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Abstract In this paper it is shown that a new Hilbert-type integral inequality can be established
by introducing two parameters m (m € N) and A (A > 0). And the constant factor expressed
by the Bernoulli number and 7 is proved to be the best possible. And then some important and
especial results are enumerated. As applications, some equivalent forms are given.
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1. Introduction and lemmas

Let f(z), g(z) € L?(0, +00). Then

/OOO /OOO dedygﬁ{/j ? (x)dx}é{/ooogz (x)dx}% (1)

/()m/ooo%fgy)dwdySw{/ooofz(x)d:c}é{/ooogQ(x)dx};. (2)

They are the famous Hilbert integral inequalities, where the constant factor 72 and 7 are the

and

best possible [1,2]. This inequality (1) was extended in the paper [3]. Owing to the importance
of the Hilbert inequality and the Hilbert type inequality in analysis and applications, some
mathematicians have been studying them. Recently, various improvements and extensions of
(1) and (2) appear in a lot of papers [4-9]. Specially, Gao and Hsu enumerated more than 40
research articles in the paper [4]. The aim of the present paper is to extend (1) and to build some
new Hilbert-type integral inequality by introducing two parameters and by using the technique
of analysis, and to discuss the constant factor which is related to Bernoulli number, and then to
give some important and especial results, and study some equivalent forms of them.

In order to prove our main results, we need the following lemmas.
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Lemma 1 Let a > 0 and n be a nonnegative integer. Then

|
° _ n!
e ¥dr = ——.
0 an-i—l

This result has been given in the paper [10, p.226, formula 1053], and it can be obtained by
applying the integration by parts.

Lemma 2 Let m be a positive integer. Then

= 1 (22m — 1)m2m
S = = B, 3
> i 7 , (3)

where the By, s are the Bernoulli numbers, viz. By = %, By=2L1 B3= ﬁ, B, =4, ete..

e 1 22m—1ﬂ_2m
S| = To — Bm7
1 Z L2m (2m)!
k=1
where the B, s are the Bernoulli numbers, viz. B; = % By = %, B3 = %, B, = 3—10, etc.. It is
easy to deduce that
- 1 1
SQ - W — —msl
; (2k) 22
Notice that S = S; — Sa. The relation (3) follows.
Lemma 3 Let a > 0 and m be a positive integer. Then
oo .2m—1 22m -1 2m
/ T gy = Ll (4)
o sinhaz 2ma?m
where the B,, s are the Bernoulli numbers, viz. By = %, By = 3—10, B3 = 42, B, = %, etc..
Proof Expanding the hyperbolic cosecant function ﬁ, and then using Lemma 1, we have
oo .2m—1 oo 2m—1_,—ax 00 00
/ I dz = 2/ udx = 2/ g?mlema Z e~ 2kazr gy
o sinhaz g 1—e2az 0 pors
= [ 2m R ] e
-9 / $2m7167(2k71)axdx _

By Lemma 2, we obtain (4) at once.

By the way, there is an error in the paper [10, p. 260, formula 1566]: Namely the integral
[o%¢) m 2m+1 -1 ! o -1 k+1
/ 2 = ( ym S (=1
o sinhaz 2mgm+1 = (2k — 1)m+1

is wrong. It should be

0 gm (2m+l — 1)m!
de —
/0 sinhaz 2mam+1 Z kzm
Applying this correct result, it is easy to verify the formulas 1562-1565 in the paper [10, p. 259].
These are omitted here. O
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2. Main result
In this section, we will prove our assertions by using the above Lemmas.

Theorem 1 Let f and g be two real functions, and m be a positive integer and A > 0. If
0< fooxl_)‘fQ( )dx < +00 and 0 < [ x'"*g?(x)dz < +o0, then

/ / <m>q<u>d dySOA(m){/O“foQ () dx}%{/oooxugz (x)dx}%7 (5)

where the constant factor C) is defined by
22m—1(22m _ 1)ﬂ.2m
mAQm

and the B,, s are the Bernoulli numbers, viz. By = #, By = 30, B3 = %, By = 3—10, Bs = %,
tc.. And the constant factor Cy(m) is the best poss1b]e. And the equality holds if and only if

f(x) =0, or g(x) =0.

