Journal of Mathematical Research & FEzposition
Mar., 2011, Vol. 31, No. 2, pp. 366-370
DOI:10.3770/j.issn:1000-341X.2011.02.022
Http://jmre.dlut.edu.cn

Adjacent Vertex Distinguishing Incidence Coloring of the
Cartesian Product of Some Graphs

Qian WANG*, Shuang Liang TIAN

Department of Mathematics and Computer Science, Northwest University for Nationalities,
Gansu 730030, P. R. China

Abstract An adjacent vertex distinguishing incidence coloring of graph G is an incidence
coloring of GG such that no pair of adjacent vertices meets the same set of colors. We obtain the
adjacent vertex distinguishing incidence chromatic number of the Cartesian product of a path
and a path, a path and a wheel, a path and a fan, and a path and a star.

Keywords Cartesian product; incidence coloring; adjacent vertex distinguishing incidence

coloring; adjacent vertex distinguishing incidence chromatic number.

Document code A
MR(2010) Subject Classification 05C15
Chinese Library Classification 0157.5

1. Introduction

All graphs in this paper are simple, connected and undirected. We use V(G) and E(G) to
denote the set of vertices and the set of edges of a graph G, respectively. And we denote the
maximum degree of G by A(G). The undefined terminology can be found in [1].

Let G be a graph of order n. For any vertex v € V(G), N(u) denotes the set of all vertices
adjacent to vertex u. Obviously, d(u) is equal to |N(u)|.

Let I(G) = {(v,e) € V(G) x E(G) | v is incident with e} be the set of incidences of G. Two
incidences (v, e) and (w, f) are said to be adjacent if one of the following holds: (1) v = w; (2)
e = f; (3) the edge vw equals e or f. I, = {(v,vu) | u € N(v)} and A, = {(u,uv) | u € N(v)}

are called the close-incidence set and far-incidence set of v, respectively.

Definition 1.1 ([2]) An incidence coloring of G is a mapping o from I(G) to a color set C' such
that any two adjacent incidences have different images. If o: 1(G) — C' is an incidence coloring
of G and |C| = k, k is a positive integer, then we say that G is k-incidence colorable and ¢ is a
k-incidence coloring of G; The minimum value of k such that G is k-incidence colorable is called

the incidence chromatic number of G, and denoted by x;(G).

Definition 1.2 ([3]) Let Q, = I, U A, and let o be a k-incidence coloring of a graph G
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with color set C. S(u) denotes the set of colors assigned to Q,, (with respect to o). If for any
wv € E(G), S(u) # S(v), then o is called a k-adjacent vertex distinguishing incidence coloring
of G. And x4;(G)=min{k | there exists a k-adjacent vertex distinguishing incident coloring of
G} is called the adjacent vertex distinguishing incidence chromatic number of G. An adjacent
vertex distinguishing incidence coloring f of G using k colors is denoted by k-AVDIC. And let
S(u) =C\ S(u).

Definition 1.3 ([3]) The Cartesian product of simple graphs G and H is the simple graph
G x H with vertex set V(G) x V(H), in which (u,v) is adjacent to (u’,v") if and only if either
u=1u and v’ € E(H) orv=2v" and uwu’ € E(G).

Adjacent strong edge coloring, adjacent vertex distinguishing total coloring and vertex dis-
tinguishing edge coloring of the Cartesian product of some special graphs were studied in [4-6],
respectively. In this paper, we will investigate adjacent vertex distinguishing incidence coloring
of the Cartesian product of some graphs.

The following lemma will be used.

Lemma 1.1 ([3]) Let C,, be a cycle of order n, where n is at least 3. Then

Xai (Cn) =

4, ifn>3 andn #5;
5 ifn=5.

Lemma 1.2 ([3]) Let G be a graph of order at least 3. If there exist the adjacent vertices of
maximum degree in G, then xq;(G) > A(G) + 2.

Lemma 1.3 ([3]) For any graph G, x.:(G) > x:(G) > A(G) + 1.

2. Main results

Theorem 2.1 Let P, and P,, be two paths of order n and m, respectively, where n > m > 2.
Then
4, if m=n=2;
Xai(Pn X Pp) =4 6, if m>3 and n>4;

5, otherwise.
Proof Let {ui,uz,...,un} be vertex set of P, and {uf,u},...,ul,} be vertex set of P,,. Let
vij = (Ui, “3) We consider the following four cases separately.

