(Zv .In) + Cn,i
is equivalent to
2(z, Jrp — Jyn) < ||$n||2 - Hyn,iHQ + Gni

It is easy to see that Cj,41,; is closed and convex. Then, for all n > 1, C,, ; is closed and convex.

Consequently, Cp, = (),c; Cn.i is closed and convex for all n > 1.

il
In addition, it is obvious that

A={yeF:lly-ml <1}

is bounded closed convex subset of X, where p; = [Ipxy.

Step 3. Show that A C C), for all n > 1.

It suffices to show that for eachi € I, AC C,,;. AC F C C1; = C is obvious. Assume that
A C C,,; is closed and convex for some n > 1. For any z € A C F, we have z € C,, ;. From the

definition of quasi-¢-asymptotically nonexpansive mappings, one has
Oz, Yn.i) = ¢z, J " aniJzn + (1 = ani)J(T]'2n)))
= ||2]]® = 2(z, i T + (1 — an ) J(T720)) + || T i on + (1 — an i) J (T 20))| 2
< 217 = 20z, T + (1= @) J(TP20)) + anillenl 2+ (1 = ) [T
= ani(2,20) + (1 = oni)9(2, T} en)
< ani9(2,20) + (1 = an,i)kn,id(2, 2n)
= ¢(z,20) + (1 = ani)(kni — (2, 2n)
< oz, mn) + (1= ani)(kni — 1)(21613 ¢(z,2n))
= ¢(2,2n) + Cnsis

which implies that z € Cp41,; and consequently z € C,,; for all n > 1 and ¢ € I. Therefore,
A C Njer Cnyi = Crn and consequently A € (", C, = D. So D # 0.
Step 4. Show that ||z, — po|| — 0, where py = pro.

(
(

From Steps 2 and 3, we obtain that D is a nonempty, closed and convex subset of C. Hence

IIpxg is well defined for every z¢ € C'. From the construction of C),, we know that
Co>CiDCyD---
Let po = lIpxg. Since x,, = ¢, x0, we have

d(x1,20) < P(w2,20) < -+ - < P(po, o).
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By the reflexivity of X, we can assume that =, — ¢1 € X weakly as n — oo (passing to a
subsequence if necessary). Since C; C C,, for j > n, we have z; € C,, for j > n. Since C, is
closed and convex, by the Mazur Theorem, g; € C,, for any n > 1. Hence g1 € D. Moreover,

using weakly lower semi-continuity of ¢(-, zo), we obtain that

(b(p()vxo) < ¢(glax0) < l%n’nligf ¢($n,$0) < hmsup ¢($m$0) < ¢(p0,$0),

n—oo

which implies that g; = po and lim, o0 ¢(2n, xo) = ¢(po, xo), i.€.,
Jim ([lzn|* = 2(wn, Jzo) + [|zol|*) = l|pol|* — 2(po, Jz0) + [lol|*,
which shows that lim, . ||Zn|| = ||pol|- By the property(K) of X, we have
|2 — po|| = 0 as n — oo,
where pg = lpzg.
Step 5. Show that py = T;pg, for all ¢ € 1.
Since z,41 € Crq1 = ﬂiel Cpt1,; for alln > 0 and ¢ € I, we have
0 < ¢(@nt1,Yn,i) < (Tnt1,2n) + Cui- (3.6)
It follows from ||z, — po|| — 0 that
d(Tnt1,Tn) — 0 as n — oo. (3.7)

Since ky ; — 1 as n — oo, we have

Cn,i = (1 - an,i)(kn,i - 1)(sup (b(z, In)) — 0 as n— oo. (38)
zEA

From (3.6), (3.7) and (3.8), we have
O(Tnt1,Yn,i) — 0 as n — oo. (3.9)

Note that 0 < (||znt1ll = |Ynill)? < d(@ni1,Yni). Hence |lynil — |lpoll and consequently
I (yn.)|l = l|Jpol]. This implies that {J(yn:)} is bounded. Since X is reflexive, X* is also
reflexive. So we can assume that