Proof We can apply the Cauchy inequality to estimate the left-hand side of (5) as follows

/ / )2m lf (®)g(y )dxdy
- [ ( zfj )5 ) (SR )R ey
<([7 [ e Jasdy)? ( [ [ S @ e wany)
1 oo
= (/0 w(a:)f2(a:)d:r) 2 (/0

o (o)t
where w(z) = [7 —¥=—=— ()" 2dy.

Cx(m) = Bm (6)

N[

w(@)g*(@)dz) (7)

By using Lemma 3, it is easy to deduce that

_ > (1“5)2m1 xl—%d _ 1 [~ %—11 2m—1_1 g
i Ay s A2 A A S

A
0o y2m—1,51 o y2m—1 0o y2m—1
= —xld/ o &= Ild/ -, o= II”/ oo d
—e l—e —oo o3t _ o5t o sinh(5t)

—e 2
22m -1 2m
U, (8)
2m(5)%m
where the B,, s are the Bernoulli numbers, viz. B; = é, By = 3—10, B3 = ﬁ, B, = %, By = %,

etc. .
It follows from (7) and (8) that

/ / (In —)2m 1f( )g(y )dxdy<CA( >{/O°ox1—/\f2 (x)d:r}

where the constant factor C(m) is given by (6).

N[
— =
S—
8
T
>
Q
[ V)
—
8
-
o
8
——
N
—
e
=

If (9) takes the form of the equality, then there exist a pair of non-zero constants ¢; and ¢y
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such that
(ln;)mel , o (ln;)2m71 , Yo
AT P )(g) e e (y) ()72 ae. on (0,+00) x (0, +00).

Then we have

12272 f2 () = eoy® g% (y) = Co. (constant) a.e. on (0,400) x (0, 400).

Without loss of generality, we suppose that ¢; # 0. Then
o0 C oo
/ 22 (1) de = =2 xdz.
0

C1 0

This contradicts that 0 < fooo 2172 f? (z)dr < + oo. Hence it is impossible to take the
equality in (9). This shows the equality contained in (5) holds if and only if f(z) = 0, or

g(x) = 0. So the inequality (5) is valid.
It remains to need only to show that Cy (m) in (5) is the best possible.
V0 < € < 1. Define two functions by

Fo)= { 07—2*A+6 =€ 1) and g(y) = { "’ 2-Ate ye 1)

x= 2, z€e[l, c0)

It is easy to deduce that

+oo N +oo
[ o P@a= [y ad=t
0 0

If C (m) is not the best possible, then there exists K > 0, such that

2m— lfm 2m— lfm
HO\m) / / ) )y dmdy—/ / ) )Q()dxdy

[T
N|=

(/1 yl,\z()dy) :§<C/\(m)'

€

<k([ ) )

On the other hand, we have

()Oln 2m1
HOum) //( f)()dxdy

2-)Xte - 2—Mte
2 Hmp Pty 2y
/ / xxli > dzdy
% (In )2’" ty” = QJFE _2=Adte
:/1 {/1 Py s mnl S ACR AN L
2—)X+e
o0 o0 nl 2m—1,,— D)
=[] Tt T qul e e
1 1/x
2—)X+e
00 1 o L)2m—1, =7
:/ {/ (n )™ du} {1 da+
1 1/z
2—Mte
0 0 nl 2m—1, == 5
/ {/ a u) 1_5{\ du}{x_l_a}dx
1 1
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2—Ate

1 oo 1y2m—1, — 5 —
[ }> S
0 1/u
[e'S) o'} 1\2m— 1 -
/ {/ (lnu) — du}{x 1— E}dl’
1 1

1 1(1nl)2m71 —2=2-c 1 [ szluf#
=— S d - du. 11
5/0 1—wu? u+5/1 1—wu? “ (11)
When ¢ is sufficiently small, we obtain from (11) that
2-A 2-A
1 ! llﬂl 2m=ly =75 1 ° llﬂl 2m—ly ="
H(/\,m):—(/ o) 2wt o) +_(/ o) 2 dutoo(1)
3 0 € 1
2-)
1 & lml 2m—1y =72
:_(/ In ) 1_uku du—l—o(l))
€NMo
A
1 o0 m-1,5 — 1
:_(_/ %du—i—o(l)), e — 0.
€ 0
By Lemma 3, we have
1  amo Cy (m)
H(), :—( 2l g 1): 1), 0. 12
m) = 2( - oar o) = 2 o, e (12

Evidently, the inequality (12) is in contradiction with (10). Therefore, the constant factor
Cx(m) in (5) is the best possible. Thus the proof of Theorem is completed. O

By Theorem 2.1, we can obtain some especial and interesting results.

