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Abstract Let R and S be a left coherent ring and a right coherent ring respectively, rws
be a faithfully balanced self-orthogonal bimodule. We give a sufficient condition to show that
l.FP-idr(w) < oo implies G-dim, (M) < oo, where M € mod R. This result generalizes the
result by Huang and Tang about the relationship between the FP-injective dimension and the
generalized Gorenstein dimension in 2001. In addition, we get that the left orthogonal dimension
is equal to the generalized Gorenstein dimension when G- dim,, (M) is finite.
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1. Introduction

Huang and Tang [1] proved that [.F P-idg(w) < n and r.FP-idg(w) < n if and only if every
module in mod R and every module in mod S°P have finite generalized Gorenstein dimension at
most n (G-dim, (M) < n and G-dim,(N) <n, M € mod R, N € mod S°P). Then it is natural
to ask whether [.FP-idg(w) < n (resp. r.FP-ids(w) < n) is the sufficient condition or not to
get G-dim,, (M) < n (G-dim,(N) < n). Clearly, the answer to this question is negative. In the
process of the proof, we need another condition r.FP-idg(w) < n. However, we find that this
condition is too strong in the proof. So in this paper, we will give another sufficient condition
such that I.F P-idg(w) < n implys G- dim,, (M) < n.

In Section 1, the main results are given, some definitions and notations are given in Section

2, and some lemmas and the proofs of results are given in Section 3.

Theorem 1.1 Let R and S be a left coherent ring and a right coherent ring respectively,
rws be a faithfully balanced selforthogonal bimodule. Then [.F P-idg(w) < n and ﬁw has the
w-torsionless property if and only if G-dim,, (M) < n for any M € mod R.

Huang [2] introduced the left orthogonal dimension and gave some results about it. In this

paper, we obtain another result of the left orthogonal dimension as follows:
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Theorem 1.2 For a nonnegative integer n, l.FP-idg(w) < n and fw has the w-torsionless
property if and only if G-dim,, (M) =% w-dimg(M) <n for any M € mod R.

2. Definitions and notations

In this section, we recall some definitions and notations.
Throughout the paper, we assume that all rings are associative with identity elements and

all modules being unital.

Definition 2.1 Let R be a ring and M be a left (resp. right) R-module. M is called finitely
presented if there is a finitely generated projective left (resp. right) R-module P and a finitely
generated submodule N of P, such that P/N = M. We use mod R (resp. mod R°?) to denote
the category of finitely presented left (resp. right) R-modules.

Definition 2.2 A ring R is called a left (resp. right) coherent ring if every finitely generated
submodule of a finitely presented left (resp. right) R-module also is finitely presented.

Definition 2.3 A left (resp.right) R-module A is called F P-injective if Ext(F, A) = 0 for every
finitely presented left (resp.right) R-module F'. Let [.F P-idg(w) (resp. r.F P-idr(w)) denote the
smallest integer n > 0 such that Ext,"' (F, A) = 0 for every finitely presented left (resp. right)
R-module F.

For FP-selfinjective, one can refer to Huang [5], and for the more background knowledge, one
can read Anderson and Fuller [6].

We call Hompg(rA, rws) (resp. Homg(Ag, rws)) the dual module of A with respect to gwsg,
and denote either of these modules by A*. For a homomorphism f between R-module (resp.
S°P-modules), we put f* = Hom(f,grws).

Let 04 : A — A** via oa(x)(f) = f(z) for any z € A, and f € A* be the canonical
evaluation homomorphism. If 04 is a monomorphism, then A is called an w-torsionless module.

If 04 is an isomorphism, then A is called an w-reflexive module.

Definition 2.4 Let X be a full subcategory of mod R. X is said to have the w-torsionless

property (resp. the w-reflexive property), if every module in X is w-torsionless (resp. w-reflexive).

Definition 2.5 Let w € mod R be a selforthogonal module and X € mod R. X is said to be
left orthogonal with w if Extlé(X, w) =0 for any ¢ > 1. We use Jéw to denote the subcategory
of mod R consisting of the modules which are left orthogonal with w. And an exact sequence
-— X, — - — Xog— X — 0 is called a left orthogonal resolution of X if all X; € ﬁw.
Let M € mod R and n be a nonnegative integer. If M has a left orthogonal resolution: 0 —
X, — - — Xg — M — 0, then set sw-dimg(M) =inf{n [0 - X, - — Xo— M —0
is a left orthogonal resolution of M}. If no such a resolution exists, set pw-dimpg(M) = co. We

call fw-dimpg(M) left orthogonal dimension of M.

Definition 2.6 ([4]) A module M in mod R is said to have generalized Gorenstein dimension
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zero (with respect to w), denoted by G-dim,, (M) = 0, if the following conditions hold:
(1) M is w-reflexive;
(2) Exth(M,w) = Exty(M*,w) =0 for any i > 1.
We use G, to denote the full subcategory of mod R consisting of the modules with generalized

Gorenstein dimension zero.

Definition 2.7 ([4]) For any n > 0, M € mod R, M is said to have generalized Gorenstein
dimension at most n (with respect to w), denoted by G-dim, (M) < n, if there exists an exact
sequence 0 — M, — -+ — M7 — My — M — 0 in mod R with G-dim,(M;) = 0 for any
0<s<n.

3. The proofs of main results

We firstly recall some notions in [1].