J(Yni) = go € X~ (3.10)

weakly. On the other hand, in view of the reflexivity of X, one has J(X) = X*, which means
that for go € X*, there exists y € X, such that J(y) = go. Noting that
O Tnt1,Yni) = [[Tns1l® = 2(@ns1, T Yn,i)) + lynil
= ||°Tn-|-l||2 = 2(Tnt1, J (Yn,i)) + ||J(?Jn,1)||2
and using weakly lower semi-continuity of || - || and (3.10), we have
lim inf (21, Yoe) = i inf (| = 201, I () + 1] 2)
> |lpoll® = 2(po, g0) + llgol[®
= [lpol1* = 2{po, Jy) + | Jyl®
= ¢(p07 y)
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From (3.9), we have ¢(pg,y) = 0 and consequently py = y, which implies that go = Jpo. Hence
J(Yn,i) — Jpo € X~

weakly. Since ||J(yn,s)|| — ||Jpoll and X* has the property(K), we have
1 (Yn,i) — Jpoll — 0. (3.11)
On the other hand, since ||, — po|| — 0, noting that J : X — X* is demi-continuous, we have
Jr, — Jpg € X~
weakly. Notice that
Tzl = [ Tpolll = lznll = lIpolll < [l#n — poll — 0,
which implies that ||Jz,| — ||Jpo||- By using the property(K) of X*, we have
Tz, — Jpo|| — 0. (3.12)
From (3.1), (3.11), (3.12) and liminf,, o apn; < 1, we have
(T xn) — Jpoll — 0.

Since J~!: X* — X is demi-continuous, we have

Ti*zn — po
weakly in X. Moreover,

Tz |l = [lpolll = HJ (T zn) |l = 1 Tpolll < 1T (T7*2n) — Jpoll — 0,

which implies that |T*z,| — ||po||. By the property(K) of X, we have

Tz, — po.
By using the asymptotic regularity of 73, we have

Ti”H:Cn — Po-

Hence T;(T!*x,,) — po. From the closeness property of T;, we have

Tipo = po,

which implies that py € F = (,c; F(T3).
Step 6. Show that po = p1 = lpxg.
Suppose pg # p1. From py € F, we have

é(po, x0) > ¢(Ilpxo, 20) = G(p1,%0)-

From lim,, 00 ¢(2n, o) = ¢(po, Zo), there must exist a positive integer N such that

d(xn,20) > ¢(p1,20) (3.13)

whenever n > N. On the other hand, noticing that x,, = Il¢, xo, we have

¢(Ina IO) < ¢(ya IO)) vy € Oﬂ (314)
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From (3.13) and (3.14), we can obtain p;€C,,, for n > N. From Step 3, we have p;€A. This is

a contradiction. This completes the proof. O

Remark 3.1 Our Theorem 3.1 improves and extends Theorem ZGT in several respects:

(i) It extends from uniform convex and uniform smooth Banach spaces to reflexive, strictly
convex, smooth Banach spaces with the property(K). In our Theorem 3.1 the hypotheses on X
are weaker than usual assumptions of uniform convexity and uniform smoothness. For example,
any strictly convex, reflexive and smooth Musielak-Orlicz space satisfies our assumptions [16]
while, in general, these spaces need not to be uniform convex or uniform smooth.

(ii) It relaxes the restriction on {a,;} from limsup,,_, . an; < 1 to liminf, oo an,; <1
and removes the condition of boundedness of subset C.

(iii) Our algorithm is simpler than the one used in Theorem ZGT.

Remark 3.2 Theorem 3.1 presents some affirmative answers to Questions 1 and 2.

From Theorem 3.1, we deduce the following corollary immediately.

Corollary 3.1 Let X be a reflexive, strictly convex and smooth Banach space such that X and
X* have the property(K), C' be a nonempty closed convex subset of X, and {T;}ie; : C — C
be a family of closed and quasi-¢-nonexpansive mappings such that F' = (,.; F(T;) # (). Let
{an,i} be a real sequence in [0,1] such that liminf,, . @, ; < 1. Define a sequence {z,} in C

by the following algorithm:

xg € C' chosen arbitrarily,
Cri=C, Cy = () Cui 71 =g, (x0),

iel
Yni=J HaniJrn + (1 — an)J(T',)), n>1,
Cﬂ+17i = {Z € Cﬂ,i : ¢(27yn7i) < ¢(Z,$n)},
Cpy1 = m Chti,is

iel

ZTny1 =g, 0, n>0.

(3.2)

Then {x,} converges strongly to py = lpxg, where Iy is the generalized projection from C
onto F'.

Remark 3.3 In Theorem 3.1 and Corollary 3.1, if one takes I = {1,2,..., N}, I = {1,2,...}
and I = R™T, respectively, then one can obtain strong convergence theorems for a finite, an
infinite countable and an infinite uncountable families of quasi-¢-asymptotically nonexpansive

mappings, respectively. The results of this paper improve and extend the recent results of [6-13].
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