In particular, when A = m = 1, we have C;(1) = 72, and the inequality (5) can be reduced

to (1), which shows that Theorem 2.1 is an extension of (1).

Corollary 1 If0 < [° f*(z)dz < +oo and 0 < [[* g*(z)dz < 400, then

/ / (n£)° f(w)Q(y)d dy <27r / Pz dm} {/Ooogi’(x)dx} , (13)

where the constant factor 27* is the best possible. And the equality contained in (13) holds if
and only if f(x) =0, or g(z) = 0.

NIEg

Corollary 2 If0 < [[* 27! f?(z)dz < +o0 and 0 < [ #71g?(x)dz < +oo, then

/ / 1n—)f(m)q(y)d dy <z2{/000:v_1f2(:v)dx}%{/0 g2 (2 )dx} ; (14)

where the constant factor %2 is the best possible. And the equality contained in (14) holds if
and only if f(x) =0, or g(z) = 0.

N=

Corollary 3 If0 < [;* \/zf?(z)dz < 400 and 0 < [;* \/zg?(z)dz < +o0, then

% (0 ) f(@)g(v) 2 2 2 2 2
Lyl <
/0 /0 =7 dzdy < 4w {/0 Vaf?(z) dx} {/0 Vrg® (x) dx} , (15)

where the constant factor 472 is the best possible. And the equality contained in (15) holds if
and only if f(x) =0, or g(z) = 0.
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Corollary 4 If0 < [[* 27! f?(z)dz < 400 and 0 < [~ 27 ¢?(z)dz < +o0, then

x 1 1

%[5 (in )% F(@)9(v) 7t /°° 1. p) 1o p)
< T [T P e { [ @ar o)

A 1) P }

s

where the constant factor ?4 is the best possible. And the equality contained in (16) holds if
and only if f(x) = 0,0r g(z) = 0.

Similarly, we can also establish a lot of new inequalities. They are omitted here.
3. Some equivalent forms

As applications, we will build some new inequalities.
Theorem 2 Let f be a real function, and m be a positive integer and A > 0. If

0< / 2 2 (z)dz < +oo,
0

then

[T [T wasf s o [T @ an

0

where Cy(m) is defined by (6) and the constant factor (Cx(m))? in (17) is the best possible. And
the equality contained in (17) holds if and only if f(x) = 0. And the inequality (17) is equivalent
to (5).

Proof First, we assume that the inequality (5) is valid. Setting a real function g(y) as

Y
s) = [ @), g€ (0,400)
0

By using (5), we have

[T [T @ = [ [T ) sanay
< (Cx(m)){/o 2 AP )dm}%{/oooyl Agz(y)dy}2

—@mn{[ P P aan) () R jwar) . ay

It follows from (18) that the inequality (17) is valid after some simplifications.
On the other hand, assume that the inequality (17) keeps valid. Applying Cauchy’s inequality

and (17), we have

)2771 1 [ee) A—1 oo (ln£)27n71 11—\
/ | St @atany = [T [T f @y T g6 dy
0 0 Y
oo(l z)zm—l 2 1 oo 1
< A-1 Ny 2 1-X 2 2
<{[ (/0 ot @) g} {0 ) an)

<{(exm* [ T () dx}%{ / Ty @)dy}%
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(SIS

= (@xm) { / TH () dx}%{ / Ty W)y}, (19)

Therefore the inequality (17) is equivalent to (5).

If the constant factor (Cy(m))? in (17) is not the best possible, then it is known from (19)
that the constant factor Cy(m) in (5) is not the best possible either. This is a contradiction. It
is obvious that the equality contained in (17) holds if and only if f(x) = 0. Theorem is proved. O

Corollary 5 Let f be a real function. If 0 < fooo f?(z)dz < 400, then

/OOO {/{wa‘f(@dl’}zdy§47T8/000f2(x)d:r, (20)

where the constant factor 47® is the best possible. And the equality contained in (20) holds if
and only if f(x) = 0.

And the inequality (20) is equivalent to (13). Its proof is similar to that of Theorem 2. Hence
it is omitted.

Similarly, we can also establish some new inequalities which are respectively equivalent to
the inequalities (14)—(16). They are omitted here.
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