Case 1 Suppose m = n = 2. Obviously, P> x P, 2 C4. By Lemma 1.1, x4,;,(Cy) = 4.

Case 2 Suppose m > 3 and n > 4. Obviously, there exist the adjacent vertices of maximum
degree in P, X P,,. By Lemma 1.2, x4;(Pn X Pr) > A(P, X Py,) +2 = 6. We now only need to
give a 6-AVDIC of P, x P,,.

We construct a mapping f from I(P, x P,,) to {0,1,2,3,4,5} as follows:

J(Ay,)=(2i+j—3) (mod6), i=1,2,...,n,j=1,2,...,m.
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It is easy to see that f is an incidence coloring of P, x P,,. For convenience, we use the matrix
B = (bij)nxm to describe the incidence coloring f of P, x P,,, where b;; = f(A,,;) denotes the

color which is received by the far-incidence set of vertex v;;, and all b;; are taken modulo 6.

0 1 2 m—2 m—1
2 3 4 m m+1
4 5 6 + 2 +3
B m m
2n—4 2n—-3 2n—2 -+ 2n+m-—6 2n+m-—->5
2n—2 2n-—1 2n e 2n4+m—4 2n+m-—3

From the matrix B = (bij)nxm, it is clear that f is adjacent vertex distinguishing. Hence f
is a 6-AVDIC of P, x P, and thus yq;(P, x P,) = 6.

Case 3 Suppose m =n = 3. It is clear that x.;(Ps X P3) > A(P3 X P3) + 1 =15. We now only
need to give a 5-AVDIC of P53 x Ps.
We construct a mapping f from I(Ps x Ps) to {0,1,2,3,4} as follows:

f(Av;) = (2i+35=3) (mod5), 4,j=1,2,3.

Similarly, we use the matrix B’ = (b;j)gx 3 to describe the incidence coloring f of P3 x Ps.
The matrix B’ is similar to B in case 1, however, all bgj are taken modulo 5.
It is easy to see that f is a 5-AVDIC of P; x P5 and thus x,.;(Ps x P5) = 5.

Case 4 Suppose m = 2 and n > 3. It is clear that xqi(Pn, X P2) > A(P, x P2) +2 =5. We
now only need to give a 5-AVDIC of P, x Ps.

In the same way as in Case 3, we construct a mapping f from I(P, x P») to {0,1,2,3,4} as
follows:

f(Ay,) = (2i+7—3) (mod5), i=1,2,....,n, j=1,2.

Similarly, we use the matrix B"” = (b;’j)nxg to describe the incidence coloring f of P, x Ps.
The matrix B is similar to B in Case 1, however, all b;’] are taken modulo 5.

It is easy to see that f is a 5-AVDIC of P, x P, and thus x4;(P, X P2) = 5.

The proof of this theorem is completed. O

Theorem 2.2 Let P, be a path of order n > 2, and let G be a star S,,, a wheel W,,, or a fan

F,, of order m + 1, where m is at least 5. Then

m+3, ifn=23;
m+4, ifn>4.

Xai(Pn X G) = {

Proof Let {us,us,...,u,} be vertex set of P,, and let {ug, u},...,u,,} be vertex set of G, where

? m

up is a vertex with degree m. Let v;; = (u;, u};). We consider the following three cases separately.

Case 1 Suppose n = 2. Then there exist the adjacent vertices of maximum degree in P, x G. By
Lemma 1.2, x4i(P2 X G) > A(Py; x G)4+2 = m+ 3. We now only need to give an (m+ 3)-AVDIC
of P2 x @G.
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Let C = {ay,a2,a3}U{0,1,2,...,m — 1} be the set of colors such that |C| = m + 3. We
construct a mapping f from I(P, x G) to C as follows:

f(AUm):ala f(Avlj):j_l, 7=12,...,m.
f(szo):CLQv f(Av2j):j+1 (HlOd m)v f(A'Uzm) =a3, j= 1,2,...,m—1.

For convenience, we use the matrix B = (bij)QX(mH) to describe the incidence coloring f of

PQXG,
(al 01 - m—3 m—2 m—1>
B:

a 2 3 -+ m-—1 0 as

where b;; = f(A,,;) denotes the color which is received by the far-incidence set of vertex vy;.