Let N € mod S°P. Suppose 0 — N % Iy &, I LEIA I, — --- is an exact sequence with
all I; F P-injective S°P-modules. Such an exact sequence is called an F'P-injective resolution of
N. If there is a positive integer n such that Imd,, has a decomposition @;nzl W; with each W
isomorphic to a direct summand of some Imd;; with i; < n, then the above exact sequence is
called an F P-injective resolution of N ultimately closed at n. An ultimately closed F P-injective
resolution of N means an F P-injective resolution of N ultimately closed at n for some n.

It is clear that if r.FP-idg(w) < oo, then the minimal FP-injective resolution of wg is

ultimately closed.

Lemma 3.1 ([1, Theorem 2.4]) Suppose wg has an F P-injective resolution ultimately closed at
n. If M €modR satisfies Extzé(M,w) =0 for any 1 < i < n, then M is w-reflexive.

By this Lemma, ﬁw has the w-reflexive property, which implies that ﬁw has the w-torsionless
property. Therefore we obtain that ﬁw has the w-torsionless property, which is a necessary
condition of r.F P-idg(w) < cc.

Now, we need the following important property:

Proposition 3.1 The following statements are equivalent:
(1) %w has the w-torsionless property;
(2) fw has the w-reflexive property;
(3) $w =G

Proof It follows from Proposition 2.3 of Huang [2]. O

Proof of the Theorem 1.1 Assume that [.FP-idgr(w) < n. For any M € mod R, we get an
exact sequence in modR: 0 - K — P, 1 — --- - P, - Py — M — 0, where P; is finite
generated projective for any 0 < ¢ < n — 1. Then Ext{%(K, w) = Ext%” (M,w) = 0 for any
j > 1. Therefore K € ﬁw. Since ﬁw has the w-torsionless property, by Proposition 3.1, we have
#w =G,. And K € G, hence G-dim, (M) < n.

Conversely, let M be any module in mod R and G- dim,, (M) < n. Then there exists an exact
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sequence in mod R with G-dim,,(X;) =0forany0<i<n: 0—- X,, » X,,_1 — -+ > X —
Xo — M — 0. So we have Ext%“(M, w) = Extg%(Xn,w) = 0 for any j > 1, which implies
I.FP —idr(w) < n. Because Extg%(Xi,w) =0 for any j > 1 and 0 < i < n, we have X; Eﬁ w.
Since G- dim,,(X;) = 0, 5w = G,,. Then by Proposition 3.1, $w has the w-torsionless property. O

Corollary 3.1 [.FP-idr(w) < n and r.FP-idg(w) < n if and only if G-dim, (M) < n and
G-dim,(N) <n (M € mod R, N € mod S°).

Remark From this corollary, we generalize the result of Huang and Tang [1] about the rela-
tionship between the F P-injective dimension and the generalized Gorenstein dimension.
In the following, we give the relationship between the generalized Gorenstein dimension and

the left orthogonal dimension.

Lemma 3.1 Let M € mod R. Then fw-dimg(M) < n if and only if fw-dimg(Q"(M)) = 0,
where Q" (M) denotes the nth syzygy module of M (note Q°(M) = M ).

Proof See Lemma 6 of Huang [3]. O
Lemma 3.2 Let M € mod R and fw-dimg(M) < co. Then
fw- dimp (M) = sup{i|Ext (M, w) # 0}.
Proof See Lemma 7 of Huang [3]. O
Lemma 3.3 Let M € mod R. Then G-dim, (M) <n < oo if and only if Q"(M) € G,,.

Lemma 3.4 For any M € mod R, G-dim,, (M) <n < oo if and only if
G-dim,, (M) = sup{i|Ext’ (M, w) # 0}.

Proof The Proofs of Lemmas 3.3 and 3.4 are similar to those of Lemmas 6 and 7 of Huang [3].

And we omit the proofs here. O

Proof of Theorem 1.2 The sufficiency follows from Theorem 1.1. Now we prove the ne-
cessity: because ﬁw has the w-torsionless property, I.F P-idg(w) < n, we have Jéw = G,, and
G- dim,, (M) < n. Therefore, by Lemma 3.4, we obtain that G- dim,, (M) = sup{i|Exth(M,w) #
0}. If G-dim, (M) = m, then Ext}}(M,w) # 0 and Ext}; ™ (M,w) = 0. So by fw-dimp(M) =

sup{i|Ext’(M,w) # 0}, we have fw-dimg(M) = G-dim, (M) =m. O
Corollary 3.2 For any M € mod R, if G-dim, (M) < oo, then w-dimg(M) = G-dim,,(M).

Acknowledgements The authors are most grateful to the editor and an anonymous referee
for the careful reading of the manuscript and valuable suggestions which helped significantly

improve an earlier version of this paper.

References

[1] HUANG Zhaoyong, TANG Gaohua. Self-orthogonal modules over coherent rings [J]. J. Pure Appl. Algebra,



466 Y. SONG, X. N. DU and Z. B. ZHAO

2001, 161(1-2): 167-176.

HUANG Zhaoyong. Selforthogonal modules with finite injective dimension (III) [J]. Algebr. Represent.
Theory, 2009, 12(2-5): 371-384.

HUANG Zhaoyong. Selforthogonal modules with finite injective dimension [J]. Sci. China Ser. A, 2000,
43(11): 1174-1181.

HUANG Zhaoyong. On a generalization of the Auslander-Bridger transpose [J]. Comm. Algebra, 1999,
27(12): 5791-5812.

HUANG Zhaoyong. FP-self-injective dimension over noncommutative coherent rings [J]. Acta Math. Sinica
(Chin. Ser.), 1997, 40(2): 167-174. (in Chinese)

ANDERSON F W, Fuller K R. Rings and Categories of Modules [M]. Springer-Verlag, New York-Heidelberg,
1974.

[2

3

[4

5

6