From the matrix B = (bij)2x (m+1), obviously, f is adjacent vertex distinguishing. Hence f
is an (m + 3)-AVDIC of P, x G and thus x.;(P» x G) =m + 3.

Case 2 Suppose n = 3. By Lemma 1.3, xq:i(P3 X G) > A(P; x G) +1 = m + 3. We now only
need to give an (m + 3)-AVDIC of P x G.

Let C ={a1,a2,a3}U{0,1,2,...,m—1} be a color set such that |C| = m+ 3. We construct
a mapping f from I(P; x G) to C as follows:

f(Av,) = ai, f(Ay,;)=(2i+j—3) (modm), i=1,2,3, j=1,2,...,m.

It is easy to see that f is an incidence coloring of P3 x G. Similarly, we use the matrix

B = (bij)3x (m+1) to describe the incidence coloring of P3 x G,

ag 01 -+ m—=-5 m—4 m—-3 m-—-2 m-1
B=|a 2 3 --- m—-3 m—-2 m-1 0 1
a3 4 5 -+ m-—1 0 1 2 3

where b;; = f(Ay,;) denotes the color which is received by the far-incidence set of vertex v;;.
From the matrix B = (bij)3x(m+1), obviously, S(vo1) = {as}, S(vez2) = 0, S(vos) = {a1},
and for any j = 1,2,...,m, as & S(v1;), as € S(vej), az & S(ve;), as € S(vs;). Hence
S(vij) # S(viy1;) for any copy P3 x {u}} of P3, where j = 0,1,2,...,m, i = 1,2. On the
other hand, for any copy {u;} x G of G, S(vio) # S(vi;), and (j + 1) (mod m) € S(vi;),
(J +2) (modm) & S(vi;), (j +3) (modm) € S(vy;), (j+4) (modm) & S(vy), (j+1)
(mod m) € S(vsj), (j +2) (mod m) & S(vs;), where j = 1,2,...,m. Hence for any pair of
adjacent vertices v;; and vy in {w;} x G, S(vij) # S(vik), where ¢ = 1,2,3. Consequently f is

adjacent vertex distinguishing and thus x,;(Ps x G) =m + 3.

Case 3 Suppose n > 4. Obviously, there exist the adjacent vertices of maximum degree in
P, x G. By Lemma 1.2, x4 (P, X G) > A(P, X G) + 2 =m + 4. We now only need to give an
(m + 4)-AVDIC of P, x G.

Let C = {ag,a1,a2,a3} U{0,1,2,...,m — 1} be the set of colors such that |C| = m + 4.
We now construct a mapping f from I(P, X G) to C as follows: for any ¢ = 1,2,...,n and
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7=0,1,....m, let
f(A'UiO) = Qj—1, f(A'U”) = (2Z +7- 3) (HlOd m)a

where the suffix of a;_1 is taken modulo 4.
It is easy to see that f is an incidence coloring of P, x G. Similarly, we use the matrix

B = (bij)nx(m+1) to describe the incidence coloring of P, x G,

ag 0 1 m— 2 m—1

a1 2 3 m m—+1
B= as 4 5 m + 2 m+ 3

Apn-1 2n—2 2n—1 --- 2n4+m—4 2n+m—3

J

where b;; = f(A,,,) denotes the color which is received by the far-incidence set of vertex v;;
(here bo = a;—1), and the suffix of a;—1 is taken modulo 4, b;; are taken modulo m, where
i=1,2,...,n,§=1,2,...,m.

From the matrix B = (bij)nx (m+1), it is clear that S(vi;) # S(viy1,5) for any copy P, x {u;}
of P,, where j =0,1,2,...,m,i=1,2,...,n—1. On the other hand, for any copy {u;} x G of G,
S(vio) # S(vij), and (2i4+7—1) (mod m) € S(vsj), (2i+j) (mod m) & S(vi;),i=1,2,...,n—1,
(2n+4j —5) (mod m) € S(vn;), (2n+j —4) (mod m) ¢ S(vy;), where j = 1,2,...,m. Hence
for any pair of adjacent vertices v;; and vy in {u;} x G, S(v;j) # S(vik), where i =1,2,...,n.
Consequently, f is adjacent vertex distinguishing and thus yq;(P, x G) = m + 4.

The proof of this theorem is completed. O
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